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ABSTRACT

Let M be the Shimura variety associated to the group of spinor similitudes of a quadratic
space over Q of signature (n,2). We prove a conjecture of Bruinier and Yang, relating
the arithmetic intersection multiplicities of special divisors and complex multiplication
points on M to the central derivatives of certain L-functions. Each such L-function
is the Rankin—Selberg convolution associated with a cusp form of half-integral weight
n/2+1, and the weight n/2 theta series of a positive definite quadratic space of rank n.
When n = 1 the Shimura variety M is a classical quaternionic Shimura curve, and our
result is a variant of the Gross—Zagier theorem on heights of Heegner points.
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1. Introduction

In this paper we prove a generalization, conjectured by Bruinier and Yang [BY09], of the Gross—
Zagier theorem on heights of Heegner points on modular curves.

Instead of a modular curve we work on the Shimura variety defined by a reductive group over
Q of type GSpin(n,2). The Heegner points are replaced by 0-cycles arising from embeddings of
rank-two tori into GSpin(n, 2), and by divisors arising from embeddings of GSpin(n — 1, 2) into
GSpin(n, 2). We prove that the arithmetic intersections of these special cycles are related to the
central derivatives of certain Rankin—Selberg convolution L-functions.

1.1 The Shimura variety

Fix an integer n > 1 and a quadratic space (V, Q) over Q of signature (n,2). From V one can
construct a Shimura datum (G, D), in which G = GSpin(V) is a reductive group over Q sitting
in an exact sequence

1 — Gy, — GSpin(V) - SO(V) — 1,

and the hermitian domain D is an open subset of the space of isotropic lines in P!(V¢).

Any choice of lattice L C V on which @ is Z-valued determines a compact open subgroup
K C G(Ay). We fix such a lattice, and assume that L is maximal, in the sense that it admits no
superlattice on which @ is Z-valued. The data L C V now determines a complex orbifold

M(C) = GQ\D x G(Af)/K

which, by the theory of canonical models of Shimura varieties, is the space of complex points
of an algebraic stack M — Spec(Q). (Throughout this article stack means Deligne—Mumford
stack.)

Except for small values of n, the Shimura variety M is not of PEL (polarization,
endomorphism, and level) type; that is, it is not naturally a moduli space of abelian varieties
with PEL structures. It is, however, of Hodge type, and so the recent work of Kisin [Kis10] (and
its extension in [Mad16, KM16]) provides us with a regular and flat integral model

M — Spec(Z).
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1.2 Special divisors
The integral model carries over it a canonical family of abelian varieties: the Kuga—Satake abelian
scheme

A— M.

The Kuga—Satake abelian scheme is endowed with an action of the Clifford algebra C(L), and
with a Z/2Z-grading A = AT x A~.
For any scheme S — M, the pullback Ag comes with a distinguished Z-module

V(Ag) C End(Ag)
of special endomorphisms, and there is a positive definite quadratic form
Q:V(As) > Z
characterized by z o x = Q(x) - Id. Slightly more generally, there is a distinguished subset
Viu(Ag) CV(As) ®zQ

for each coset u € LV /L, where LY is the dual lattice of L. Taking u = 0 recovers V(Ag).

The special endomorphisms allow us to define a family of special divisors on M. For m € Q¢
and u € LV/L, let Z(m, 1) — M be the moduli stack that assigns to any M-scheme S — M
the set

Z(m, p)(S) = {x € Vu(As) : Q(x) = mj}.
The morphism Z(m, ) — M is relatively representable, finite, and unramified, and allows us
to view Z(m, ) as a Cartier divisor on M.

In the generic fiber of M the special divisors agree with the divisors appearing in [Bor98,
Bru02, BY09, Kud04]. In special cases where V has signature (1,2), (2,2), or (3,2), the
Shimura variety M is (a quaternionic version of) a modular curve, Hilbert modular surface,
or Siegel threefold, respectively. In these cases the special divisors are traditionally known

as complex multiplication points, Hirzebruch—Zagier divisors, and Humbert surfaces. See, for
example, [vdG88, KR99, KR00, KRY06].

1.3 Complex multiplication points

Let Vi C V be a negative definite plane in V', and set Ly = VpN L. The Clifford algebra C(Lg) is an
order in a quaternion algebra over Q, and its even part C*(Lo) C C(Lg) is an order in a quadratic
imaginary field k. Fix an embedding k — C, and assume from now on that C*(Lg) = O is the
maximal order in k.

The group GSpin(Vp) = Resy/gGm is a rank-two torus, and has associated to it a zero-
dimensional Shimura variety Y — Spec(k), which can be reinterpreted as the moduli stack of
elliptic curves with complex multiplication (CM) by Og. This allows us to construct a smooth
integral model ) — Spec(Og). If k has odd discriminant the inclusion Vy — V' induces an
embedding GSpin(Vp) — G and a relatively representable, finite, and unramified morphism

i: y—> ./\/lok.

The stack Y has its own Kuga—Satake abelian scheme Ay — ), endowed with a Z/2Z-grading
Ao &2 A x Ay, and an action of C(Lg). Here A7 is the universal elliptic curve with CM by
Ok and Ay & Al ®0, C(Lo). It is related to the Kuga-Satake abelian scheme A — M by a
C(L)-linear isomorphism

Aly = Aoly ®c(r) C(L).
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Let ﬁl\c(/\/l) denote the group of metrized line bundles on M, and similarly with M replaced
by Mo, or ). The composition

J—

Pic(M) — Pic(Mo,) = Pie(y) “5 R
is denoted Z — [Z : V]. We call it arithmetic degree along .

1.4 Harmonic modular forms
Denote by SLa(Z) the metaplectic double cover of SLy(Z), and by

wr, §f42(Z) — Autc(Sy)

the Weil representation on the space & of C-valued functions on LY/L. There is a complex
conjugate representation wy, on the same space, and a contragredient action wy on the dual
space &7.

Bruinier and Funke [BF04] have defined a surjective conjugate-linear differential operator

§: Hi_ypyo(wr) = Siyn/(@r).

Here Si4,/2(wr) is the space of weight 1 + n/2 cusp forms valued in &, and transforming
according to the representation wy,. The space Hy_,, /5 (wr,) is defined similarly, but the forms are
harmonic weak Mass forms in the sense of [BY09, §3.1].

To any f € Hy_,/2(wr) there is associated a formal g-expansion

Ay =Y cf(m)g™ e &g,
meQ
m>3>—00
and each coefficient is uniquely a linear combination Zu c}r(m,u)gou of the characteristic
functions ¢, of cosets p € LY/L. Assuming that f* has integral principal part, in the sense
that c}r (m, pu) € Z whenever m < 0, we may form the Cartier divisor

Z(f)zz Z C?(—m,u)~2(m,u)

m>0 peLY /L

(the sum is finite) on the integral model M, following the work of Borcherds [Bor9§],
Bruinier [Bru02], and Bruinier and Yang [BY09].

Using the formalism of regularized theta lifts developed in [Bor98], Bruinier [Bru02] defined
a Green function ®(f) for Z(f). This Green function determines a metric on the corresponding
line bundle, yielding a metrized line bundle

Z(f) € Pic(M).

1.5 The main result

The central problem is to compute the arithmetic degree [ZA (f) : V]. Assuming that the divisor
Z(f)o, intersects the cycle ) properly, the arithmetic degree decomposes as a sum of local
contributions. The calculation of the archimedean contribution, which is essentially the sum of
the values of ®(f) at all y € Y(C), is the main result of [BY09].

Based on their calculation of the archimedean contribution, Bruinier and Yang formulated

a conjecture [BY09, Conjecture 1.1] relating [Z(f) : V] to the derivative of an L-function. Our
main result is a proof of this conjecture.
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The statement of the result requires two more ingredients. The first is the metrized

cotautological bundle L
T € Pic(M).

By definition, the hermitian domain D is an open subset of the space of isotropic lines in P* (V).
Restricting the tautological bundle on P!(V¢) yields a line bundle wp on D, which descends
first to the orbifold M(C), and then to the canonical model M. The resulting line bundle, w, is
the tautological bundle on M, also called the line bundle of weight 1 modular forms. There is a
natural metric (5.8) on w, and our T is an integral model of &~ 1.

The second ingredient is a classical vector valued theta series. From the Z-quadratic space

A:{Qj‘GLZ;UJ_Lo}
of signature (n,0), one can construct a half-integral weight theta series

OA(T) € Mz (wy).

Here wy is the Weil representation of §f42 (Z) on the space & of functions on AV /A, and wy is
its contragredient. See § 3.3 for the precise definition.
The following appears in the text as Theorem 5.7.3.

THEOREM A. Assume that the discriminant of k is odd, and let hy, and wy, be the class number
and number of roots of unity in k, respectively. Every weak harmonic Maass form f € H,_,,j>(wr,)
with integral principal part satisfies

= ~ h

20 Y1+ e} (0,0)- [T ] = = = - L'(€(£), ©4,0),
where c;[(O, 0) is the value of C}_(O) € &, at the trivial coset in LY /L, and L(,(f),©On, s) is the
Rankin—Selberg convolution L-function of § 3.3.

Remark 1.5.1. The analogous theorem for Shimura varieties associated with unitary similitude
groups was proved in [BHY15].

Remark 1.5.2. The convolution L-function appearing in the theorem can be realized by
integrating £(f) and O, against a certain Eisenstein series Er,(7,s). This Eisenstein series
vanishes at s = 0, and hence the same is true of L(£(f),©Ox, s).

Remark 1.5.3. As noted earlier, our cycles Y — Mg, arise from embeddings of rank-two tori into
GSpin(n, 2). One could instead look at the cycles defined by embeddings of maximal tori; these
are the big CM cycles of [BKY12]. In [AGHM15] we prove a result analogous to Theorem A in this
setting. We show that it implies an averaged form of Colmez’s conjecture on the Faltings heights
of CM abelian varieties (via the method of Yang [Yan10]). This has provided a key ingredient
in Tsimerman’s recent proof of the André-Oort conjecture [Tsil5], which characterizes Shimura
subvarieties of Shimura varieties of Hodge type by means of special points.

Remark 1.5.4. If one is willing to have the equality of Theorem A only up to rational multiples
of log(2), in principle it should be possible to drop the assumption that dy, is odd or that C* (L)
is maximal and replace it by the weaker assumption that C* (L) is maximal away from 2. Such
improvements come at a cost: under these weaker hypotheses one does not know anything like
the explicit formulas appearing in Proposition 3.3.1 and Theorem 4.5.1.
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Instead, one should be able (we have not checked the details) to prove the main result by
using the Siegel-Weil arguments of [BKY12, KY13]. In essence, the Siegel-Weil formula allows
one to compare the point counting part of Theorem 4.5.1 with the values of certain Whittaker
functions appearing in the Eisenstein series coefficients of Proposition 3.3.1, without deriving
explicit formulas for either one.

A rough outline of the contents is as follows.

In §2 we establish the basic properties of the Shimura variety M on which we will be
performing intersection theory, and of the special cycles Z(m, u). We prove that the Z(m, )
define Cartier divisors on M, and explore the functoriality of the formation of M and its divisors
with respect to the quadratic space L. More precisely, given an isometric embedding Ly — L
of maximal Z-quadratic spaces of signatures (ng,2) and (n,2), with 1 < ng < n, we prove the
existence of a canonical morphism My — M between the associated integral models, and show
that the pullback of a special divisor on M is a prescribed linear combination of special divisors
on Mo.

In §3 we remind the reader of some of the analytic theory used in [BY09]. In particular, we
recall the essential properties of harmonic weak Maass forms, the divisors Z(f) on M associated
to such forms, and the Green functions ®(f) for these divisors, which are defined as regularized
theta lifts. We also recall the theta series and convolution L-functions that appear in the main
theorem, and Schofer’s [Sch09] calculation of the Fourier coefficients of the Eisenstein series of
Remark 1.5.2. The only thing new here is that, thanks to the constructions of §2, we are able
to define an extension of the divisor Z(f) on M to a divisor Z(f) on the integral model M.

In §4 we fix a quadratic space Ly over Z of signature (0,2), whose even Clifford algebra
is isomorphic to the maximal order in a quadratic imaginary field k. The Clifford algebra of
Lo then has the form C(Lg) = Ok ® Lg. The Shimura variety associated to the rank-two
torus GSpin(Log) has dimension 0, and can be realized as the moduli stack of elliptic curves
with complex multiplication by Oy. Using this interpretation we define an integral model Y —
Spec(Og), and define the Kuga—Satake abelian scheme as Ay = £ ®p, C(Lg), where &€ — ) is
the universal CM elliptic curve. All of the results of §2 are then extended to this new setting.

In particular, we define a family of divisors Zy(m, ) on the arithmetic curve ), each of
which can be characterized as the locus of points where Ag has an extra quasi-endomorphism with
prescribed properties. This can also be expressed in terms of endomorphisms of the universal CM
elliptic curve: along each special divisor the action of O on £ extends to an action of an order in
a definite quaternion algebra. Theorem 4.5.1 gives explicit formulas for the degrees of the divisors
Zp(m, n), and these degrees match up with Schofer’s formulas for the coefficients of Eisenstein
series. Many cases of Theorem 4.5.1 already appear in work of Kudla et al. [KRY99] and Kudla
and Yang [KY13], and our proof, like theirs, makes essential use of Gross’s calculation [Gro86]
of the endomorphism rings of canonical lifts of CM elliptic curves.

In §5 we prove Theorem A. The greatest difficulty comes from the fact that the 1-cycle
Y on Mg, may have irreducible components contained entirely within Z(m, u)o,. Thus we
must compute improper intersections. Our techniques for doing this are a blend of the methods
used in [BHY15] on unitary Shimura varieties, and the methods of Hu’s thesis [Hu99|, which
reconstructs the arithmetic intersection theory of Gillet and Soulé [GS90] using Fulton’s method
of deformation to the normal cone. R

The cycle Y has a normal bundle NyM — Y, and the arithmetic divisor Z(f) on M has
a specialization to the normal bundle o(Z(f)), which is an arithmetic divisor on NyM. The
specialization is defined in such a way that the arithmetic degree of z (f) along Y — M is equal
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to the arithmetic degree of o(Z(f)) along the zero section Y — NyM. What we are able to
show, essentially, is that every component of the arithmetic divisor o(Z(f)) that meets the zero
section improperly has J(T), the specialization of the cotautological bundle, as its associated
line bundle. This implies that every component of Z (f) that meets ) improperly contributes
the same quantity, [i\" : )], to the degree [Z(f) : V]. The contribution to the intersection of the
remaining components can be read off from the degrees of the divisors é\g(m, u) computed in
84, and the calculation of [i’ : V] quickly reduces to the Chowla—Selberg formula.

Finally, we remark that the proof of Theorem A makes essential use of the Bruinier—Yang
calculation (following Schofer [Sch09]) of the values of ®(f) at the points of Y(C). Because of the
particular way in which the divergent integral defining ®(f) is regularized, the Green function
®(f) has a well-defined value even at points of divisor Z(f) along which ®(f) has a logarithmic
singularity. In other words, the Green function comes, by construction, with a discontinuous
extension to all points of M(C). Hu’s thesis sheds some light on this phenomenon, and the
over-reqularized values of ®(f) at the points of Z(f) will play an essential role in our calculation
of improper intersections.

2. The GSpin Shimura variety and its special divisors

2.1 Preliminaries
Let R be a commutative ring. A quadratic space over R is a projective R-module V of finite rank,
equipped with a homogenous function Q: V — R of degree 2 for which the symmetric pairing

[z,y] = Q(z +y) — Q(z) — Qy)

is R-bilinear. We say that V' is self-dual if this pairing induces an isomorphism V' = Hom r(V,R).

The Clifford algebra C(V') is the quotient of the tensor algebra @ V by the ideal generated
by elements of the form = ® x — Q(x). The R-algebra C(V') is generated by the image of the
natural injection V' — C(V'), and the grading on @ V induces a Z/2Z grading

C(V)=CH(V)® (V).

The Clifford algebra C' (V') has the following universal property: given an associative algebra
B over R and a map of R-modules f : V — B satisfying f(z)? = Q(x) for all z € V, there
is a unique map of R-algebras f : C(V) — B satisfying f|y = f. In particular, applying this
property with B = C(V)° and f the natural inclusion of V' in C(V)°P, we obtain a canonical
anti-involution * on C(V') satisfying

*
(131552 ce xr—lxr) = TrTr—1- - T2T1

for any z1,z9,...,Tr—1, 2, € V.
To a self-dual quadratic space V', we can attach the reductive group scheme GSpin(V') over
R with functor of points

GSpin(V)(8) ={g€ CT (V)5 : gVsg™' = Vs}

for any R-algebra S. Denote by g e v = gug~! the natural action of GSpin(V) on V. For any
R-algebra S, the map g — ¢*g on GSpin(V)(S) takes values in S* [Bas74, 3.2.1], and so defines
a canonical homomorphism of R-group schemes

v : GSpin(V) = Gy R,

which we call the spinor norm.
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Choose an element § € CT(V)* satisfying §* = —§. We can use this element to define a
symplectic pairing on C(V) as follows (see [Madl6, (1.6)]). The self-duality hypothesis on V'
implies that C(V) is a graded Azumaya algebra over R in the sense of [Bas74, §2.3, Theorem].
In particular, there is a canonical reduced trace form Trd : C(V) — R, and the pairing
(z1,22) = Trd(z122) is a perfect symmetric bilinear form on C(V'). The desired symplectic
pairing on C(V) is vs(z1, 22) = Trd(z1023).

It is easily checked that

Vs(921, g22) = v(g)¥s(21, 22)

for any R-algebra S, z1,22 € C(V)g, and g € GSpin(V)(S). In other words, the action of
GSpin(V) on C(V) by left multiplication realizes GSpin(V') as a subgroup of the R-group scheme
GSp; of symplectic similitudes of (C(V),45), and the symplectic similitude character restricts
to the spinor norm on GSpin(V).

2.2 The complex Shimura variety
Let n > 1 be an integer. Fix a quadratic space (L, Q) over Z of signature (n,2), and set V = Lq.
We assume throughout that L is mazimal in the sense that there is no lattice L C L' C V
satisfying Q(L’) C Z. Set G = GSpin(V); this is a reductive group over Q.

Let D be the space of oriented negative 2-planes h C Vr. If we extend the Q-bilinear form
on V to a C-bilinear form on V¢, the real manifold D is isomorphic to the Grassmannian

DS {zeVe~{0}:[z2 =0and [z,2] < 0}/C%, (2.1)

and in particular is naturally a complex manifold. The isomorphism is as follows: for each h
pick an oriented basis {z,y} so that Q(z) = Q(y) and [z,y] = 0, and let z = x + i¢y. The inverse
construction is obvious.

There are canonical inclusions of R-algebras C — C(h) — C(Vg), where the first is

determined by
Yy

Q@)Q(y)

The induced map C* — C(Vg)* takes values in G(R), and arises from a morphism of real
algebraic groups

7=

ap : Resc/rGrn — Gr. (2.2)

In this way we identify D with a G(R)-conjugacy class in Hom(Resc /G, Gr)-
Set L = L, and define a compact open subgroup

K = G(Ap)nC(L)*
of G(Ay). Note that g e L =L for all g € K. Denote by
LY ={zeV:[z,L] CZ}

the dual lattice of L. As in the proof of [Madl6, (2.6)], the action of K on L defines a
homomorphism K — SO(L) whose image is precisely the subgroup of elements acting trivially
on the discriminant group LY/L = LV/L.

The pair (G, D) is a Shimura datum, and

M(C)=GQ\Dx GA)/KS || T,)\D, (2.3)
geG(Q\G(Ay)/K
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is the complex orbifold of C-points of the Shimura variety attached to this datum and level
subgroup K. Here we have set I'y = G(Q)NgK g~ '. We will refer to M (C) as the GSpin Shimura
variety associated with L.

Given an algebraic representation G — Aut(N) on a finite-dimensional Q-vector space, and
a K-stable lattice N5 C NAJ,, we obtain a Z-local system Np. on M (C) whose fiber at a point
[(h,g)] € M(C) is identified with N N gNN5. The corresponding vector bundle

Nar ) = Omc) @ Npe

is equipped with a filtration Fil*Ngg as(c), which at any point [(h, g)] equips the fiber of Nge
with the Hodge structure determined by (2.2). This gives us a functorial assignment from pairs
(N, N3) as above to variations of Z-Hodge structures over M (C).

Applying this to V and the lattice LcC Va,, we obtain a canonical variation of polarized
Z-Hodge structures (Vge, Fil*Vgg ar(c))- For each point z of (2.1) the induced Hodge
decomposition of V¢ has

vt =z, v =cz, v = (cz+ )t

It follows that FillVdR M(c) 18 an isotropic line and FilOVdR M(c) 18 its annihilator with respect
to the pairing on V gg pr(c) induced from that on L.

Similarly, viewing H = C(V') as a representation of G by left multiplication, with its lattice
H5 = C(L)5, we obtain a variation of Z-Hodge structures (Hge, Fil* H gg ar(c)). This variation
has type (—1,0), (0, —1) and is therefore the homology of a family of complex tori over M (C).

This variation of Z-Hodge structures is polarizable, and so the family of complex tori in fact
arises from an abelian scheme over M (C). To see this, first consider the representation of G on Q
afforded by the spinor norm v, along with the obvious K-stable lattice 7 C Ay. For any h € D,
the composition v o oy, is the homomorphism

RGSC/RGm i_)ﬁ) Gm,R-

From this, we see that the associated variation of Z-Hodge structures is the Tate twist Z(1), whose
underlying Z-local system is just the constant sheaf Z, but whose (constant) Hodge filtration is
concentrated in degree —1.

Now, choose § € Ct(L) N CT(V)* satisfying §* = —4. As explained in §2.1, this defines a
G-equivariant symplectic pairing

Ps : C(V) x C(V) - Q(v)

by v5(x,y) = Trd(zdy*). Since ¢ lies in C* (L), the restriction of this form to C'(L) is Z-valued,
and in particular induces a K-invariant alternating form on C(L) with values in Z(v).

We can arrange our choice of § to have the following positivity property: for every h € D, the
Hermitian form ¢s(ap(i)z,7) on C(V)c is (positive or negative) definite. To produce a concrete
such choice, choose a negative definite plane hy C V defined over QQ, and an oriented basis
x,y € ho N L for hy satisfying [z,y] = 0. Then it can be checked that 6 = zy € C(L) has the
desired positivity property. Any such choice of § produces an alternating morphism

HB6®HBB — Z(l)

of variations of Hodge structures, and the positivity property implies that this is a polarization.
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Remark 2.2.1. By our construction, any choice of § € CT(L)NC(V)* with the required positivity
property produces a polarization on Ay ). While the polarization on Ay ) depends on the
choice of 9, the abelian scheme itself does not.

In sum, we have produced an abelian scheme A;(c)y — M (C), whose homology is canonically
identified with the polarizable variation of Hodge structures (Hpe, H g, ar(c)). We call this the
Kuga—Satake abelian scheme. It has relative dimension 2711

The action of G on H commutes with the right multiplication action of C(V'), and also
respects the Z/2Z-grading H = Ht x H~ defined by H* = C*(V). Thus the Kuga-Satake
abelian scheme inherits a right action of C(L), and a Z/2Z-grading

Ane) = Ay < Aproy-

Elements of C*(L) and C~ (L) act as homogeneous endomorphisms of graded degrees zero and
one, respectively. The left multiplication action of V' C C'(V') on H induces an embedding

(VBe, Fil*Var m(c)) C (End(Hpe), Fil*End(H g ar(c)))

of variations of Hodge structures.
For x € V of positive length, define a divisor on D by

Dx)={z€D:z Lz}

As in the work of Borcherds [Bor98], Bruinier [Bru02], and Kudla [Kud04], for every m € Qs¢
and p € LY /L we define a complex orbifold

Z(m, 1)(C) = uAf)/Krg\( L 2@), (2.4)

g€G(Q\G( z€pg+Lg
Q(z)=m

Here Ly, C V is the Z-lattice determined by Eg =ge E, and pig = gep € Lg/Lg. Comparing
with (2.3), the natural finite and unramified morphism

Z(m, p)(C) — M(C)

allows us to view (2.4) as an effective Cartier divisor on M (C). We will see below that (2.4)
admits a moduli interpretation in terms of the Kuga—Satake abelian scheme.

2.3 Canonical models over
The reflex field of the Shimura datum (G, D) is Q, and hence M (C) is the complex fiber of an
algebraic stack M over Q. By [Madl6, §3] the Kuga—Satake abelian scheme, along with all its
additional structures, has a canonical descent 7 : Ay; — M.
We denote by!
Har vy = Hoirn(RIWZar,*QLM/M, Owm)

the first de Rham homology of Aj; relative to M: that is, the dual of the first relative
hypercohomology of the de Rham complex. It is a locally free Oy7-module of rank 27+2, equipped
with its Hodge filtration Fil’H ar,M C Hgr y and Gauss-Manin connection. It also has a

! Tn [Mad16], one works consistently with cohomology rather than homology, and so the conventions here will be
dual to the conventions there.
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Z)2Z-grading Hag p = HijM x H g ) arising from the grading Ay = Aj; x Ay, on the
Kuga—Satake abelian scheme, and similarly a right action of C'(L) induced from that on .A4;. Over
M(C), it is canonically identified with H 4g ps(c) With its filtration and integrable connection.

From [Mad16, (3.12)], we find that there is a canonical descent Vg ar of Vg (), along
with its filtration and integrable connection, so that we have an embedding

Varm C Endepy (Har, )

of filtered vector bundles over M with integrable connection. This embedding is a descent of the
one already available over M (C). There is a canonical quadratic form Q : Vg ayr — O given
on sections by z o x = Q(x) - Id, where the composition takes place in MC(L)(HdR,M)-

In the same way we define

He,ét = @(Rlﬂét,*@7 Ze)

to be the first f-adic étale homology of A, relative to M. Over M (C), it is canonically identified
with Zy @ Hpe. The local system Z; ® Ve descends to an f-adic sheaf V¢ over M, and there
is a canonical embedding as a local direct summand

Ve CEnde)(Heg)

Again, composition on the right-hand side induces a quadratic form on V¢ with values in the
constant sheaf Z,.

2.4 Integral models
The stack M admits a regular integral model M over Z, which we construct in this section
following [Mad16, § 7]. In [Mad16] such a model is constructed over Z[1/2] as one uses the main
result of [Kis10], where 2 is assumed to be invertible. As we shall see, most of the results extend
also to the case of the prime p = 2 replacing [Kis10] with [KM16]. The construction is involved,
and the final definition of M is given in Proposition 2.4.6.

It follows from [Mad16, (6.8)] that we may fix an isometric embedding L C L°, where (L°, Q°)
is a maximal quadratic space over Z, self-dual at p and of signature (n°,2). Set

A=ILt={zecl’:z 1L}

The construction of the integral model over Z,) of M will proceed by first constructing a smooth
integral model for the larger Shimura variety M associated with L¢. There is a finite and
unramified morphism M — M over Q which we will extend to integral models, and the integral
model for M will inherit extra structure (for example, the vector bundles of Proposition 2.4.5
below) realized by pulling back structures from the larger integral model.

Over M*® we have the vector bundle Vg /o associated with L°. Let Vgg 5, be its restriction
to M. By construction, we have an isometric embedding

O
Varv = Varm

of filtered vector bundles with integrable connections over M. Setting Aqr,ar = A ®z O, we
obtain an injection of vector bundles

Aqrm = Virm (2.5)

identifying Aqr,a with a local direct summand of Vg /.
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The Shimura variety M® admits a smooth canonical model M%( , over Z(p)- This is the main
p

theorem of [Kis10] for p # 2 and it is proven in general in [KM16]. We now recall the construction.
Choose 6 € CH(L°)NC(V®)* as in §2.2, so that the associated symplectic pairing 15 on C'(L°)
produces a polarization on the Kuga—Satake abelian scheme

Sroi) = M°(C).

This polarization has degree d°, where d° is the discriminant of the restriction of 15 to C'(L°).
The polarized Kuga—Satake abelian scheme defines a morphism of complex algebraic stacks

. o Siegel
15 Mg — X2n°+1,d<>,(c’
where X211 g the Siegel moduli stack over Z parameterizing polarized abelian schemes of

2n°+17d<>
dimension 27"t of degree d°. It can be checked using complex uniformization that this map
is finite and unramified. The theory of canonical models of Shimura varieties implies that i
descends to a finite and unramified map of Q-stacks

. o Siegel
i M° — X2”°+1,d°,(@'

XSlegel

. o .
2noH o 7, in M?, in the following

The integral model M%(p) is defined as the normalization of
sense.

DEFINITION 2.4.1. Given an algebraic stack X’ over Z,), and a normal algebraic stack Y over
Q equipped with a finite map jg : Y — Af, the normalization of X in Y is the finite X-stack
j: Y — X, characterized by the property that j,Oy is the integral closure of Oy in (jg).«Oy .

The normalization is uniquely determined by the following universal property: given a finite
morphism Z — X with Z a normal algebraic stack, flat over Z,), any map of Xqg-stacks Zg - Y
extends uniquely to a map of X-stacks Z — ).

PROPOSITION 2.4.2. The stack M%(m is smooth over Z,. It does not depend on the choice of
§ e CH(L)NC(Ve)*.

Proof. This essentially follows from [Kis10, (2.3.8)] if p # 2 and from [KM16, Theorem 3.10] in
general. We provide some of the details.

Abbreviate
Siegel __ q-Siegel
X - X2"0+1,d°,Z<p)’

and let (ASiegel \Siegel) he the universal polarized abelian scheme over XS8!, For any m € Z+
coprime to pd®, let A58 — x'Siegel e the finite étale cover parameterizing full level-m structures
on ASegel: that is, parametrizing isomorphisms of group schemes

C(L°) @ Z/mZ = ASe![m)]

that carry the symplectic form ¥5 ® 1 on the left-hand side to a (Z/mZ)*-multiple of the Weil

pairing on ASiegel [m] induced by ASiegel For m > 3 the stack Xriiegel is a scheme over Z(p).
Write G° = GSpin(V?°), and set

O 0o o\ X
K® = G°(Af) N C(LO)%.
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Let K°(m) C K° be the largest subgroup acting trivially on C'(L°) ® (Z/mZ). We obtain a finite
étale cover My, — M® of Shimura varieties with Galois group K°/K®(m), where

M (C) = GZ(Q\D® x G°(Af)/K*(m)

and D¢ is the space of oriented negative definite planes in V.
The map i5: M° — Xglegel lifts to a map

. . o Siegel
i5m @ M, — Xm@ .

From [Kis10, (2.1.2)] we find that 4s,, is a closed immersion of Q-schemes for sufficiently large

: <
m. Fix such an m, and let Mm,Z(p

immersion, this is simply the normalization of the Zariski closure of M}, in X,%iegel. It now follows
from [Kis10, (2.3.8)] and [KM16, Theorem 3.10] that M:’%Z(p) is smooth over Z,), and, moreover,

that it is, up to unique isomorphism, independent of the choice of 4.

The stack M%(p) is the étale quotient of M%L,Z(p) by the action of K°/K®(m), and so the

: be the normalization of X%legel in M;,. Since is,, is a closed

proposition follows. O

By the construction of the integral model M%( X the Kuga—Satake abelian scheme A® — M?®
p
extends to A° — M%( . A non-trivial consequence of the construction is that the vector bundle
p

Vg e, With its integrable connection and filtration, extends to a filtered vector bundle with
integrable connection (Vg Mg ,Fil*Vir M ) over M%(p) (see [Mad16, §4] for details).
bl ) )
Let Hig Mg be the first de Rham homolozzgy of A®, so that we have an embedding of filtered

(p)
vector bundles

arvg € Endogr) (Hgp ag ) (2.6)
(p) (»)
extending that in the generic fiber and exhibiting its source as a local direct summand of the
target. Composition in the endomorphism ring gives a non-degenerate quadratic form on
0: <& N (9 o
Q dR,Mz(p) M%)
again extending that on its generic fiber.

Similarly, let

o _ 1 Ccrys crys
Hcrys - M(R WCTyS,*OAi; /Zp’ OM% /Zp)
P P

be the first crystalline homology of A%p relative to M%p. As M%( ) is smooth over Z,), the vector
p

>
crys

p)
bundle with integrable connection (2.6) determines a crystal V' over M%p equipped with an
embedding

V<c>rys C MC(L) (ngys)
as a local direct summand; see [Madl6, (4.14)] for details.

We are now ready to give the construction of the desired integral model Mz(p) for M. The
isometric embedding V' — V¢ induces a homomorphism of Clifford algebras, which restricts to a
closed immersion G — G°. This induces a morphism of Shimura varieties M — M*®. The direct
summands Ag C V¢ and Ay C L% are pointwise stabilized by G(Q) and K, respectively. From

this, arguing as in [Madl16, (6.5)], we find that there is a canonical embedding
A - Endc(Lo) (A<>|M) (27)
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whose de Rham realization is (2.5). Let MZ(,,) be the normalization of M%( ) in M. Then,
P
by [FC90, Proposition 2.7], the embedding (2.7) extends to

AC EndC(LO)(AQ|MZ(p))' (28)

Since Vigg Mg, s adirect summand of End ez (Hgg M ), the de Rham realization of (2.8)
’ T )

p
provides us with an extension

Aar > Vg Wz, (2.9)

of (2.5), where

Agr = A ®y OMZ( ;
P

Let M%ﬁ , C Mz(p) be the open locus where the cokernel of (2.9) is a vector bundle of rank n

p
(see [Mad16, 6.16(i)]). This is also the locus over which the image of (2.9) is a local direct
summand. In particular, it contains the generic fiber M of Mz(p).

Let MIOC(L) be the projective scheme over Z parameterizing isotropic lines L' ¢ L. The
following can be deduced from [Mad16, (6.16), (6.20), (2.16)].

PROPOSITION 2.4.3. (i) Around any point of M% ) we can find an étale neighborhood T' such
p
that there exists an isometry
f . OT ®L<> — VER,T

satisfying £(Or ® A) = Agr7, and such that the morphism T — M'°¢(L) determined by the
isotropic line

EHF'ViRy) COr® L°

is étale.
(ii) If Ly is self-dual, or if p > 2 and ]?2 fdisc(L), then M%r(m = Mz(p).
(iii) If p > 2 and p? | disc(L), then MZ : is regular outside of a zero-dimensional closed

substack.

We now define:
- Mg, = Mz(p) if Ly is self—dlvlal, or if p > 2 and p? { disc(L);
~ Mgz, | = the regular locus of MbL' if p > 2 and p? | disc(L);
(P) Z(p)
- Mg, = the smooth locus of MY ifp=2.
?) (®)

Then Mz, is the desired regular integral model for M over Z,).

Remark 2.4.4. If p =2 and Ly is not self-dual, or if p > 2 and p? | disc(L), this is certainly not
the optimal definition of the regular model MZ(p). For a discussion and examples of this when p
is odd, see [Mad16, (6.27), (6.28)].

Equip Agqr = A ®z O Mz, with the integrable connection 1 ® d, and the trivial filtration
p
concentrated in degree 0. By construction, over Mz(p) we have a canonical isometric embedding

AdR C V3R7MZ(M
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of filtered vector bundles with integrable connections. Therefore, since the quadratic form on
VgR, Mz, is self-dual, the orthogonal complement

_ 1 o
VdR,MZ(p) = Agr C VdR,MZ(p)

is again a vector sub-bundle with integrable connection. Indeed, it is precisely the kernel of the
surjection of vector bundles

o o,V o,V
VdR,MZ(p) = VdR,MZ(p) — VdR,MZ<p) Jann(Agg).-

Moreover, the isotropic line Fil! V§R7 Mz, is actually contained in Vgg, My, - For convenience,
we abbreviate
\% =Fil'v} :
dR,MZ(p> dR,MZ(p>

ProrosSITION 2.4.5. The integral models MZ@) and MZ(p) are, up to unique isomorphism,
independent of the auxiliary choice of L°. Furthermore, the vector bundle V 4, Mz, and the
p

isotropic line dR. are also independent of this auxiliary choice.
t line Vig p, CV My, Iso independent of th liary ch
’ (p) p

Proof. Suppose that we have a different embedding L — L{ with L maximal, self-dual at p,
and of signature (n{,2).

First, assume that the embedding L — L{ factors as L < L® < L7. The construction of Kisin
in [Kis10] and its generalization in [KM16] show that the map of integral models M%(p) — M‘LZ(P)
associated with L® — L{ is finite and unramified. Moreover, Proposition 2.4.3 shows that, if
Ay = (L°)* C L3, then the corresponding map

Aarrme — V7
ARMS LR Mz,

is an embedding of vector bundles, and that its orthogonal complement is exactly VER’ Mz,

From this, we easily deduce that the constructions of both MZ( , and /\/lp( ) do not depend on
the choice of isometric embedding. The proof also shows that the vector bundle V gr Mz, along
with its isotropic line, is also independent of this choice.

For the general case, consider the embedding A : L — L° @ L{ defined by v +— (v, —v). The
quadratic form on L°® @ L{ given by the orthogonal sum of those on its individual summands
induces a quadratic form on the quotient

= (L*@ L})/A(L)

of signature (n® + nj — n,2). Moreover, the natural maps L® — L§ and L{ — L are isometric
inclusions of direct summands, whose restrictions to L coincide.

Now, L$ need not be self-dual at p, but, via the argument in [Mad16, (6.8)], we can embed it
isometrically as a direct summand in a maximal quadratic space L§ of signature (n3,2), which
is self-dual at p. In particular, replacing L{ with LS, we are reduced to the already considered
case where L° is an isometric direct summand of LS. O

We can now give the construction of the stack M over Z. It is simply obtained by patching

together the spaces Mz(p). To do this rigorously, we choose a finite collection of maximal
quadratic spaces LY, LS, ..., L? with the following properties.
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— For each i =1,2,...,7, LY has signature (ny,2), for n € Z~.
— For each i, there is an isometric embedding L — L.
— If, for each 4, we denote by S; the set of primes dividing disc(LY), then (i_; S; = @.

It is always possible to find such a collection. For instance, first choose any maximal quadratic
lattice of signature (n{,2), admitting L as an isometric direct summand. Let {pa,...,p,} be the
set of primes dividing the discriminant of L{. Now, for each i =2,3,...,r, let L be a maximal
quadratic lattice, self-dual at p;, of signature (n;, 2), admitting L as an isometric direct summand.
Then the collection {L{,..., Ly} does the job.

For i =1,2,...,7, let M be the GSpin Shimura variety over Q attached to L7. Given an
appropriate choice of §; € CT(L)NC (L7)g» with associated alternating form 15, on C(L7), we
obtain a sequence of finite and unramified map of (Q-stacks

M — M s xSl
2% 7d$7Q
Here, d? is the discriminant of s, .

Let Z[(S;)™!] € Q be the localization of Z obtained by inverting the primes in S;. Let
Mys,)-1] be the stack over Z[(S;)~"] obtained by normalizing XQS’i;iell,df,Z[(Si)*l} in M.
PROPOSITION 2.4.6. There is a regular, flat, algebraic Z-stack M such that for each i the
restriction of M over Z[(S;)™"] is isomorphic to Mgjg,)-1]. Moreover, the vector bundle V gg s
on M, along with its integrable connection and the isotropic line VéR’ > has a canonical
extension (V 4R, V(llR) over M.

Proof. This is immediate from Proposition 2.4.5. O

DEFINITION 2.4.7. The line bundle Vi C Vgg is the tautological bundle on M. Tts dual is the
cotautological bundle.

Remark 2.4.8. Under the uniformization D — I'y)\D C M(C), of (2.3), and using the notation
of (2.1), the tautological bundle and cotautological bundle pull back to the line bundles z — Cz
and z — V¢ /(Cz)*, respectively.

By [Mad16, (7.12)], the Kuga—Satake abelian scheme over M extends (necessarily uniquely)
to an abelian scheme

m A—- M

endowed with a right C'(L)-action and Z/2Z-grading. The de Rham realization of A provides us
with an extension Hggr over M of the filtered vector bundle with connection H 4r s, equipped
with its Z/2Z-grading and right C'(L)-action. Let

Herys = HO—m(RIWCTYS’*Oj;pS/Zp’ Oj\r/ly;p/zp)
be the first crystalline homology of Ap, relative to Mg, .

Denote by 1 the structure sheaf O with its standard connection and trivial filtration in the
de Rham case; the constant sheaf Z, on M[1/p] in the étale case; the crystal O Mg, crys 110 the
crystalline case; and the trivial variation of Z-Hodge structures over M@" in the Betti case. If H
is any one of Hgr, Hy¢, Hrys, or Hpe, then H is a 1-module in the appropriate category.
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It follows from [Mad16, (3.12), (7.13)] that there is a canonical local direct summand

of grade-shifting endomorphisms. In fact, as we will see below in Proposition 2.5.1, the
homological realizations of the canonical isometric embedding A — End(A°| ) exhibit A ® 1
as an isometric local direct summand of V°| ¢, and

V=A21)"cC V.

In the de Rham or Betti case, V' is identified with the realizations already constructed above.
Moreover, for any prime p, the étale realization V¢ C Ende L)(H p,ét) is the unique extension
of that over M[1/p|]. Here, we are using the following fact: given a normal flat Noetherian
algebraic Z[1/p]-stack S, and a lisse p-adic sheaf I over S, any lisse subsheaf of F'|g; extends
uniquely to a lisse subsheaf of F'. To see this, we can reduce to the case where S is a normal,
connected, flat Noetherian Z[1/p]-scheme, where the assertion amounts to saying that the map
of étale fundamental groups 71 (Sg) — m1(S) is surjective. This is shown in [SGA1, Example V,
Proposition 8.2].

For any section x of V', the element x o x is a scalar endomorphism of H. Define a quadratic
form

Q:V->1
by zox = Q(z) - Id.

Remark 2.4.9. Although we will not require this in what follows, we note that there is a certain
compatibility between the crystalline realization V ¢y over MIF,, and the p-adic realization V', ¢
over M[1/p]. Suppose that we are given a finite extension F'/Q,, contained in an algebraic closure
@p of Qp, with residue field k. Write Fy C F' for the maximal unramified subextension of F'.
Suppose that we are given a point s € M(F) specializing to a point sg € M(k). Write s for
the corresponding @p—point of M. Then the comparison isomorphism between the crystalline
cohomology of Ay, with respect to W (k) = Op, and the p-adic étale cohomology of Asg induces,
by [Madl6, (7.11)], an isometry

Vcrys,so ®F0 Bcrys — Vp,ét,E ®Qp Bcrys-

2.5 Functoriality of integral models
We consider the question of functoriality of the previous constructions with respect to the
maximal quadratic space L. Let Ly C L be an isometric embedding of maximal quadratic spaces
over Z, of signatures (ng,2) and (n,2), respectively. This implies that Lg is a Z-module direct
summand of L. We will maintain our assumption that ng > 1.

The quadratic spaces Ly and L have associated Shimura varieties My and M, with level
structure defined by the compact open subgroups

Ko = GSpin(Lo ® Ay) N C(Lo)*,
K = GSpin(L ® Af) N C(L)*.

The inclusion Ly — L induces a homomorphism of Clifford algebras, which then restricts to an
inclusion of algebraic groups GSpin(Vp) — GSpin(V) satisfying Ko = K N GSpin(Vp)(Ay). By
the theory of canonical models of Shimura varieties, there is an induced finite and unramified
morphism of Q-stacks My — M.
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Let My and M be the integral models over Z, and let Ay —> My and A — M be their
Kuga—Satake abelian schemes. They are equipped with actions of C(Lg) and C(L), respectively.
Let Hy and H stand for the various homological realizations of Ay and A, respectively. We have
the canonical sub-objects Vo C Ende(r,,)(Ho) and V' C Endg () (H) introduced in §2.4.

The Kuga—Satake abelian schemes over My and M are determined by the lattices C(Lgy) C
C(V) and C(L) € C(V) (in the sense of [Del72, §4.12]), and the argument in [Madl6, (6.4)]
shows that there is a C'(L)-linear isomorphism of abelian schemes

(Ao ®c(1) C(L)) Ino = Al o (2.11)

over the generic fiber My of My. As Ly is a direct summand of L, one easily checks that C(L)
is a free C'(Lg)-module, and so the tensor construction Ao ®¢(rq) C(L) in (2.11) is defined.

PRroOPOSITION 2.5.1. The morphism My — M extends uniquely to an unramified morphism
Moy — M, and (2.11) extends to a C(L)-linear isomorphism of abelian schemes

Ao ®@c(10) C(L) = Alm, (2.12)
over My. In particular,
Ho ®¢(1) C(L) = H |, (2.13)
Furthermore, if we set A ={\ € L: X L Lo} and define a sheaf A = A®1 on My, then there
is a canonical embedding A C End(A|a,) with the following properties.

(i) Its homological realization A — End(H|aq,) arises from an isometric map A < V|4,
and exhibits A as a local direct summand of V| p,,.
(ii) The injection
Ende ) (Ho) = Ender) (Hm,)
induced by (2.13) identifies V' with the submodule of all elements of V|4, anticommuting with
all elements of A. Furthermore, Vo C V|, is locally a direct summand.

(iii) In the de Rham case, the inclusion V 4r C V gr|m, identifies
1~y
Voar = Varlmo-

Proof. 1t suffices to construct the morphism My — M after localizing at a prime p. Hence
we can assume that we have a sequence of isometric embeddings Lo < L < L°, where L° is
maximal and self-dual at p.

By taking the normalizations of M%(p) in My and M, respectively, we see that the finite
morphism My — M extends to a map

Moz, — Mz, (2.14)

Set A; = L+ ¢ L° and A= LOL C L°, so that Aq is a direct summand in A with orthogonal
complement A. From this, it is clear that (2.14) restricts to a map MSTZ@) — MZP). We can
deduce from Proposition 2.4.3 that, étale locally on the source, this map is isomorphic to an
étale neighborhood of the map of quadrics M'°¢(Lg) — M!°¢(L). In particular, it is unramified.

To check that this carries MO,Z(p) to Mz(p) it suffices now to show that the map

MIOC(LO) _ MIOC(L)

Z(p) Z(p)

of quadrics over Z, carries the smooth locus to the smooth locus and, if p # 2, the regular locus
of the source into that of the target.
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For the first assertion, observe that an F,-valued point of the space is in the smooth locus
if and only if it corresponds to an isotropic line that is not contained in the radical of L 7,
But then it is a fortiori not in the radical of LFP, and hence corresponds to a smooth point of

M¢(L) as well.

We are left to prove the second claim, so that we can assume that p is odd.

If the discriminant of sz is not divisible by p?, the entire target is regular (see [Mad16,
(2.16)]), and there is nothing to check. Otherwise, the locus where MlOC(L)Z(m is not regular
consists exactly of the two F2-valued points where the corresponding isotropic line L' c LFp2
lies in the radical rad(LFPQ) and is also isotropic for the non-degenerate quadratic form on this
radical (see [Madl6]).

Suppose therefore that we have an isotropic line Lé,FP C Ly, We need to show: if, as an

isotropic line in LF,,’ it corresponds to one of the two singular points above, then the discriminant

1

0,Fp
As any smooth point of M'°¢(Lg) (that is, a point at which the space is smooth over Z)

maps to a smooth point of MlOC(L), the only remaining possibility is that the discriminant of

Ly is divisible exactly by p, and that LéF is just the radical of L 7, corresponding to the

»p ¥
unique non-smooth point of M!°¢ (Lo)z(p>- However, this point is defined over [F,,, whereas both

of Ly is also divisible by p?, and L' corresponds to a singular point of M'°¢(L).

the singular points of MIOC(L)Z(p) are only defined over [F». Hence this possibility can also be
excluded.

Now, the fact that the isomorphism of abelian schemes also extends over M is a consequence
of [FC90, Proposition 1.2.7].

The canonical embedding A C End(A| Mo,z(p)) is constructed as follows. First, we will define
an action of A on

Ao ®z C(L) = (Ag ®z C(L)) x (Ay @z C(L)).
Given a section of the form (a* ® ¢,a™ ® ¢’) of this product and an element A € A, we set
A(a"®@ca” @)= (at @A, —a™ @ ).
As Lo anti-commutes with A within C(L), it is easy to check that this action of A descends to
one on
(2.12)
Ao Qc(Lo) C(L) T> A‘Mo,z(p)'

Claims (i)-(iii) are now shown in [Mad16, (7.13)] for the crystalline realizations over Mo, ,
but in the case where L is self-dual at p. From this, we can easily deduce the general case, just
as above, by embedding everything in a quadratic space that is self-dual at p. O

2.6 Special endomorphisms
For any scheme S — M the pullback Ag of the Kuga—Satake abelian scheme has a distinguished
submodule

V(As) C Endg(r)(As)

of special endomorphisms, defined in [Mad16, (5.4)]. If S is connected and s — S is any geometric
point, there is a cartesian diagram

V(As) — Endg(r)(As)

i |

V(As) — Endc(z)(As).
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In other words, if S is connected, an endomorphism is special if and only if it is special at one
(equivalently, all) geometric points of S.

At a geometric point s, the property of being special can be characterized homologically,
using the subspace

Vs C EndC(L)(Hs)- (2.15)

If s = Spec(C) then = € Endg(r)(As) is special if and only if its Betti realization lies in the
subspace (2.15). This is equivalent to the ¢-adic étale realization of z lying in (2.15) for one
(equivalently, all) primes £. It is also equivalent to requiring that the de Rham realization tqg(z) €
Endc(r)(Hgr,s) lie in the subspace Vgr -

If s is a geometric point of characteristic p, then x € End¢(r)(As) is special if and only if its
crystalline realization lies in (2.15). This implies that the ¢-adic étale realization lies in (2.15)
for all ¢ different from the characteristic of s; cf. [Mad16, (5.22)].

Fix an element p € LY /L and a prime p > 0, and suppose that we are given an embedding
L — L° of maximal quadratic lattices with L° self-dual at p. Let A = L+ C L° be the subspace
of elements orthogonal to L.

There are canonical isomorphisms

Z,® (LV/L) < Z,® (L°/(L® A)) = Z, ® (AY/A), (2.16)

which allow us to view i, as an element of Z, ® (AY/A). Fix a lift g, € AY of p,.
By construction, the map A — End(A%) from Proposition 2.5.1 factors through an isometric
embedding A — V(AZ). Via this embedding, we can view fi, as an element of V(A%)q.

LEMMA 2.6.1. The subset
Vi(As) ) = {z € V(As)g : @ + fip € V(AZ) ® Zp)} C V(As)g

is functorial in S, and is independent of the choice of embedding L. — L° of maximal lattices
with L° self-dual at p.

Proof. Note that the definition is clearly independent of the choice of lift fi,.

The functoriality of the subset is clear, so it only remains to prove the independence from
the choice of embedding into a self-dual at p maximal lattice. For this, as in the proof of
Proposition 2.4.5 we can reduce to the case where both L and L°¢ are self-dual at p, where
we have to show that the definition using the identity L — L is equivalent to the one given using
the embedding L — L°.

In this case, ji, can be chosen to be 0, and we are reduced to checking that an element
z € V(As)g maps into V(Ag) ® Z, if and only if it maps into V(Ag) ® Z,). For this, it is
enough to verify that the inclusion of abelian groups

V(Ag) C V(AS)

maps onto a Z-direct summand. However, this follows from the fact that V' C V°|( is a local
direct summand; see Proposition 2.5.1(ii). O

Remark 2.6.2. When S is a scheme over M[p~!], there is a more intrinsic description of the
subset above. Note that the natural action of the compact open subgroup K C G(Af) on L°
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preserves L, and induces the trivial action on all the quotients involved in (2.16). Therefore, over
M([p~!], we have a canonical isometry

ap:Z,® (LY/L) = V)|V,

of p-torsion étale sheaves. In particular, by taking the pre-image of ay,(1®pp) in V;,/, we obtain a
subsheaf of sets V', ;, C V. The subset V,,(Ag) y) consists precisely of those elements of V (As)q,
whose p-adic realizations land in V', .

For a scheme S — M, we now define a natural subset V,(Ag) C V(Ag)g by setting

Vi(As) = [ VulAs)p)-

We record some properties of these spaces.

PROPOSITION 2.6.3. (i) If 4 = 0, then Vo(Ag) = V(Ag).

(ii) Each z € V,(Ag), viewed as an element of End(Ag)q, shifts the grading on Ag and
commutes with the right action of C(L).

(iii) Moreover,z o x = Q(x) - Id for some non-negative Q(x) € Q satisfying

Q) = Q) (mod Z), (2.17)
and Q(x) = 0 if and only if x = 0.

Proof. The first statement was shown in the course of the proof of Lemma 2.6.1, where we found
that V,(Ag) is a subset of V(Ag) ® Z(,) whenever ji, = 0.

The second follows from the construction of the space V(Ag), and the fact that the
endomorphisms V' C End(H) of (2.15) are grade shifting and commute with C'(L).

For the third, we first check that the quadratic form Q(z) is positive definite. But this follows
from the existence of a polarization on Ag such that every element of V(Ag) ® Q is fixed under
the corresponding Rosati involution; see the proof of [Mad16, (5.12)]. We also have to show that,
for each prime p, we have

Qz) = Q) (mod Zy)).

We can assume that we have chosen an embedding L — L® with L° self-dual at p. In this case,
with A and i, as in Lemma 2.6.1, we find that, in terms of the quadratic form Q° on V(A%),
we have

Q°(x + fi,) =0 (mod Zgy).

It can be checked using Proposition 2.5.1(ii) that V' (Ag) is orthogonal to fi, as a subspace of
V(A%)q- Therefore, we have

Q(z) = Q°(z) = —Q°(fip) (mod Z,). (2.18)
On the other hand, recall that i, C AY was defined to be a lift of the image of u, under the
canonical isomorphism
(L)L) @Z) = A/A @ Zg,
associated with the embedding L — L°. In other words, if u; € LV is any lift of p,, we have
,u;, + fi, € L°. Hence, arguing just as in the previous paragraph, we find

Q) = ~Q°(7p)  (mod Zy). (2.19)
Comparing (2.18) and (2.19) finishes the proof. O
494

https://doi.org/10.1112/50010437X1600779X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1600779X

HEIGHT PAIRINGS ON ORTHOGONAL SHIMURA VARIETIES

As before, suppose that we are given an embedding of maximal quadratic spaces Ly — L
with A = Lg- C L. In particular the inclusion LY < Ly @ A" induces an injection

LY /(Lo ® A) = (Lg/Lo) & (AY/A).

Fix an Mjy-scheme S — M. Then, by construction, the map A — End(Ag) from
Proposition 2.5.1 factors through an isometric embedding A — V(Ag).

PROPOSITION 2.6.4. Fix an Mg-scheme S — M.
(i) There is a canonical isometry
V(Aos) = AT C V(Ag), (2.20)

where here A is calculated inside V(Ag).

(ii) For every u € LY /L and every (ui,u2) € (u+ L)/(Lo & A) the map (2.20), tensored with
Q, restricts to an injection

Viia (Ao,s) X (p2 + A) = V,(As).

(iii) The above injections determine a decomposition

Vi(As) = | Vi (Ao,s) % (2 + A).
(p1,p2)€(p+L)/(Lo®A)

Proof. Claim (i) follows from the definitions and Proposition 2.5.1; see also [Mad16, (7.15)].
In particular, any element x € V(Ag) ® Q admits a decomposition

xz = (zo,v) € (V(Aos) ®Q) x (A® Q).

Using this decomposition, it is an easy exercise to deduce claims (ii) and (iii) from the definitions.
The main input is Lemma 2.6.1, which permits us to study all spaces in question by embedding
L into a maximal quadratic lattice that is self-dual at any given prime p. O

2.7 Special divisors
For m € Qs and pu € LY/L, define the special cycle Z(m,u) — M as the stack over M with
functor of points

Z(m, p)(S) = {x € Vu(As) : Q(z) = m} (2.21)

for any scheme S — M. Note that, by (2.17), the stack (2.21) is empty unless the image of m
in Q/Z agrees with Q(u).

For later purposes we also define the stacks Z(0, ) in exactly the same way. As the only
special endomorphism = with Q(z) = 0 is the zero map, we have

0 ifp o0,
Z(O’M):{M ifgio.

The special cycles behave nicely under pullback by the morphism of Proposition 2.5.1. Indeed,
the following is an immediate consequence of Proposition 2.6.4.
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PRrROPOSITION 2.7.1. Suppose that we are given an embedding of maximal quadratic spaces
Ly — L, and let A C L be the submodule of vectors orthogonal to Lg. Let My — M be the
corresponding morphism of Shimura varieties, as in Proposition 2.5.1. Thus, for any m € Qxg
and p € LV /L there is a special cycle Z(m,u) — M, and for any mq € Qs and 1 € L /Lo
there is a special cycle Zy(my, p1) — Mo.

Then, there is an isomorphism of Mg-stacks

Z(m, u) Xp Mo =~ |_| Zo(ma, ) X Ay s,
mi1+mo=m
(1,012)€ it 1)/ (Lo®A)
where
Ay iy = {2 € po + A2 Q(z) = ma},

and Zo(ma, 1) X Ay, denotes the disjoint union of # Ay, ., copies of Zo(ma, p1).

PROPOSITION 2.7.2. For every m € Qsg and p € LY /L, the morphism Z(m, 1) — M is relatively
representable, finite, and unramified.

Proof. Suppose that we have an embedding L — L° of maximal quadratic spaces with A C L°
the submodule of vectors orthogonal to L. Suppose also that m® € Qsq, pu® € L*V/L°, and
w € AV/A are such that

(i) € (0 4+ L°) /(L ® A),
and

Q) =m®  (mod Z),
Q(u)y=m®—m (mod Z).

Let Z(m®, u®) — M?® be the morphism of stacks associated with the triple (L°, m®, u®).
Suppose that we know that Z(m®, u®) — M? is relatively representable, finite, and unramified.
Then Proposition 2.7.1 implies that Z(m, ) can be viewed as a closed and open substack of
Z(m®, pu°) X pmo M, and is thus finite and unramified over M.

Therefore, by replacing L with an appropriate choice of L°, one reduces the problem to
studying the morphism Z(m, u) — M under the additional assumption that L is self-dual. Of
course this implies that p = 0.

Suppose we have a Noetherian scheme S and a morphism S — M. Recall that the étale
sheaf End(.Ag) on S is represented by a formally unramified scheme over S, whose connected
components are projective. Formal unramifiedness follows from the rigidity of morphisms of
abelian schemes [MFK94, Corollary 6.2]. Representability and projectiveness of the components
follows from the theory of Hilbert schemes and the valuative criterion of properness, as in [Hida04,
§66.1.5 and 6.1.6).

As in [Mad16, Proposition 6.13], Z(m, u)s is represented by a formally unramified S-scheme
whose connected components are projective. More precisely, it is isomorphic to a union of
connected components of End(Ag). This is a consequence of the fact that, for any f € End(Ag),
the property of being special can be checked at any geometric point of a connected component
of S, and similarly for the property fo f =m.

The only thing left to prove is that Z(m, u)g is of finite type over S. For this, one first notes
that, for any projective scheme X over S, the Hilbert scheme parameterizing closed subschemes of
X with fixed Hilbert polynomial is projective, and hence of finite type, over S. See [FGIKNVO05,
§5.6]. We will realize Z(m,u)s as a closed subscheme of such a Hilbert scheme with
X = AS Xs .As.
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Of course, the Hilbert polynomial depends on the choice of an ample line bundle on X.
We will choose our line bundle as follows: Let Ag be the dual abelian scheme, and let P be
the Poincaré line bundle on Ag X g Ag. As in Proposition 2.6.3, one can choose a polarization
¥ : Ag — A¥ such that the associated Rosati involution fixes all special endomorphisms of Ag.
Define an ample line bundle on Ag by

O(1) = (1 x ¢)*P

As usual, for any n € Z, set O(n) = O(1)®™. Define an ample line bundle on X by piO(1)®@p50(1),
where p; : X — Ag are the two projections.

Suppose that s — Z(m, u)g is a geometric point. It determines a geometric point s — S,
along with a special endomorphism x € V(A,) with Q(x) = m. The Hilbert polynomial of the
graph I'y, C X is associated with the function

n > h%(As, O(n) @ £*O(n)).

Since z is fixed by the Rosati involution, one easily checks that z*O(n) = O(mn). Therefore the
Hilbert polynomial in question is the one attached to

n hO(AS, O((m+ 1)n)),

which clearly depends only on m.
Sending a point of Z(m, u)s to the graph of the corresponding special endomorphism defines
a closed immersion of Z(m, u)s into the Hilbert scheme of closed subschemes of X with fixed
Hilbert polynomial. This proves that Z(m, u)g is of finite type over S, and completes the proof.
O

LEMMA 2.7.3. For any positive m and any p, the complex orbifold Z(m, u)(C) just defined agrees
with (2.4).

Proof. Consider the uniformization M(C) = G(Q)\D x G(A¢)/K. By construction, for every
z=(h,g9) € D x G(Ay),

the fiber of Vge g at z is the Q-vector space V' with Hodge structure determined by the negative
plane h C Vg. The (0,0) part of Ve g, is V N h*. The fibers of the subsheaves Vg, and Ve

of Ve at z are L NV =L, and Lv nvV = LV respectively. Here, using the notation of § 2.2,
Lg—goLand Lv—goLv
By definition, we now have

V(‘AZ) = End(AZ) N VBe,z = (VBe,z)(O’O) = Lg N hl.

This proves the lemma for the trivial class u.

Now, since K acts trivially on LY /L, there is a canonical isometry Vy,,/Vpe ~ LY/L ® 1 of
torsion sheaves on M (C). This determines, for every u € LY/L, a locally constant intermediate
sheaf of sets Vg C V. whose fiber V ,Bey: is pg + Lg. It is not hard to deduce from
Remark 2.6.2 that V,(\A;) consists precisely of those elements of V' (A,)g whose Betti realization
lands in V', ge. It follows that

Vi(Az) = (ug + Lg) N R,

which proves the lemma for non-trivial u. O

We now show that the stacks Z(m, u) with m > 0 define (étale local) Cartier divisors on M.
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PROPOSITION 2.7.4. Suppose m > 0. Then étale locally on the source, Z(m, j) defines a Cartier
divisor on M. More precisely: around every geometric point of M there is an étale neighborhood
U such that for every connected component Z C Z(m, i)y, the map Z — U is a closed immersion
defined by a single non-zero equation.

Proof. Suppose that we are given a geometric point z of Z(m, u), corresponding to an element
x € V,(A.). Let R = Oy, be the étale local ring of M at z. Since Z(m, p1) — M is unramified,
it follows that N

OZ(m,u),z — R/Jm

for some ideal J, C R. Set S = Spec(R/J;), so that x € V,,(A;) has a universal deformation to
g € VH (.As)

Fix an embedding L — L° so that L° is maximal and self-dual at p of signature (n®,2), and
let A C L° be the subset of vectors orthogonal to L. Let A® — M be the Kuga—Satake abelian
scheme over the integral model of the Shimura variety determined by L°. Proposition 2.6.4 (with
Ap and A replaced by A and A°) gives an inclusion

V(As) @ A — V(AY),
which becomes an isomorphism after tensoring with Q. There is a v € AV such that the vector
rii=zs+ve(V(As) Q) (A Q)

lies in the Z-lattice V(A%). The crystalline realization teys(2°) allows us to canonically lift the
de Rham realization
tar(z5) € ViR r/s,
to an element
terys(25) € Vg g2
through the divided power thickening S < Spec(R/J?2).
It follows from [Mad16, (5.15)] that tqr(z%) is orthogonal to V3ﬁ75. Thus, if

0,1

1 ~
weVigpr/pe = VdR,R/Jg

is an R-module generator, we obtain an element [w, terys(2%)] € J/J2 using the pairing on V.
In fact, Grothendieck-Messing theory [Mad16, (5.17)] shows that [w, terys(2%)] generates J,/J2.
The element

terys(25) = terys(2g) — v
lies in V(\i/R, R/J2: and the orthogonality relation [w, ] = 0 implies
[w) tcrys($5)] = [w, tcrys(x%)]-

LEMMA 2.7.5. The element [w, terys(7s)] generates J,/J? as an R-module. In particular, J, C R
is a principal ideal.

Proof. The discussion above proves the first assertion. The second follows by Nakayama’s lemma.
Od

Proposition 2.7.4 follows immediately from the lemma. O

Remark 2.7.6. It follows from Proposition 2.7.4 that Z(m, p) is of pure dimension dim(M) — 1.
The morphism to M is not itself a closed immersion, but nevertheless Z(m, 1) defines a Cartier
divisor on M, as in [BHY15, §3.1].

498

https://doi.org/10.1112/50010437X1600779X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1600779X

HEIGHT PAIRINGS ON ORTHOGONAL SHIMURA VARIETIES

3. Harmonic modular forms and special divisors

Fix a maximal quadratic space L over Z of signature (n,2) with n > 1, set V = Lg, and let
M — Spec(Z) be the corresponding integral model of the Shimura variety (2.3) defined in § 2.

This section is a rapid review of some results and constructions of Bruinier [Bru02], Bruinier
and Funke [BF04], and Bruinier and Yang [BY09]. In particular, we recall the construction of a
divisor Z(f) and a Green function ®(f) on M from a harmonic weak Maass form f.

3.1 Vector valued modular forms
Let &1, be the (finite-dimensional) space of C-valued functions on LY/L. As in [BY09] there is
a Weil representation

wr, : SLa(Z) — Aute(Sy),

where SLy(Z) is the metaplectic double cover of SLy(Z). Define the conjugate action @y, by

wr(v)e = wr(v)p. We denote by wy the contragredient action of S\]ZQ(Z) on the complex linear
dual &7.

Remark 3.1.1. Our Wy, is the representation denoted py, in [Bor98, Bru02, BF04, BY09]. If we
denote by —L the quadratic space over Z whose underlying Z-module is L, but endowed with
the quadratic form —@Q, then & = &_j, as vector spaces, but wy, = p_r.

For a half-integer k, denote by Hy(wr,) the C-vector space of & 1-valued harmonic weak Maass
forms of weight k and representation wy,, in the sense? of [BY09, §3.1]. As in [BY09, §3] there
are subspaces

Sk(wL) C M}c(wL) C Hk(wL)

of cusp forms and weakly modular forms. Define similar spaces of modular forms for the
representation @y,. Bruinier and Funke [BF04] have defined a differential operator

§: Hp(wrp) = Sa-x(wpr) (3.1)
by £(f) = 2iv*(0f/O7), where T = u+iv is the variable on the upper half-plane, and have proved
the exactness of the sequence

0 — M} (wr) = Hi(wr) > So (@) — 0.
Every f(7) € Hi(wr) has an associated formal g-expansion
=3 cm)gn,
meQ
—ooKm

called the holomorphic part of f, with cj[ (m) € &1. The delta functions ¢, at elements € LY /L
form a basis for &y, and so each coefficient c}r(m) can be decomposed as a sum

cimy= > cj(mu)-gu
nweLY /L
with c;{ (m,u) € C. The transformation laws satisfied by f imply that

C}r(ma :u) = C? (ma _:u)’

and also that c}"(m, p) = 0, unless the image of m in Q/Z is equal to —Q(u).

2 These satisfy a more restrictive growth condition at the cusp than the weak Maass forms of [BF04, §3].
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3.2 Divisors and Green functions
Suppose we are given a harmonic weak Maass form

f(r) € Hi_pja(wr)

having integral principal part, in the sense that cj{(m, p) € Z for all u € LV/L and all m < 0.
Define a divisor on M by

Z(f): Z Z C}r(*mvﬂ)z(m’/‘)'

meQ>o neLV /L

Bruinier [Bru02], following ideas of Borcherds [Bor98] and Harvey-Moore, constructed a
Green function ®(f) for Z(f) as follows (see also [BY09, §4]). Let G = GSpin(V') as in §2. For
each coset g € G(Ay)/K there is a Siegel theta function

0r(r,2,9) : HxD — &Y

as in [BY09, (2.4)], which is I'g-invariant in the variable z € D, and transforms in the variable
7 =u+ v € H like a modular form of representation wy .
The regularized theta integral

du dv

02

reg
¥(f.20) = [ U000
of [BY09, (4.7)] defines a I g-invariant function on D, where
{',~}:GL XGX%C

is the tautological pairing. Letting g vary and using the uniformization (2.3) yields a function
®(f) on the orbifold M(C). This function is smooth on the complement of Z(f), and has a
logarithmic singularity along Z(f) in the sense that for any local equation ¥(z) = 0 defining
Z(f)(C), the function

B(f,2) +log¥ (=)

on M(C) \ Z(f)(C) has a smooth extension across Z(f)(C).

Remark 3.2.1. Amazingly, the regularized integral defining ®(f, z,g) converges at every point
of D, and so the function ®(f) has a well-defined value even at points of the divisor Z(f)(C).
The value of the discontinuous function ®(f) at the points of Z(f)(C) will play a key role in our
later calculations of improper intersection.

Among the harmonic weak Maass forms of weight 1 — n/2 are the Hejhal-Poincaré series

Fva(T) € Hlfn/Z(wL%

defined for all p € LY /L and positive m € Z+ Q(p), which may be rescaled to have holomorphic
parts

Ff (1) =50 ™o +q o) +O(1).

In particular Z(Fy, ) = Z(m,u). See [Bru02, Definition 1.8 and Proposition 1.10] and [BF04,
Remark 3.10] for details.
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3.3 Eisenstein series and the Rankin—Selberg integral
Fix a rational negative 2-plane Vo C V, and let Ly = Vo N L. We assume that C*(Lg) is the
maximal order in the quadratic imaginary field C*(V;). This implies, in particular, that Lo is a
maximal quadratic space. Let

A={zeL:x L Lo},

so that Lo ® A C L with finite index, and A is also a maximal quadratic space.

Let G4 be the space of complex-valued functions on AY /A, and let wy : SLo(Z) — Aut(Sy)
be the Weil representation. Let &) be the complex linear dual of G, and for each m € Q define
the representation number Ry (m) € &) by

zEAY
Q(z)=m

for any ¢ € . As in [BY09, § 2], these representation numbers are the Fourier coefficients of a
vector-valued modular form

= > Ra(m)q™ € M, 5(wy).
meQ

Abbreviate Rp(m, ) = Ry(m,¢,), where ¢, € Sy is the characteristic function of p € AV/A,
so that

Ry(m,p) =#{x € p+A: Q(z) =m}.
Let F(7) be a cuspidal modular form
= > br(m)q™ € Sipnp(@L).
meQxo

Using the natural inclusion LY C Ly @AY, every function on LY extends to a function on Lyj ®AY
identically zero off of LY. Thus, there is a natural ‘extension by zero’ map

GL —> 6L069A7 (32)

which allows us to view bp(m) € G ga. The inclusion AY — L @ AV defines a restriction of
functions homomorphism &r,qp — &4 Using this, we can view Rp(m) € &Y . This allows
us to define the Rankin—Selberg convolution L-function

s+n br
L(F,04,5) =T ( ) %f ) (S+n()/2)},

in which the pairing on the right is the tautological pairing
{-,-} : Groea X S} an — C. (3.3)
Define an &} -valued Eisenstein series Ef,(7,s) by

Im(~yr s/2
Eurse)= Y ()0
vEB\SL2(Z)

for all ¢ € &r,, where B C SLy(Z) is the subset of upper triangular matrices, and wr, is
the Weil representation of SLa(Z) on &p,. The Eisenstein series Er,(7,s), which is precisely
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the incoherent Eisenstein series denoted Er,(7,s;1) in [BY09, §2.2], transforms in the variable
7 like a weight 1 modular form of representation wy . It is initially defined for Re(s) >> 0, but has
meromorphic continuation to all s, and vanishes at s = 0. The usual Rankin—Selberg unfolding
method shows that

du dv

L(F,0,,s) = / {F,ELy(s) ® eA}ma
SLa2(Z)\'H v

where the pairing on the right is (3.3), and we are using the isomorphism
GY, ®GY = G en

to view Er,(s) ® ©4 as a smooth modular form valued in &7 .
The central derivative E7 (7,0) is a harmonic &7 -valued function transforming like a weight
1 modular form of representation wzo. Denote the holomorphic part of the central derivative by

Ero(7) = Y af,(m)-q™

meQ

We will sometimes abbreviate azro (m,p) = azo (m,pu), where ¢, € Sy, is the characteristic

function of u € LY /Lg. Note that our aJLrO (m, p) is exactly the x(m, p) of [BY09, (2.25)].
Abbreviate k = C*(1}), and recall that k is a quadratic imaginary field. For any positive
rational number m, define a finite set of primes

Diff7,,(m) = {primes p < 0o : Ly ®z Q,, does not represent m}. (3.4)

Note that all primes in this set are non-split in k. Because Lg is negative definite, the set
Diff,(m) has odd cardinality; in particular, Diff, (m) # @. For m € Z~, set

p(m) = #{nonzero ideals m C Ok : N(m) = m}.

We will extend p to a function on all rational numbers by setting p(m) = 0 for all m € Q \ Zx.

The coeflicients a'fo (m) were computed by Schofer [Sch09], but those formulas contain a
minor misstatement. This misstatement was corrected when Schofer’s formulas were reproduced
in [BY09, Theorem 2.6], but the formula for the constant term a{O(O) in [BY09] is misstated.?
We record now the corrected formulas.

PROPOSITION 3.3.1 (Schofer). Let dg, hg, and wy be the discriminant of k, the class number of

k, and number of roots of unity in k, respectively, and assume that dy is odd. The coefficients

azo (m) are as follows.

(i) The constant term is

A
a} (0,¢) = ¢(0) - <7+10g 0|

L'(xk,0)
2T, 0) >

Here v = —T"(1) is the Euler-Mascheroni constant, and xj Is the quadratic Dirichlet
character associated with k/Q.

® The formula for af (0,0) = x(0,0) in [BY09] appears to agree with the formula in [Sch09]. In fact it does not,
as the two papers use different normalizations for the completed L-function A(x, s). It is Schofer’s formula that is
correct.
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(ii) If m > 0 and Diff;,(m) = {p} for a single prime p, then

w m|d s
af (mg) = — 26 (MDY o pm) log() 3T 2 W(n).
2hg p
peLY /Lo

Q(p)=m

On the right-hand side, s(p) is the number of primes ¢ | disc(Lg) such that p € Ly,

1 ifp is inert in k,
0 if p is ramified in k,

and Q(un) = m is understood as an equality in Q/Z.
(iii) If m > 0 and |Diff,,(m)| > 1, or if m < 0, then aj (m) = 0.

4. Complex multiplication cycles

Keep Lo @ A C L as in §3.3, so that L is a maximal lattice of signature (n,2), Ly is a sublattice
of signature (0, 2), and

A=Ly={zecL:zl Ly}
Abbreviate Vy = Lo ®z Q and V = L ®z Q. The even part CT(Vp) of the Clifford algebra is
isomorphic to a quadratic imaginary field k, and we continue to assume that CT(Lg) is its
maximal order.

In this section we construct an Og-stack ) from the quadratic space Ly. Assuming that the
discriminant of k is odd, the inclusion Ly C L induces a morphism Y — Mg, , where M is the
stack over Z determined by the quadratic space L. We define special divisors on ), compute
their degrees explicitly, and compare them with the special divisors on M.

4.1 Preliminaries

Fix once and for all an isomorphism of CT(Ly) with the maximal order Of in a quadratic
imaginary subfield k C C. Let dg, hg, and wg be as in Proposition 3.3.1. The Z/2Z-grading on
C(Lo) takes the form

C(Lo) = Ok @ Lo, (4.1)

and Lo is both a left and right Og-module; the two actions are related by xa = @x for every
x € Lo and o € O.

There is a fractional Og-ideal a and an isomorphism Ly S a of left Og-modules identifying
the quadratic form on Ly with the form —N(-)/N(a) on a, and an easy exercise shows that

Ly =0, Lo, (4.2)
where 0y, is the different of k/Q.

4.2 The zero-dimensional Shimura variety
Let T be the group scheme over Z with functor of points

T(R) = (C*(Lo) ®z R)*

for any Z-algebra R. Thus Tg = GSpin(1}) is a torus of rank two and can be identified with the
maximal subgroup of G that acts trivially on the subspace Ag C V. Set Ko = T(Z).
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Using our fixed embedding O C C, left multiplication makes Vpr into a complex vector
space. This determines an orientation on Vpr, and the oriented negative plane Vor C Wr
determines a point hg € D. The isomorphism of (2.1) then associates to hy an isotropic line
in Vp c; explicitly, this is the line on which the right action of O agrees with the inclusion
O CcC= End(c(Vo’(c).

The pair (T, ho) is a Shimura datum with reflex field k C C, and the zero-dimensional
complex orbifold

Y(C) =T(@Q)\{ho} x T(Ay)/Ko
is the complex fiber of a k-stack Y. As in §2.2, the representation of T on Vj and the lattice

Lo®ZCVo®Af

determine a variation of polarized Z-Hodge structures (Vo ge, Fil*V o 4r y(c)) of type (—1,1),
(1,—1) over Y(C).
Similarly, the representation of T on C(Vp) by left multiplication, together with the lattice

C(Lo)z € C(Vo)ay,

determine a variation of Z-Hodge structures (Ho e, Fil* H 4r,y(c)) of type (=1,0), (0,—1). As
in §2.3, this is the homology of an abelian scheme

Aoy = Y
of relative dimension 2, equipped with a right C(Lg)-action and a compatible Z/2Z-grading
Aoy = Afy X Agy-
As before, we will refer to this abelian scheme as the Kuga—Satake abelian scheme over Y.

4.3 The integral model
We now define integral models of Y and Agy over O.

DEFINITION 4.3.1. If S is an Og-scheme, an O, -elliptic curve over S is an elliptic curve & — §
endowed with an action of Ok in such a way that the induced action on the Og-module Lie(E)
is through the structure morphism O — Og.

Remark 4.3.2. Our convention is that the Og-action on any Og-elliptic curve is written on the
right.

Denote by Y the Og-stack classifying O-elliptic curves over Og-schemes. Every point y €
Y(C) has automorphism group Oy, and

3 IS S ')
ey (C) #Aut(y)  wg

As in [KRY99, Proposition 5.1], the stack ) is finite étale over O. In particular Y is regular of
dimension 1, and is flat over O.

The positive graded part .A('{ y of the Kuga-Satake abelian scheme, with its right action
of CT(Lg) = Ok, is an Og-elliptic curve over Y (for the obvious extension of this notion over
algebraic stacks). Therefore, it defines a morphism Y — ). By checking on complex points, we
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see that this map defines an isomorphism ¥ = V. Again by checking on complex points, one
can show that the natural map

.A(J)fy ®o, C(Lo) = Aoy
is an isomorphism, from which it follows that
— ~ A+ L
0y — Ay ®oy Lo-

From these observations, we can use the universal Og-elliptic curve £ — ) to extend the
Kuga—-Satake abelian scheme Agy — Y to an abelian scheme

Ag = € ®0, C(Lo)

over ) of relative dimension 2. By construction, Ay carries a right action of C(Lg) and a Z/27Z-
grading Ap = AJ x Ay induced by (4.1), where Al = € and Ay = € ®0, Lo

Remark 4.3.3. Note that the tensor product £ ®o, Lo is with respect to the left action of O
on Lo, and O C C(Lo) acts on € ®p,, Lo through right multiplication on Lg. From the relation
za = ax for x € Ly and o € O, it follows that Oy acts on Lie(A, ) through the conjugate of
the structure morphism O — Oy.

There are obvious analogues on ) of the sheaves H defined in § 2.4. Denote by H gr the first
de Rham homology of A relative to ). Similarly, denote by H ¢ the first p-adic étale homology
of Ag relative to Y[1/p], and by H crys the first crystalline homology of the special fiber of Ay
at a prime p relative to V. These sheaves come with right actions of C'(Lo), and Z/2Z-gradings
Hy = HE{ x H in such a way that H, = HE{ ®o, Lo- As in the higher-dimensional case, over
Y(C) the de Rham and étale sheaves arise from the Betti realization H pe.

Define

Vo C Endg(r,) (Ho)

as the submodule of grade-shifting endomorphisms. As can be checked from the complex
uniformization, over )(C) this definition recovers the local system Vg (for the Betti
realization) and the vector bundle V| 4g y(c) (for the de Rham realization). Indeed, this amounts
to the fact that the embedding of Lo into End(C(Lg)) via left multiplication identifies it with
the space of grade-shifting endomorphisms of C'(Lg) that commute with right multiplication by
C(Ly).

Restriction to H (J)r defines an isomorphism

Vo = Hom,, (H{,Hy). (4.3)

As H § is a locally free O ® 1-module of rank one, the same is true of V. In particular, Vg is a
locally free 1-module of rank two. In the de Rham case, the Hodge filtration on Hg qr determines
a submodule V§ 4p C Var by

Viar = Voar NFil'End(H gr).

DEFINITION 4.3.4. Asin Definition 2.4.7, the line bundle V(l)’dR C Vo qr is the tautological bundle
on YV, and its dual is the cotautological bundle.

The following proposition makes the cotautological bundle more explicit.
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PROPOSITION 4.3.5. There are canonical isomorphisms of Oy-modules
(Vibar)” — Lie(A) ® Lie(Ay) = Lie(€)®? ® Ly, (4.4)
where Lo = Oy ®0,, Lo.
Proof. We have canonical isomorphisms of line bundles over Y
H{ p /Fi°H = Lie(A]),
Hy g /Fil°Hy g, = Lie(Ay),

and the (de Rham realization of the) unique principal polarization on A; induces an isomorphism
of Oy-modules

Fil'H | n = (Hy g /Fil’Hy 45)" = Lie(Ay)".
The isomorphism (4.3) restricts to
Viar — Fil'Home, (H{ 45, Hy )
— Home, (H{ 4 /FilOHg’ dR FﬂOH(; dR)
= Hom(Lie(A}), Lie(Ay)Y), (4.5)

and dualizing yields the first isomorphism in (4.4). The second isomorphism is clear from the
definition of Ag and the relation A, = &€ ®p, Lo. O

Remark 4.3.6. It is clear from (4.5) that the isotropic line V(%’dR C Vo.dr is stable under the

action of Ok induced by (4.3), and that Oy acts on this line through the structure morphism
Ok — Oy.

4.4 Special endomorphisms
If & and & are any elliptic curves with right actions of Ok, we make Hom(&1, &2) into a right
Or-module via

(f-a)(=)=f(-)
for all f € Hom(&p,&) and o € Ok. With this convention, for any Y-scheme S there is an
isomorphism of right Og-modules

Hom(Es, Es ®o, Lo) — End(Es) @0, Lo
This restricts to an isomorphism
Homo, (€5, £s ®o,, Lo) = Endg, (€5) @0, Lo,
which we rewrite as
Homo, (Af 5, Ag.s) = Endg (£5) ®o, Lo. (4.6)

Here the subscripts Oy, and Oy, indicate Og-linear and Oy-conjugate-linear maps, respectively.
The quadratic form deg on the left-hand side of (4.6) corresponds to the quadratic form

x® v —deg(x) - Q(v) (4.7)

on the right-hand side (which is positive definite, as deg and —(@Q are positive definite).
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Elements of Endg (€s) ®o,, Vo are special quasi-endomorphisms of Es. For every u € Ly
define a collection of special quasi-endomorphisms by

Vu(€s) ={z € Endg, (Es) ®o,, Ly : x —id @ p € End(Es) ®o,, Lo}-
This collection depends only on the coset u € Ly /Lo. We will sometimes abbreviate
V(&s) = Endgs, (Es) ®o, Lo
for the space defined by the coset 1 = 0.

Remark 4.4.1. For any S — Y as above, let V(Ap,s) C End(Ag,s) be the submodule of C(Lyg)-
linear grade-shifting endomorphisms of Ag s. Equivalently, x € End(Ap,s) lies in V(Ap g) if and
only if all of its homological realizations lie in the subsheaf Vi C End(Hj). Restriction to the
positive graded part identifies

V(Ag,s) = Homo, (Af . Ag s) = Endg, (£s) @0, Lo = V(Es), (4.8)
where the middle isomorphism is (4.6).

4.5 Degrees of special divisors
In this subsection we define the special divisors Zy(m, ) — ) and compute their degrees.

For a non-negative rational number m and a class u € L /Lo, define Zy(m, ) to be the
Og-stack that assigns to an Og-scheme S the groupoid of pairs (Eg, z) in which Eg is an Og-elliptic
curve over S, and x € V,(Es) satisfies Q(x) = m. Note that for m = 0 we have

¢ if u#0,

The following theorem is due to Kudla et al. [KRY99] in the special case where k has prime
discriminant and p = 0. Subsequent generalizations and variants can be found in [KY13, BHY15,
How12].

THEOREM 4.5.1. Assume that dj, is odd, and recall the finite set of primes Diffr,,(m) of (3.4).
For m > 0 the stack Zy(m, u) has the following properties.
(i) If |Diffr,(m)| > 1, or if Q(p) # m in Q/Z, then Zy(m, p) = 9.
(ii) IfDiffr,(m) = {p} and Q(u) = m in Q/Z, then Zy(m, 1) has dimension 0 and is supported
in characteristic p. Furthermore,

log(N(p)) Z length(OZO(maM)vz) — os(m)—1, ordp(pm) . p<m|dk|>

080 ez )

where p is the unique prime of k above p, and €, p, and s(u) are as in Proposition 3.3.1.

In either case

1ength(oz (m,u) z) I
S logNG) Y omithe) _ Mo )
pCOg 2€Z0(m,u)(Fyp) #AUt(Z) Wk
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Proof. Let p be a prime of O, and let p be the rational prime below it. Suppose we have a point
2 = (€,3) € Zo(m, 1) (Fy). (4.9)

The existence of z € Endg, (€) ®o,, Lo already implies that £ is supersingular, p is non-split in
k, and End(€)q is the quaternion division algebra ramified at oo and p.
As O — End(E) we can extend this to an inclusion k — End(E)q. Since k = Q(v/d)

there is an n € Q* such that
d
End(E)g = ( ’b”)

Consequently Endg, (E)q = k-j, where 42 =nand jo = aj, Va € O. Further, Endg, (E)g=kj
is a one-dimensional k-vector space equipped with the quadratic form deg, which is just the
reduced norm of the quaternion algebra. As j has reduced norm —n, we deduce that there is an
isomorphism of quadratic spaces

Endg, (E)g = W_y,

where for every v € Q% we let W, = k equipped with the quadratic form Q(w) = yww.

As End(E)q is a quaternion algebra ramified precisely at p and oo, it follows that 7 is a local
norm from k everywhere but at p and oc.

Recalling that V) = Ly®7Q, any choice of left k-module generator v € Vj identifies Vg = W,
where v = Q(v). Recalling (4.7), we deduce that there an isomorphism of quadratic spaces

Endg, (£) ®0, Vo = Wy (4.10)

The existence of x shows that the quadratic space on the left represents m globally, and hence
7y/m is a norm from k. This implies that v/m, hence ym, is a norm from k everywhere locally
except at oo and p, from which we deduce Diff1,(m) = {p}. The equality m = Q(r) in Q/Z can
be checked directly, but it also follows from (2.17) and Proposition 4.6.3.

We have now proved that Zy(m, u)(Fy) # ¢ only when Diff 7, (m) = {p} and m = Q(i) in
Q/Z, and hence have proved property (i). The proof of property (ii) requires a lemma.

LEMMA 4.5.2. The existence of a point (4.9) implies ji € L.

Proof. By (4.2) we may assume that p is ramified in k. Fix a generator dp € 0g, so that Ly =
Op 'Lg. Let E, be the p-divisible group of £ with its induced Og-action.
If w ¢ Loy then pidy, generates Loy as an O -module. If we use this generator to identify

End(E,) ®o, Lo — End(E,)

and multiply both sides of the relation z —id ® p € End(E,) ®o, Lo on the right by dg, we
obtain

y —id € End(E}) - 6, (4.11)

where we have set y = ) € Endg (Ep).

The ring End(E)) is the maximal order in the division quaternion algebra over @, and this
maximal order is a (noncommutative) discrete valuation ring with End(E,) - dx as its unique
maximal ideal. Using yv = vy for all v € O, an exercise with quaternion algebras shows that
y has reduced trace 0. Taking the reduced trace of (4.11) now implies that —2 - id lies in the
maximal ideal of End(E,), which is absurd, as our assumption that dj is odd implies p > 2. O
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It follows from Lemma 4.5.2 and the Serre-Tate theorem that we may completely ignore p
in the deformation problem that computes the length of the étale local ring at z. Gross’s results
on canonical liftings [Gro86] therefore imply

log(N(p))

-length = ord
log(p) eng (OZO(m,,u),z> or P(pm)

for every point (4.9).

If ord,(m) < 0 then the relation m = Q(p) in Q/Z implies p & Lgp, and hence, using
Lemma 4.5.2, both sides of the desired equality in property (ii) of Theorem 4.5.1 are equal to 0.
Thus it only remains to prove

1 _ m|dk|
vl 1.,,( ) (4.12)
Aut(z €
z€Zo(m,u)(Fp) # ( ) P

under the assumption ord,(m) > 0. The argument is very similar to that of [KY13,
Proposition 3.1], [HY12, Proposition 2.18|, [BHY15, Theorem 5.5], and [How12, Theorem 3.5.3],
and hence we omit some details.

Fix one elliptic curve &£ over EJ with complex multiplication by Ok. As the ideal class group
of k acts simply transitively on the elliptic curves with complex multiplication by Og, we find

1 1
D CERR NP DRy
ZEZ() (m7u)(Fp) UEPIC(Ok) JBEVH (g®(9k Cl)

deg(x)=m

As in the argument surrounding (4.10), the assumption Diff 7, (m) = {p} implies that there
is some vector

z € Endg, (£) ®o, Vo

with Q(z) = m, and the group k' = {s € kX : 55 = 1} acts transitively (by right multiplication
on V) on the set of all such z. Using t — t/f to identify Q*\k* = k' and arguing as in the
proof of [HY12, Proposition 2.18|, we obtain a factorization into orbital integrals

1
Z #Aut(z)  wg Z Z 1y, (00, 0) y(xtt 1)

2€20(m,u) (Fp) a€Pic(Og) teQ* \k*

:%H > Lymlet ). (4.13)

L teQi\k,/OF,
Here 1 indicates characteristic function, Fy is the ¢-divisible group of £, and
Viu(Ee) = {y € Endg, (Er) ®0, Ly :y—id® p € End(Ey) ®0, Lo}
On the right-hand side of the first equality of (4.13) we are viewing
ot € Endg, (€) ®o, Vo = Endy, (€ ®0, 0) ®0, Vo

using the quasi-isogeny from & to £ ®p, a defined by P — P ® 1.
A choice of left Oy, ;-module isomorphism Ly ¢ = Op,¢ identifies

Vi(Ee) = {y € Endg, (E¢) - 0" -y — p € End(Ep)},
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where p € L0V7 = 0,;% is viewed as a quasi-endomorphism of Fy using the complex multiplication.
From now on we use this identification to view = € End@k(Eg) ®z, Q¢ and p € ky. Using (4.7),
the condition m = Q(u) in Q/Z translates to Nrd(z) = —Nrd(u) in Q¢/Zy, where Nrd is the
reduced norm on the quaternion algebra

End(Ey) ®z, Qr = k¢ ® (Elfld@,c (Er) @z, Qo).

An explicit description (in terms of this decomposition) of the maximal order End(Ey) can be
found in [KY13, Lemma 3.3].

Using the explicit description of End(Ey), the local factors on the right-hand side of (4.13)
can be computed directly. We demonstrate the method for a prime ¢ ramified in k. For such an
{ we have

QK7 /Og = {11}

where ¢t € O is any uniformizer. As £ > 2, we may choose ¢ so that ¢ = —t, and so

1
Z Ly, gy (@tt ) =1y, g,y (x) + 1y, (g, (—2).
teQ \k; /Oy,

We now consider the two sub-cases £ = p and ¢ # p.

If £ = p, our assumption ord,(m) > 0 and the relation m = Q () in Q/Z imply that pu € Oy,
and that Nrd(z) € Z,. As End(E),) is the maximal order in the ramified quaternion algebra over
Qp, this implies that + € End(E,). From this it follows that both x and —z lie in V,,(£),), and so

Z ].VM(E(Z)(.’L't%_l) = 2.

teQ, \k, /O,f,é

Now suppose ¢ # p. If u € Ok then Nrd(p) € Zy, and hence Nrd(z) € Z,. The description
of End(Ey) in [KY13, Lemma 3.3] now implies that x € End(Ey), and again both x and —z lie
in V,,(Ep). If 4 & O then £-Nrd(u) € Z,, and hence the relation Nrd(z) + Nrd(u) € Z noted
above implies £-Nrd(x) € Z; . Using the same relation, and the description of End(Ey) in [KY13,
Lemma 3.3], one can show that exactly one of x & u lies in End(Ey). Thus exactly one of x and
—x lies in V,,(E), and we have proved

__ 1 if Loy,
Z 1VM(E4)(93tt 1) :{ pE 0,0

2 if w € Lgg.
teQ; \k; /Oy, 7

From similar calculations at the unramified primes, one can deduce the relation

H Z 1V#(Ee)(xt¥71) — 9s(w) ,p<m’dk|>

pG
€ teQ)\k) /0%

(the right-hand side has an obvious product factorization, and one verifies equality prime-by-
prime). The equality (4.12) follows immediately.

The final claim of the theorem follows by comparing the above formulas with Proposition 3.3.1.

O
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4.6 Mapping to the orthogonal Shimura variety

Recall from §2.3 the GSpin Shimura variety M over Q defined by the quadratic space L. In §2.4
we defined the integral model M over Z, and the Kuga—Satake abelian scheme A — M. The
integral model M carries over it the collection of sheaves V' C End(H) of (2.10).

The inclusion Ly — L extends to a homomorphism C(Vy) — C(V) of Clifford algebras,
which then induces a morphism GSpin(Vp) — GSpin(V'). The theory of canonical models shows
that the induced map of complex orbifolds Y (C) — M(C) descends to a finite and unramified
morphism of k-stacks

Y — M. (4.14)

In this section we assume that the discriminant of k is odd. We will extend this morphism to
a morphism Y — Mo, of integral models, and explain the how the various structures (special
cycles, sheaves, and Kuga—Satake abelian schemes) on the source and target are related.

As noted earlier, ) is finite étale over Oy. The proof of Proposition 4.6.1 below will require

a slightly different perspective on this, couched in the language of local models.
Let M'°¢(Lg) be the quadric over Z that parameterizes isotropic lines in Lg. There is an
isomorphism of Z-schemes

Spec(Oy) = M¢(Ly) (4.15)

determined as follows. Consider the map Lo ®z O — Lo defined by v ® a — va. The kernel
of this map is an isotropic rank-one Og-module corresponding to a map Spec(QOy) — M!°¢(Ly),
which is the desired isomorphism (4.15).
Now, consider the functor Py on Y-schemes parameterizing Og-equivariant isomorphisms of
rank-two vector bundles
O ®7z Oy i) HE)'_,dR’

This is represented over ) by a T-torsor Py — ). Indeed, we only need to observe that, étale
locally on YV, H a dr 18 a free O ®z Oy-module of rank one.

Suppose that we are given a scheme U — ) over ) and a section U — Py, corresponding to
an Og-equivariant isomorphism

€1 Op ®2 Oy = H{ gl
This determines an isomorphism
Lo @2 Ov = H{ gzl ®0, Lo = Hy 4lu-
Combining the above isomorphisms with the canonical isomorphism
Ly ®z Oy = Homy, (Ok ®z Ou, Ly ®7 Oy)
yields an Og-linear isometry
€0 : Lo®z Oy > Homp, (H{ 4glv, Hy grlv) = Vodr-

The preimage &, 1(Vé’dR) C Ly ® Oy is an isotropic line, and so corresponds to a point in
M!°¢(Lg)(U). We therefore obtain a map U — M!¢(Ly). It is not hard to see that the composition
of this map with the isomorphism (4.15) is just the structure map U — Spec(Ok). The main
point is that, as in Remark 4.3.6, Ok acts on V(l),dR through the structure map O — Oy, and

511

https://doi.org/10.1112/50010437X1600779X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1600779X

F. ANDREATTA ET AL.

on the quotient Vi 4r/ V(l),dR through the conjugate of the structure map. Hence the quotient
Vo.dr/ V(l)’dR is obtained from V' qr via base-change along the augmentation map

Ok®0y—>0y

defined by a ® f — af.

In particular, since Y is étale over O, if U is étale over ), then the map U — MIOC(LO) will
also be étale. This can also be shown directly using Grothendieck—Messing theory.

The following result is analogous to Proposition 2.5.1.

PROPOSITION 4.6.1. The morphism (4.14) extends uniquely to a finite and unramified morphism
Y= Mo, (4.16)

and there is a canonical C(L)-equivariant isomorphism
Aoly ®c(re) C(L) = Aly (4.17)

of Z./2Z-graded abelian schemes over ). In particular,
Hyly @c(z,) C(L) = Hly. (4.18)

Furthermore, set A = A ® 1, and recall the space of special endomorphisms
V(Aly) € Endc(r)(Aly)

of § 2.6. There is a canonical embedding A C V (Al|y) with the following properties.

(i) Its homological realization exhibits A C V'|y as a local direct summand.
(ii) The injection
Ende(r,)(Holy) = Ende ) (Hly)
induced by (4.18) identifies V |y with the submodule of all elements of V'|y anticommuting
with all elements of A. Furthermore V |y C V|y is locally a direct summand.
(ili) In the de Rham case, the inclusion Vo 4r|y C V4r|y identifies Vé,dR|y = V(lin;.

Proof. Just as in (2.11), there is a C'(L)-equivariant isomorphism
Aoly ®c(ry) C(L) = Aly (4.19)

of Z/2Z-graded abelian schemes over Y.

Extending the map of (4.14) of k-stacks to a map (4.16) of Og-stacks is equivalent to
extending the map of Q-stacks Y — M to a map of Z-stacks Yz — M. Here we write )y
for the stack ) viewed over Spec(Z).

To do this, fix a prime p > 0, and assume first that sz is self-dual. As observed in § 2.4, an
appropriate choice of 6 € C*(L)NC(V)* determines a degree d polarization of the Kuga-Satake
abelian scheme Ajy; — M, inducing a finite unramified map

. Siegel
i5: M — X2n+1,d,@

to a moduli stack of polarized abelian varieties. The integral model Mz(p) is then simply the

. . Siegel .
normalization of XQH“,d,Z(m in M.
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The composition

Siegel
Y > M — X2n+1 40

determines a polarized abelian scheme over Y, which is precisely (4.19). The polarized abelian
scheme Ao]yz( , ®0(Lo) C(L) defines an extension of (4.19) to Yz, , which shows that the above
p

composition extends to a morphism

Siegel
Vi) = Xonst gz,
Since Y is regular, and hence normal, this extension must lift to a map wa — Mz(p), and by
construction (4.19) extends to an isomorphism

(Ao @c(Lo) C(L))b)z(p) — A‘yz(m'

The construction of the embedding A — (A| Ve, )), as well as the proofs of assertions (i), (ii)
p

and (iii) over Vz,,, now proceed exactly as in Proposition 2.5.1.

It remains to show (under our self-duality assumption on LZ(p>) that the map )V = MZ(p)
is finite and unramified. For this, using Proposition 2.4.3 and the above discussion of local models,
we see that the map is étale locally on the source isomorphic to an étale neighborhood of the
closed immersion M!°¢(Lg) — M!°¢(L). This shows that Vz,, is unramified over Mz . That it
is also finite is immediate from the fact that ) is finite over Oy.

It remains to deal with the primes p where LZ( ) is not self-dual. For this, embed L as an
isometric direct summand of a maximal lattice L® of signature (n°,2) for which L7 is self-dual.
Let M® be the regular integral model over Z for the Shimura variety M*° assomated with L°. As
in (2.4), let Mz(p) be the normalization of M%(p) in M.

From what we have shown above, the composition Y — M — M? extends to a map Vi, =
M5, Z, , which, since ) is a normal stack over Z, must lift to a finite map yz(p) — Mz(p). As in

the proof of Proposition 2.5.1, we find that this lift must map yZ to MZ and must also be
unramified, being, étale locally on the source, isomorphic to an etaie nelghborhood of

M°¢(Lg)z — M°(L). (4.20)

If p = 2 the assumption that C*(Ly) is a maximal order of odd discriminant implies that Lg g,
is self-dual so that (4.20) must map into the smooth locus of the target.

For p > 2 the key point is that the radical of Lo, , if non-zero, defines an [F,-valued point of
the quadric M'°¢(Lg) associated with Lg. Therefore (4.20) must map into the regular locus (see
the proof of Proposition 2.5.1).

Finally, the extension (4.17) of the isomorphism (4.19) once again follows from the property
of Néron models, and the remaining assertions follow from Proposition 2.5.1 and from what we
have already shown in the self-dual case. O

Remark 4.6.2. The proof of Proposition 4.6.1 actually proves the stronger claim that the
morphism Y — M is finite and unramified.

Now suppose that S is a scheme over ). Then Proposition 4.6.1 gives us an isometric
embedding A — V(Ag). We obtain the following analogue of Proposition 2.6.4.
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PROPOSITION 4.6.3. (i) There is a canonical isometry
V(Es) = At C V(Ag).
(ii) The induced map V(Es) ® A — V(Ag), tensored with Q, restricts to an injection
Vi (Es) x (u2 + A) — V,(As)
for every € LV/L and every
(11, p2) € (e + L)/ (Lo ® A) C (Lg/Lo) ® (A/A).

(iii) The above injections determine a decomposition

Viu(As) = || Vi (Es) x (p2 + A).
(p1,p2)€(p+L)/(Lo®A)

Proof. Exactly as in the proof Proposition 2.6.4, Proposition 4.6.1 implies that there is a
canonical isometry

V(Aos) = At C V(Ag).

Thus assertion (i) is clear from (4.8).

In particular, there is a canonical inclusion V(Eg) x A C V(Ag), which we can make explicit
using the C'(L)-equivariant isomorphism Es®p, C(L) = Ag of (4.17). Indeed, each A € A induces
a special endomorphism

.AS E} ES ®Ok C(L) eRc—eRAc

Es ®o, C(L) = As,
while each ¢ ® £ € Endg, (£5) ®0,, Lo = V(£s) induces a special endomorphism

e®c—p(e)Lc
—

As = Es @0, C(L) Es @0, C(L) = As.

With this in mind, assertions (ii) and (iii) amount to unwinding the definitions. By embedding
L into a unimodular lattice and using Proposition 2.6.4, we may reduce to the case where L is
itself unimodular. In this case, we have canonical isometries

LY/Lo < L/(Lo®A) = AY/A,

and puy € Ly /Lo corresponds to pg € AV /A if and only if (u1, u2) € L/(Lo @ A).
If (pi1, p2) € L/ (Lo ® A) and

(@,A) € Vi (Es) x (n2 +A)

then we may write © = ¢ ® £ + id ® uq for some ¢ € End@c (Es) and £ € Ly. As g + p2 € L, the
quasi-endomorphism (z,\) € V(Ag)q is equal to

e®c— p(e)@lete@(p1+p2)c

Ag = Eg R0, C(L) Eg ®0, C(L) = Ag, (4.21)

and so lies in V(Ag).
Conversely, any element of V(. Ag) is given by a pair

(l‘, )\) S V(gs)@ X AQ,
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and it is easy to see that we must have € V(Eg)Y and A € AV. Let ug € AY/A be the coset
of A, and let u; € LY /Ly be the unique element for which (p1,pu2) € L/(Lo @ A). If we write
x = ¢ ® L with ¢ € V then, by assumption, the quasi-endomorphism of Ag determined by (x, \)
is the (integral) endomorphism (4.21), while x —id ® p1 is the quasi-endomorphism

e®c—p(e)®lc—e@uic

As = Es ®p, C(L) Es @0, C(L) = As.

These differ by the endomorphism e ® ¢ — e ® (1 + p2)c, and so x — id ® up is an (integral)
endomorphism of £g ®p, C(L). As Ly C C(L) as an O-module direct summand, it follows that
x —id ® pq restricts to a homomorphism £g — €5 ®p, Lo. This proves that x € V},, (£s), and all
parts of the claim follow. O

We immediately obtain from Proposition 4.6.3 the following analogue of Proposition 2.7.1.

PROPOSITION 4.6.4. There is an isomorphism of )-stacks

Z(mvu) Xm Y > |_| Zo(m17/“’[’1)ok x Am%#za (4-22)
mi+mo=m
(1,12) €+ L) /(Lo®A)

where
Ao = {x € 2+ A2 Q(x) = ma},
and Zy(mi, p1)o, X A, u, denotes the disjoint union of #Ap,, 1, copies of Zy(mi, p1)o, -

Remark 4.6.5. The terms Zy(mi, p1)o
m1 # 0. The remaining terms

|_| Z0(0,0)0, X Ay, = |_| Y X Appus
(0,u2)€(u+L)/(Lo®A) (0,p2)€(u+L)/(Lo®A)

. in the decomposition (4.22) define 0-cycles on ) when

are those with (mg, p1) = (0,0), and account for the improper intersection between the cycles
Z(m,p)o, and Y.

5. Degrees of metrized line bundles

As in previous sections, fix a maximal quadratic space L over Z of signature (n,2), and a
Z-module direct summand Lo C L of signature (0,2). Assume the even Clifford algebra C*(Lg)
is isomorphic to the maximal order in a quadratic imaginary field k C C of odd discriminant.
Set

A:{l‘ELZxJ_Lo}.

Recall from §2.4 that we have associated with L an algebraic stack
M — Spec(Og). (5.1)

Similarly, in §4.3 we constructed from L an algebraic stack ) — Spec(Oy). The functoriality
results of Proposition 4.6.1 provide us with a finite and unramified morphism

1: )Y — M.

Of course the stack M was originally constructed over Z. Its restriction to O is all that we will
use in this section.
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5.1 Metrized line bundles
We will need some basic notions of arithmetic intersection theory on the stack M. For more
details see [GS90, KRY04, KRY06], or [Vis89].

Although the integral model over Z described in § 2.4 is regular, its base change (5.1) to O
need not be. This is not a serious problem: the first part of the following proposition implies
that M has a perfectly good theory of Cartier divisors. Whenever we speak of ‘divisors’ on M
we always mean ‘Cartier divisors.’

PROPOSITION 5.1.1. The stack M is locally integral. If D denotes the greatest common divisor
of disc(Lg) and disc(L), then the restriction of M to Og[1/D] is regular.

Proof. Using Proposition 2.4.3 and the definition of M, to show that M is locally integral, it
suffices to show that the regular locus of the quadric M'°¢(L) associated with the quadratic space
L is integral after base change to O. In explicit terms, the complete local rings of this locus at
its F)-points are either formally smooth over Z,, or are isomorphic to one of the two following

W (F,)-algebras [Mad16, (2.16)]:

[[ul, PN ,un+1]] [[ul, ey Up, ’UJH
(347 +p) (> uf +p(w+ 1))

Since n > 1, it is easily checked that, in all three cases, tensoring with Oy over Z gives us
something locally integral.

The claim about regularity over O[1/D] follows from the smoothness of the integral model
of §2.4 over Z[1/disc(L)] and of Og[1/disc(Lg)| over Z. O

W(Eﬂ) or W(Fp)

An arithmetic divisor on M is a pair Z = (Z,®) consisting of a Cartier divisor Z on M and
a Green function ® for Z(C) on M(C). Thus if ¥ = 0 is a local equation for Z(C), the function
® + log|¥|?, initially defined on the complement of Z(C), is required to extend smoothly across
the singularity Z(C). A principal arithmetic divisor is an arithmetic divisor of the form

div(¥) = (div(¥), —log|¥|?)

for a rational function ¥ on M. The group of all arithmetic divisors is denoted ]51;(./\/(), and its

quotient by the subgroup of principal arithmetic divisors is the arithmetic Chow group éﬁl(M)
of Gillet and Soulé.

A metrized line bundle on M is a line bundle endowed with a smoothly varying Hermitian
metric on its complex points. The isomorphism classes of metrized line bundles form a group
Pic(M) under tensor product.

There is an isomorphism

CH' (M) 3 Pic(M)
defined as follows. Given an arithmetic divisor (Z, ®), the line bundle £ = O(Z) is endowed with
a canonical rational section s with divisor Z. This section is nothing more than the constant
function 1 on M, viewed as a section of £. We endow £ with the metric defined by —log||s|? = ®.
For the inverse construction, start with a metrized line bundle L on M and let s be any non-zero
rational section. The associated arithmetic divisor, well-defined modulo principal arithmetic
divisors, is

div(s) = (div(s), —log||s]|?).
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Of course there is a similar discussion with M replaced by ). As ) is smooth of relative
dimension 0 over Oy, all divisors on ) are supported in non-zero characteristics; thus, a Green
function for a divisor on ) is any complex-valued function on the zero-dimensional orbifold Y(C).
In particular any arithmetic divisor (Z, ®) decomposes as (Z,0) + (0, ®), and Z can be further
decomposed as the difference of two effective Cartier divisors.

To define the arithmetic degree (as in [KRY04] or [KRY06]) of an arithmetic divisor Zony
we first assume that Z = (Z,0) with Z effective. Then

— length(Oz ,
deg(Z) = ) logN(p) > #Au(t(zz))
pCOk 2€Z(Fy)

where Oz  is the étale local ring of Z at z. If Z= (0, @) is purely archimedean, then

T2 =Y 2w _
8(Z) , gy(:c) #Aut(y)
The arithmetic degree extends linearly to all arithmetic divisors, and defines a homomorphism
deg : Pic(Y) — R.
We now define a homomorphism
[:)]: lsij(./\/l) — R,
the arithmetic degree along ), as the composition

Pic(M) 5 Pic(y) & R,

5.2 Specialization to the normal bundle
Fix a positive m € Q and a u € LY/L, and denote by

Z(m,pu) > M (5.2)

the stack obtained from (2.21) by base change from Z to O. The fact that (5.2) and ¢ : ) - M
are not closed immersions is a minor nuisance. The following definition is introduced to address
technical difficulties arising from this defect.

DEFINITION 5.2.1. A sufficiently small étale open chart of M is a scheme U together with an
étale morphism U — M such that the following hold.

(i) The natural map Z(m,u)y — U restricts to a closed immersion on every connected
component Z C Z(m, u)y.

(ii) The natural map Yy — U restricts to a closed immersion on every connected component
Y C yU.

Remark 5.2.2. The stack M admits a covering by sufficiently small étale open charts. This is a
consequence of [Vis89, Lemma 1.19] and the fact that Z(m, pu) - M and Y — M are finite and

unramified. Note that these two morphisms are relatively representable, and so for any U — M
as above the pullbacks Z(m, )y and Yy are actually schemes.
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Remark 5.2.3. When we think of Z(m, u) as a Cartier divisor on M, its pullback to U is simply
the sum of the connected components of Z(m, u)y, each viewed as closed subscheme of U.

Remark 5.2.4. In §4 the notation Y was used for the generic fiber of ). Throughout §5 the
notation Y is only used for a connected component of )y, and so no confusion should arise.

Fix a sufficiently small U — M and a connected component Y C )Vy. The smoothness of
Y over O implies that Y is a regular integral scheme of dimension 1. Let I C Oy be the ideal
sheaf defining the closed immersion Y — U, and recall that the normal bundle of Y C U is the
Oy-module
NyU = Hom(I/I?,Oy).

As Y — U may not be a regular immersion, the Oy-module I/I? may not be locally free.
However, we will see below in Proposition 5.4.1 that Ny U is locally free of rank n, and so defines
a vector bundle Ny U — Y. By taking the disjoint union over all connected components Y C Vy
we obtain a vector bundle on Y. Letting U vary over a cover of M by sufficiently small étale
open charts and glueing defines the normal bundle

m: NyM — ). (5.3)
Recall the Hejhal-Poincaré series
FM,M(T) € Hl—n/2(wL)
of §3.2. The discussion of §3.2 endows the divisor Z(m, ) = Z(F, ) with a Green function
q)m# = (I)(Fm,w ')7

which is defined at every point of M(C), but is discontinuous at points of the divisor Z(m, p).
The corresponding arithmetic divisor is denoted

~

Z(m, ) = (Z(m, p), @) € Div(M). (5.4)
From the arithmetic divisor (5.4) we will construct a new arithmetic divisor
o(Z(m, ) € Div(NyM) (5.5)

called the specialization to the normal bundle. Fix a cover of M by sufficiently small étale open
charts. Given a chart U — M in the cover, fix a connected component Y C )y and decompose
Z(m, )y =|] Z as the union of its connected components. By refining our cover, we may assume
that each closed subscheme Z — U is defined by a single equation fz = 0.

LEMMA 5.2.5. For every connected component Z C Z(m, )y the intersection
YNZ:=YxyZ

satisfies one of the following (mutually exclusive) properties.

(i) The intersection Y N Z has dimension 0, and fz restricts to a non-zero section of Oy /1.

(ii) The intersection Y N Z equals Y, and fz defines a section of I C Oy with non-zero image
under the natural map I1/I?> — Hom(NyY, Oy).
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Proof. As Y is an integral scheme of dimension 1, its closed subscheme Y N Z is either all of
Y or of dimension 0. Given this, the only non-trivial thing to check is that when Y N Z =Y,
the image of fz under I/I?> — Hom(NyY, Oy) is non-zero. This can be checked after restricting
to the complex fiber, where it follows from the smoothness of the divisor Z(C) on U(C). This
smoothness can be checked using the complex uniformization (2.4). O

If Y N Z has dimension 0, then restricting fz to Y and pulling back via NyU — Y results in
a function o(fz) on Ny U, which is homogeneous of degree 0. On the other hand, if Y N Z =Y
then the image of fz in Hom(NyY, Oy ) defines a function o(fz) on NyY', which is homogeneous
of degree 1. In either case, define an effective Cartier divisor on NyU by

o(2(m )= > div(a(fz)). (5:6)

ZCZ(m,u)U

The function

G = P+ Y loglfzl,

initially defined on the complex fiber of U ~\ Z(m, p)y, extends smoothly to all of U(C). By
restricting to Y(C) and then pulling back via (5.3) we obtain a smooth function 7*i*¢,, , on
(NyU)(C). Define o(®y, ) by the relation

T Gy = 0(Pmy) + Y loglo(fz)[. (5.7)
ZCZ(mvu)U

The resulting arithmetic divisor
(o(Z(m. 1)), 0(®m ) € Div(NyU)

does not depend on the choice of fz used in its construction. Using étale descent these arithmetic
divisors glue together to form the desired arithmetic divisor (5.5).

PROPOSITION 5.2.6. The composition
Pic(M) 5 Pic(y) =5 Pic(NyM)

sends the metrized line bundle defined by g(m,,u) to the metrized line bundle defined by

~

Proof. Let U - M be a sufficiently small étale open chart, and write
Z(mu M)U = |_| Z

as the union of its connected components. Each connected component determines a line bundle
O(Z) = f;'Oy, and
Z(m, p)v = Q) O(2)

as line bundles on U. '
Let 7*O(Z) be the pullback of O(Z) via NyU = Y = U. If we denote by sz the constant
function 1 on U viewed as a section of O(Z), then

o(sz) = o(f2)m*i* (f;'s2)
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is a non-zero section of 7*i*O(Z), and does not depend on the choice of fy. ‘The tensor product
o(s) = ®o(sz) over all Z is a global section of the metrized line bundle 7*¢* Z(m, )y, and these
section glue together over an étale cover of M to define a global section o(s) of 7*i*Z(m, p).

Tracing through the definitions shows that (Ti;(a(s)) = o(Z(m,n)), as arithmetic divisors,
and so

~ ~
* ok

70" Z(m, p) = o(Z(m, )

as metrized line bundles. O

Remark 5.2.7. The construction (5.5) and Proposition 5.2.6 will be our main tools for computing
improper intersections. The technique is based on the thesis of Hu [Hu99], which reconstructs the
arithmetic intersection theory of Gillet and Soulé [GS90] using Fulton’s method of deformation
to the normal cone.

Letting Cy M denote the normal cone of ) in M, Hu* constructs a specialization to the
normal cone map

—

o :Div(M) — 61?/(03;/\/1),

and shows that N N
(Z2: V] =10(2):))

for any arithmetic divisor Z. Here the intersection pairing on the right is defined using the
canonical closed immersion Y — CyM.

The normal bundle NyM is essentially a first order approximation to CyM, and our
construction (5.5) and Proposition 5.2.6 amount to truncating Hu’s theory to first order. In
order to use this to compute arithmetic intersections, it is essential to know that our divisors
satisfy Lemma 5.2.5, which says, loosely speaking, that the functions fz vanish along Y to at
most order 1. This guarantees that the specialization (5.5) to the normal bundle does not lose
too much information about the divisor Z(m, ).

To be clear: we are exploiting here a special property of the divisors Z(m, u) and their relative
positions with respect to Y. It would not be very useful to define the specialization (5.5) for an
arbitrary divisor on M, as truncating Hu’s specialization map to first order would lose essential
higher order information.

5.3 The cotautological bundle
Recall from (2.10) the vector bundle V4g on M with its isotropic line Vg, and from (4.3)
the line bundle Vo qr on ). Proposition 4.6.1 implies that Vo 4r C i*V4r in such a way that
Viar = 7Vig.

Denote by T = (Vgg)¥ and Ty = (V4g)" the cotautological bundles on M and ),
respectively, so that Ty = ¢*T". Under the complex uniformization I';)\D — M(C) of (2.3) the
fiber of V(liR at z € D is identified with the tautological line Cz C V¢, which we endow with the

metric
el = ol (58)
4dmey
Here, as before, v = —I(1) is the Euler-Mascheroni constant. Dualizing, we obtain a metric on

the cotautological bundle, and the resulting metrized line bundle is denoted

T € Pic(M).

4 Hu works in greater generality, and allows for the cycles Z and ) to have arbitrary codimension.
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We endow Ty with the unique metric for which
To > *T.
PropoSITION 5.3.1. The metrized cotautological bundle satisfies

L,(Xka 0)
L(Xk7 O)
Proof. This is virtually identical to the proof of [BHY15, Theorem 6.4], and so we only give an

outline. Let £ — ) be the universal Og-elliptic curve. If we endow the Oy-module Lie(£) with
the Faltings metric, the Chowla—Selberg formula implies

dy,

4

%-[f:y]:2 + log — 7.
hie

W T L'(xx,0) 1
— . deg Lie(€) = —==2 4+ log(2 —log|dg|.
e eg Lie(&) Lxr. 0) + log(2m) + 5 og|dg|

Now view Ly as an Og-module through left multiplication, and endow the corresponding line
bundle Ly on Spec(Of) with the metric

|z||? = —1673e - Q(x).
Pulling back Ly to ) via the structure morphism yields a metrized line bundle io on ) satisfying

L deg Lo = —log(1673¢7).
hie

By keeping track of the metrics, the isomorphism (4.4) defines an isomorphism of metrized
line bundles

o~ o~

j\—'g = Lie(5)®2 ® Lg

on Y, and the claim follows. O
Comparing with Proposition 3.3.1 proves the following.

COROLLARY 5.3.2. The coefficient aJLrO (0) € &Y, satisfies

+ 0 — _
aLO( ) hi 0 otherwise,

wk{[f’y] if p =0,

for every p € L/ Lo.

5.4 The normal bundle at CM points
Consider the orthogonal complement (V(l),dR)J_ C i*V 4r. Since Y is regular of dimension 1, this
complement is torsion-free and is therefore a vector sub-bundle of i*V 4g of co-rank one. (Note
that the corresponding assertion over M may not be true; the orthogonal complement of VcliR
in Vyg will in general not be a vector bundle unless L is unimodular.)

Set Fil'i*Vag = (V§ qg)* and grdi*Var = Fil%* Var/V{ gr-

PROPOSITION 5.4.1. There is a canonical isomorphism of Oy-modules
NyM = T @ grpyi*Vag.

In particular, the normal bundle is locally free of rank n, and is therefore relatively representable
over ).
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Proof. Fix a sufficiently small étale open chart U — M, and let Y C )y be a connected
component. Let Y[e] = Y xz Spec(Zle]) be the scheme of dual numbers relative to Y, and
let Def; be the Zariski sheaf of infinitesimal deformations of ¢ : Y — U. By this we mean the
sheaf associating to an open subscheme S C Y the set Def;(S) of morphisms jg : S[g] = U such
that js|s = ig. Here we are writing ig for the inclusion S — Y — U.

LEMMA 5.4.2. There is a canonical isomorphism of functors
Def; > NyU. (5.9)

Proof. The morphism (5.9) is defined in the usual way: every jg € Def;(S) defines a map
Oy /I* — Ogle], whose restriction

I/I? > Og-¢ > Og

defines an element of (NyU)(S).
To construct an inverse to (5.9), first recall that ) is formally étale over Ok. This implies
that the surjection Oy /I? — Oy admits a canonical section, and so

Oy /1> = Oy & 1/1?
as sheaves of rings on Oy. Any S-point s € (NyU)(S) therefore defines a homomorphism
Ou/T* 5 Oy & I/1% 2225 0gld,
which in turn determines a deformation jg : S[e] - U of ig. O
LEMMA 5.4.3. There is a canonical isomorphism
Def; = (V(l),dR)v ®0y gt (i*Var)
of sheaves of sets on Y.

Proof. Let S C'Y be an open subscheme, and let js € Def;(S). The pullback j5V4r is a locally
free sheaf of Ogj-modules of rank n + 2, endowed with an Og.-submodule ng}iR of rank one,
locally a direct summand. As V4g is a vector bundle with integrable connection, the retraction
S[e] — S induces a canonical isomorphism

§5Var = i5Vdr ®0g Ose)-

We claim that, under this isomorphism, ng}lR maps into FilOiEVdR ®og Og[e); in other
words, the image of j})‘iVéR is orthogonal to igVéR ®og Og[e)- This is easily deduced from the
fact that both this image and i5V iz ®og Ogje) are isotropic lines lifting i5Vig.

Consider the composition

]E’V(lil{ — Filoi*SVdR Rog OS[E} — gr%ﬂ(z‘ngR) Rog OS[&]-

The reduction of this map modulo (¢) is 0, and therefore it must factor through a map

i5Vir — € (89 (i5Var) ®0g Ospe) - grp(i5Var)-
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Thus, we have produced a canonical morphism
Def; = (Viar)" ®oy grpu(i*Var).

To show that this is an isomorphism, we can, by Proposition 2.4.3 and the above discussion
of local models, assume that the immersion Y C U is isomorphic to an étale neighborhood of the
closed immersion M'°¢(Lg) < M!°¢(L). Moreover, we can choose this isomorphism in such a way
that it identifies Vg qr and Vgr with the trivial vector bundles 1 ® Ly and 1 ® L, respectively,
and such that Vé’dR and Vi get identified with the tautological isotropic lines in 1 ® Lo and
1 ® L, respectively.

So, if L(1) C 1® Lg is the tautological isotropic line over M'°¢(Lg), and L° € 1 ® L is its
orthogonal complement, we are reduced to showing the elementary fact that there is a canonical
isomorphism

Nypoc (1) (M'°(L)) = Hom(Lg, L°/Lg)

of Zariski sheaves over M'°(Lg). We leave this as an exercise to the reader. a

The proof of Proposition 5.4.1 now follows by combining Lemmas (5.4.2) and (5.4.3) and
glueing over an étale cover of M. O

We will have use for the following composition:

Ny M (5.4.1) To ® grpsi"Var = To ® (i"Var/Vodr)- (5.10)

Here, the map on the right is induced by the natural map

~

grOFili*VdR — i*VdR/VgR-
Note that this last map is an isomorphism over the generic fiber of ). Indeed, it amounts to
knowing that the inclusion Vg qr + Fil’i*V qr C i*V 4R is an isomorphism over the generic fiber.
This follows from the self-duality of the quadratic form on V ggr s.

On the other hand, over the generic fiber, the map Agr — i*VdR/VgR is also an
isomorphism. Therefore, for any point y € Y(C), (5.10) induces a canonical isomorphism

(NyM)y = To, ® Ac. (5.11)

We will now give an explicit description of this isomorphism. To begin, y determines an
isotropic line Cy C L¢, whose dual can be naturally identified with the fiber T, of Ty at y. The
construction of the isomorphism (5.11) proceeded by choosing an appropriate local trivialization
of V4r. In an analytic neighborhood of y, this simply means that we choose a local section
U — D of the complex analytic uniformization carrying y to Cy.

Note that D is contained in the complex quadric M'°¢(L¢). We therefore see that it is enough
to describe the induced isomorphism:

Ty D = T, M*(Lc) = (Cy)¥ @ Ac. (5.12)

Here, T, D is the tangent space of D at Cy.
We consider the local immersion

Hom(Cy, Ac) = (Cy)" © Ac — M°(Le),
which carries a section £ to the isotropic line spanned by

This carries 0 to Cy, and the derivative at 0 is exactly the inverse to (5.12).
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5.5 Specialization of the Green function
Suppose we have a complex point y € Y(C). Under the uniformization

Y(C) = T(@)\{ho} x T(A7)/O;
of §4.2, the point y is represented by a pair (hg, g) with
g € T(Ay) C G(Ay),

and so its image in M(C) lies on the component I'j\D of (2.3). Here G = GSpin(L). By mild

abuse of notation we also let Cy € D denote the isotropic line corresponding to the oriented

negative plane hg = Lgg, so that Cy is a lift of y under D — M(C), and L¢ = Cy & Cy @ Ac.
From (2.4), we find that a neighborhood of y admits a complex analytic uniformization

|| D)~ Z(m,u)(©).
rEpg+Ly
Qz)=m

The components D(x) passing through Cy are precisely those for which z is orthogonal to
y. But, since x is rational, this is equivalent to requiring that x be orthogonal to both y and ¥;
or, in other words, that x lies in AV.

As the orthogonal transformation g € SO(L ® Ay) acts trivially on the direct summand
A ® Ay, we see that such z in fact lie in p + L. This shows that in a small enough analytic
neighborhood U of Cy there is an isomorphism of divisors

Un Y D) > UNZ(m,p)(C), (5.13)
AEAm 1

where
B v, QN =m
Am#—{)\eA : )\EM+L}'

Recall that each isotropic line Cz € D corresponds to a negative plane h, C V. For each
A€ Ay let A, € Vk be the orthogonal projection of A to h.. Simple linear algebra gives

[\ 2] - [\ 2]
[2,2]

QA:) =
Define a function on U ~\ Z(m, u)(C) by

= Y i Q0
AEAm, L

Recall that the function ®,,,(z) is defined, but discontinuous, at z = y. The following
proposition gives us a method of computing the value of this function at the discontinuity z = y.

PROPOSITION 5.5.1. The function ®,,%, extends smoothly to all of U, and this extension satisfies

D8 (y) = P ().
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Proof. Let 7 = u + iv € H be the variable on the upper half-plane. The function ®,,,/(2) is
defined, as in [BY09, (4.8)], as the constant term of the Laurent expansion at s = 0 of

. du dv
lim f {F,p(7), 00(7, 2)} s (5.14)

T— o0 J—‘T
where
Fr={r=u+iveH: |u <1/2,|7| > 1,v<T}.

Now substitute the definition [BY09, (2.4)] of 61(7, 2) and the Fourier expansion of Frn
into (5.14), and argue as in [Bor98, Theorem 6.2]. Using the decomposition Fy, , = .}, + F, ,
of [BY09, (3.4a) and (3.4b)] and the rapid decay as v — oo of the Fourier coefficients of
we find

mp,v

o dv
L pu(2) = P2 Z CT,- 0[/ et (5.15)
AEAm

for some smooth function ¢, , on U, where CTS:() means take the constant term at s = 0.
Each A € A, is orthogonal to y, and so Q()\,) = 0. Thus setting z = y in (5.15) and
computing the constant term at s = 0 shows that

(I)m,u(y) = ‘Pm,u(y)'
On the other hand, for any z € U \. Z(m, 1)(C) we have Q(\;) < 0 for every X € A, ,,, and

SO
dv dv
47TUQ(/\) 47TUQ(>\z hahe
S ore| [T )= ¥ [
AEAM AEA,
= > T(0,-47Q()\.)), (5.16)
AeAm.
where
oo, dt > (—x)F
_ —t _
F(O,a:)—/x el — =——log(x kzl T (5.17)

Comparing (5.16) with (5.17) shows that

dv
Z log|dme? - Q Z CT,— 0[/ AmvQ(A2) vs+1:|

AEAm AEAm. L

up to a smooth function on U, vanishing at z = y. Adding this equality to (5.15) proves that
075.(2) = empu(2)
up to a smooth function vanishing at z = y, and completes the proof. O
For any y € Y(C), we have a canonical isomorphism (see (5.11))
(NyM), = (Cy)" &c Ac = Hom(Cy, Ac). (5.18)
For each A € A, ;,, define a function ®) on Hom(Cy, Ac) by
drel [\, E(y)]
e ™
[y, 9]

This function has a logarithmic singularity along the hyperplane (Cy)Y ® A*. Letting y vary
over Y(C) yields a function @) on the vector bundle (NyM)(C) having a logarithmic singularity
along a sub-bundle of hyperplanes.

Pr(§) = —
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PROPOSITION 5.5.2. The Green function o(®,, ) defined by (5.7) satisfies

O Pmp) =TT Py + > Dy,
AEAm

where m**®,, , denotes the pullback of ®,, , via
(NyM)(C) 5 Y(C) > M(C).

Proof. As above, fix a point y € Y(C) and let U C D be a neighborhood of the isotropic line
Cy C Lc. As in §5.4, we can define a holomorphic local immersion

Hom(Cy, Ac) = (Cy)¥ @ Ac — M"%(L¢)

by sending & to the C-span of

QY)Y

y+&y) — 3

As we saw at the end of §5.4, the induced isomorphism on tangent spaces
(Cy)" @ Ac — T,D - (NyM)y

agrees with the isomorphism of (5.18).
From now on we use the above map to identify U with an open neighborhood of the origin
of (Cy)Y ® Ac. Each divisor D(A\) N U appearing in (5.13) is identified with the zero locus of

4me |12

This function is already linear, and so when we apply the construction f) — o(fy) of the
discussion preceding (5.7) and identify (Cy)Y ® Ac with its own tangent space at the origin, we
obtain

4e? 1/2

[v, ]

a (&) = A E(w)] -

Thus —log\a(f)\)P = (I))\.
If we define a smooth function on U by

P = P + Z 10g’f>\‘27

AEAm,

then directly from the definition (5.7) and the paragraph above we see that

O @mp) =TT Gmpu+ > Pa
AEAm, L

Now use ¢ (y) = Pmu(y) = P u(y) to complete the proof. O
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5.6 The calculation of the pullback
Recall that the Kuga—Satake abelian scheme A — M restricts to the abelian scheme

Ay =€ ®c+(1,) C(L)

over ), where £ — ) is the universal elliptic curve.

By Proposition 4.6.3, every A € A, , determines a canonical special endomorphism £, &
Vu(Ay), and the pair (Ay,#£,) is a Y-valued point of Z(m, u). The corresponding map Y —
Z(m, p) is finite and unramified, and so we may define an Oy-submodule

Zy = NyZ(m,p) (5.19)

of NyM in exactly the same way that NyM was defined.
Proposition 4.6.1 provides us with a canonical morphism A — i*V gg such that A+ = Vodr C
1*V 4r. Thus, the bilinear pairing on ¢*V 4g gives us a map

i*VdR/VO,dR — Oy @AY

of vector bundles over ). This map is injective, and using local trivializations, one sees that its
image is identified precisely with the inclusion

Oy ® (L/Lg) — Oy ® AY.
This latter inclusion is the natural one induced by the bilinear pairing on L.
Now, by definition, A, , is contained in (L/Lgy)¥ C LY. Therefore, we obtain a morphism,

[‘,)\] : i*VdR/VO,dR — Oy & (L/L()) li»\> Oy,

of Oy-modules.

Here is another way to describe this morphism. Recall from §4.6 that we have a canonical
T-torsor over ) parameterizing Og-equivariant trivializations of H 8: 4r- Using this torsor of local
trivializations, we get a canonical functor from representations of T' to vector bundles over Y
with integrable connection.

The map [-, A] is now simply obtained by applying this functor to the T-invariant functional
L/Ly — Z given by pairing with . In particular, if tqg(£,) is the de Rham realization of £, (it
is a section of iV {), we find that functionals

igVar = i5Var/Voar — Os

and
[ tar(£x)] 1 igVar — Os

are identical.

PROPOSITION 5.6.1. Fix any A € Ay, 0.
(i) The divisor Z) is canonically identified with the kernel of

5.10 - Al
NyM 510, Ty® (i"Var/Vodr) LA T.

(ii) The metrized line bundle W*i’o is represented by the arithmetic divisor

(21, @») € Div(NyM).
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Proof. We work over a sufficiently small étale neighborhood Y C U of Y — M. Suppose that
we are given an open subspace S C Y and jg € Def;(.S). By the construction of the map (5.10),
to prove the first claim, we have to show that £, lifts to an element in V,,(j§.A) if and only if the
composition
7$Vir = i5Var/Voar @0 Osi] — Ogy

is identically 0. This follows from Lemma 2.7.5 and the identification we made above of [, A]
with pairing against tqg(£y).

The second claim follows from the first, as the map [-, A] : NyM — Ty defines a section s)

of Ty with (Ti:f(sA) = (2, ®,). Indeed, using the notation of (5.18), the norm of this section
at a complex point £ € (NyM), in the fiber over y € Y(C) is

A, ?
gl = -tog L — ),
lyll
where the second equality is by definition (5.8) of the metric on To. O

As in [BHY15, §7.3], we define a new metrized line bundle

’\®*#Am,u

Z%m,p) = Z(m, ) ® T € Pic(M).

PROPOSITION 5.6.2. The image of Z¥(m, 1) under the pullback
Pic(M) 55 Pic(Y)

is represented by the arithmetic divisor

< > > Rp(ma, p2) - ZO(mlaﬂl)ai*q)m”u> € Div()).

m1>0 p1€LY /Lo
m1j-l$n>20:m Ha€AY/A
(1,p2)€(ptL)/(Lo®A)

Proof. By Proposition 4.6.4 there is a decomposition of }-stacks

Z(m,p) xpm Y = |_| |_| Zo(ma, 1) X Ay ps-
m1,m2€Qx0 pi€Ly /Lo
mi1+mo=m ,LLQGA\//A

(n1,p2)€(ptL)/(Lo®A)

Using Remark 4.6.5 we may therefore decompose

Z(m,p) Xpm Y = ngp U (Y % Amp)s

where
prop __
Zo = |_| |_| ZO(mhMl) X Amz,,u2
m1>0 u1€Ly /Lo
m220 €AY /A

T 4 i) € (L) (Lo@A)
is a Y-stack of dimension 0. Moreover, the induced map
Y X Apy = Z(m, )

determines, for each A € A, ,, a map Y — Z(m, u), which is none other than the map used in
the definition (5.19) of Z,.
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Over a sufficiently small étale open chart U — M we may fix a connected component Y C Vy,
and decompose
Z(m,p)y = Z%P U (Y x Ay p)

where ZP™P is the union of all connected components Z C Z(m,u)y for which Z N'Y has
dimension 0. If we apply the specialization to the normal bundle construction of (5.6) separately
to ZP™P and to each of the #A,, , copies of Y, and then glue over an étale cover, we find the
equality

o(Z(m,p) =" ZFP+ 3 2, (5.20)
)\eAm,‘L

of divisors on Ny M. R
By Propositions 5.2.6 and 5.6.1 the image of Z%(m, 1) under

Pic(M) 5 Pic(y) =5 Pic(NyM)
is

i 2% (m, ) = o(Z(m, ) — D (Zx, ),
)\GATI’L“U,

and Proposition 5.5.2 and (5.20) allow us to rewrite this as an equality of metrized line bundles
W*i*é\@(m, p) =7 (250, i @, )
on Ny M. Pulling back by the zero section ) — NyM yields an isomorphism
2% (m, ) = (257, "By )
of metrized line bundles on V. O

5.7 The main result
We are now ready to prove our main result. For the reader’s convenience, we review the dramatis
personae.

The lattices Ly @ A C L determine a finite and unramified morphism of stacks ) — M over
Ok, and hence a linear functional

[: )] :aﬁl(M)ﬁR

defined in §5.1.
Fix a weak harmonic Maass form f(7) € Hy_,/2(wr). The holomorphic part

o= 3 efm)-qm

m>3>—00

is a formal g-expansion valued in the finite-dimensional vector space &, of complex functions on
LY /L. We assume that f* has integral principal part, so that the constructions of § 3.2 provide
us with an arithmetic divisor

~ ——1
Z(f) = (2(f),2(f)) € CH (M).
We also have, from §5.3, the metrized cotautological bundle

T € CH (M).
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Recalling the Bruinier-Funke differential operator

§:Hi_ppp(wr) = Signs(@r)

from (3.1), we may form the convolution L-function L(£(f),Ox,s) of £(f) with the theta series
OA(T) € M, 5(wy) of §3.3. The convolution L-function vanishes at s = 0, the center of the
functional equation.

Recall the & ea-valued formal g-expansion &£, ® O4 of §3.3. Using (3.2) and (3.3), we
obtain a scalar-valued g-expansion

{f+7gL0 ® @A} = Z {C}r(ml), a’;o (mZ) ® RA(WB)} . qm1+m2+m3
m1,mz,m3€Q

with constant term

CT{er,gLO ® @A} — Z {c}'(ml),azo(mg) X RA(m;g)}. (5.21)

m1+ma+m3=0

The following CM walue formula was proved by Schofer [Sch09] for weakly holomorphic
modular forms, and then generalized to harmonic weak Maass forms by Bruinier and
Yang [BY09]. We repeat here the statement of [BY09, Theorem 4.7], with a sign error corrected.
See also [BHY15, Theorem 5.3.6].

THEOREM 5.7.1 (Schofer, Bruinier and Yang). The Green function ®(f) satisfies
w
e 2 # — —L'(£(f), 04,0 + CT{f*, &r, © O4},
yeY(C)

where
§:Hy_npp(wr) = Signse(@r)
is the Bruinier-Funke differential operator of (3.1).

Remark 5.7.2. Recalling Remark 3.2.1, Theorem 5.7.1 holds even when some points of Y(C) lie
on Z(f)(C), the divisor along which ®(f) has its logarithmic singularities.

Inspired by Theorem 5.7.1, the following formula was conjectured by Bruinier and
Yang [BY09].

THEOREM 5.7.3. Assume dj, is odd. Every weak harmonic Maass form f € Hy_p(wr) with
integral principal part satisfies

e

Wk

()= Y] +¢7(0,0) - [T: V] = == - L'(¢(f), 04, 0),
where CJT(O, 0) is the value of C}F(O) € &, at the trivial coset in LV /L.

Proof. First assume f(7) = F, ,(7) is the Hejhal-Poincaré series of § 3.2, so that

Z(F) = (Zmp), D) = 27 (m, ) 0 T,
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By Proposition 5.6.2 there is a decomposition

129 (m,p) - Y] = >
mi1+meo=m
m1>0
(11, 112)€ (IH‘L)/(LOEBA)

+Z#ut

RA(m27M2)'d/eEZO(m17M1>

where we view Zp(my,p1) € ]517/(32) as an arithmetic divisor with trivial Green function
Theorem 4.5.1 shows that the first term is

Z Ry (ma, p2) - deg Zo(my, 1)
mi1+mao=m
mi1>0
(p1,p2)E(p+L)/(Lo®A)
I
= ur Z aj (ma, p1) Ra(ma, pz)
mi1+meo=m

m1>0
(p1,p2)€(pt+L)/ (LoBA)

W3

> Acf(=m),af (m1) @ Ra(ma)}.
mi1+mo=m
m1>0

For our special choice of f(7) the constant term (5.21) simplifies to

CT{f ", €L, ® On} = {c}(0),a7,(0) ® Ra(0)}

+ Y. Acf(=m),a}, (m1) @ Ra(ma)}

mi1+mo=m
and so Theorem 5.7.1 becomes

3 # . .L'(g(f),@A,oH@{c}f(o) af,(0) @ Ra(0)}
yeY(C Wk o
hi

+w7k Z {cf (=m),a}, (m1) ® Ry(m2)}.

mi1+mo=m
We have now proved

Z%(m, ) Y] = — k.

Corollary 5.3.2 implies both

CH(0,0)- [T Y] = —% . qet

and
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leaving

A~QRA(m,p)

(2%(m, ) : V) + [T ]+ e 0,0)[T Y] = — % 1/(¢(1),04,0),

Wi
and proving the desired formula in the special case of f = F), ;.
Now assume that f satisfies f*(7) = O(1). In particular, Z(f) = @ and the Green function
®(f) is a smooth function on M(C). The arithmetic intersection is purely archimedean, and
Theorem 5.7.1 shows that

E0):y= Y by

S #Aut(y)
h h
= =K D(&(f),04,0) + 2 CT{f*, &L, © O}
Wi W
hi / hi + +
o LEW) 00,0) + % (e (0), af, (0) @ Ra(0)}
Corollary 5.3.2 implies that
M (0),.af (0) @ Ra(0)) = 2% . ¢£(0,0) - af. (0,0) = —¢F(0,0) - [T : V]
Wi C¢ yAro A = wy, €Y, ar,\Y, = ¢ Y, . )

completing the proof in this case.

Finally, every weak harmonic Maass form can be written as a linear combination of the
Hejhal-Poincaré series, and a form with holomorphic part f*(7) = O(1). Thus the claim follows
from the linearity in f of both sides of the desired equality. O
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