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Abstract

Uniformly monotone convergent iterative methods for obtaining multiple solutions of (n+ m)th
order hyperbolic partial differential equations together with initial conditions are discussed. Ap-
propriate partial differential inequalities which connect upper and lower solutions, and variation
of parameters formula is developed.
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1. Introduction

Fora,b € R,a > 0, b > 0, let 1,, I, denote the intervals [0,a] and [0, b]
respectively, and I, the rectangle I, x I,. On I,, we shall consider the
following nonlinear hyperbolic partial differential equation

1 1 an+mu
(1.1) W = f(x,y,(u))
together with the initial conditions
u(x,0) .
(1.2) Tyj—-—aj(x), 0<j<m-1,
8'u(0,y) }
(1.3) T=Bz’()’)’ 0<ig<n-1,
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where (u) stands for
( du 0"u du o™ o™ty

u,é—x-,...,-é'x—n,a—};,...,axnay,...,aym_l,...,
an+m—-lu 8™Mu an-—l+m
axnaym—l’aym""’axn—laym>’

f € Clly x R*"™*"*™ R}, aj € C™[L,, R], Bi € C™)[Iy, R], and
(1.4) 927(0) = g(0); 0<j<m-1,0<i<n-1

It is well recognised that the method of upper and lower solutions, together
with uniformly monotone convergent technique offers effective tools in prov-
ing and constructing multiple solutions of nonlinear problems. The upper
and lower solutions that generate an interval in a suitable partially ordered
space serve as upper and lower bounds for solutions which can be improved
by uniformly monotone convergent iterative procedures. Obviously, from
the computational point of view, monotone convergence has superiority over
ordinary convergence and several monotonic iterative schemes for ordinary
and partial differential equations have been developed and analysed in the
monograph [9] (it covers more than 100 recent publications on the subject),
and the papers [5-7, 10, 11]. In this paper we shall extend this fruitful tech-
nology for the initial value problem (1.1)-(1.4). Existence and uniqueness
results for the partial differential equation (1.1) together with (1.2)-(1.3) or
with different conditions have been considered by Agarwal [4], Lucia [12],
Kovac [8] and Volpato [14], whereas linear and nonlinear Gronwall’s and
Wendroff’s type inequalities, which are directly useful in estimating upper
estimates of the solutions of (1.1)-(1.4), are available in [1, 2].

2. Hyperbolic differential inequalities

We begin with the following
DEFINITION 2.1. A function w € C™™[I,;, R] is said to be an upper
solution of the initial value problem (1.1)-(1.4) if

an+mw
(2.1) axraym > f(x,y,(w)), (%,) € Iop,

9mw(x,0)  8"™u(x,0)

(2:2) axrdyi = @xnoyl x el
" mw(0,y) _ 9"™™u(0,y)
. - > -
(2.3) dxigym — Q9xigym ° y &b,
8" w(0,0) _ 8"*/u(0,0) . .
. — > - - <i<n- <j<m-1.
(2.4) 3%0y7 2 oxioyl 0<isn-1,0<j<m-1
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Conditions (2.2)-(2.4) are equivalent to the following conditions:

9"*w(x,0) _ 8™iu(x,0)

. e —— <i< <j<m-
(2.5) 3x9yl 2 Bxioyl 0<i<n, 0<j<m-1,
8w (0,y) _ 8" u(0,y) . .
. —— > —— <i<n- <j<n.
(2.6) ax9y] 2 axioy 0<i<n-1,0<j<n

Similarly, a function v € C"™)[1,,, R] is said to be a lower solution of (1.1)-
(1.4) if for the function v the reversed inequalities hold in (2.1)-(2.4).

LEmMA 2.1, If
6n+m—lw an+m—1u
gxngym-1 = gxngym-1’
then conditions (2.2)-(2.4), or equivalently (2.5), (2.6) imply that

aﬂ+uw ap+uu
AxkrIyv = dxroyv’

(x,y) € I,

(x,y)€lp, 0<pu<n 0<vim-1

ProoF. There exists a function A(x,y) 2 0, (x,y) € I,; such that
3n+m—l n
oxroym-1

where 7(x,y) = w(x,y) — u(x,y).
From (2.7) we easily find that
(2.8)

oty B n—1 xi—# 3i+u”(0’y)
dxrdyr — (i n)! dxidyv

1 S aynent [ S~ YT 97tin(s,0)
Ty 1(,2 G- away | &
1
n—u-Dim-1-v=1)

x ry
X / / (x = s)r =4 l(y —pym=1=v=1(s,t) dt ds.
o Jo

Since the right-hand side of (2.8) is positive, the conclusion follows.

(2.7) = Ax,y)

+

LEMMA 2.2. If 8"~ 1™ /oxn—1ay™ > 8"~ 1+my/0x"~10y™, (x,y) € Ly,
then conditions (2.2)-(2.4), or equivalently (2.5), (2.6) imply that
au-ﬂzw a;H-uu
OxkIyv 2 axl‘ay";

(x,y)€l, 0Lusn-1,0<v<m.

https://doi.org/10.1017/51446788700031293 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700031293

156 Ravi P. Agarwal [4]

The following fundamental result on hyperbolic differential inequalities
includes several known results for the particular case n = m = 1 obtained in
[7-11, 13, 15].

THEOREM 2.3. Suppose that
(i) v,w € C"™[I,, R, and

OV < far (), oo s f(x,y, (),

dx"dy ax"dym
6" Iu(x,0) 9™ w(x,0)
axndy; ~ Bxmndyl ’
ai+mv(0,y) < ai+mw(0’y)
dxigym = 9xigym °
8"(0,0) _ 8"w(0,0) . .
] — < : —, <i<n-— <ji< _1-
axigyl — axtoy’ ’ 0<i<n-1,0<;<m-1;
(i) f(x,y, U0,0, U1,05- - -» un——l,m) is nondecreasing in (u0,0, UpOs-ees Uy—1.m);
(i)  f(x,y,U00, 41,05+ s Un—1m) — S(X,¥,800,81,0,->8n—1,m) <

oy ToLij(uij — i), whenever u;; > @;; on I, where' deletes the
choice i = n and j = m, and L, j are nonnegative constants. Then, the follow-
ing hold

orvy Mty

(2.9) OxHdyr — xrdyv’

0<u<n,0<v<m u+v<n+monly.

PrOOF. We begin with the strict inequalities in (i) and prove the conclu-
sion in (2.9) for strict inequalities. From Lemmas 2.1 and 2.2 it suffices to
prove that
an+m—lv an+m—lw an—l+m.v an—l+mw

dxndym-1 < axndym-1 and dxn—19ym < dxn—1gym on Lgp-

(2.10)

Suppose that (2.10) is false. Let ry be the greatest lower bound of numbers
r > x + y such that (2.10) holds for x + y < ry. Then, there is a point
(X0, ¥0) € 155 With X + yo = ro, and (say)

™™=y (xo, yo) _ 8™™ 'w(xp, yo)

1D axrgym-1 = gxn@ym—|
Clearly, by hypothesis (i) (with strict inequalities), yo > 0. Also, for all
Y€ [O’yO]
6"+”v(x0, y) a‘H-uu](XOa y)
< ; <pu< < )
BxEOy’ = Bxraypr 0<u<n 0<Sv<m p+v<n+m
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Therefore, hypotheses (i) and (ii) yield the following contradiction to (2.11)
n+m—1 n+m~—1

S rpanto) ¢ D) 1 [ fisant v, ) e

gn+m-— lw xo,

o xnaym 1
8™+~ lw(xg, yo)

oxno ym—l

A similar contradiction can be arrived at if we assume
" *muy(xg,y0) _ 0" "™ w(xo, yo)
axn=tgym —  dxr-lgym
Therefore (2.10) and consequently (2.9) with strict inequalities hold.
Now, let ¢ > 0. Choose 4 > 0 such that

n m
(2.12) am 3N A > 0.

i=0 j=0
A A > 0 satisfying (2.12) always exists.
We consider the functions

(2.13)  0(x,y) = v(x,y) —ee**) and w(x,y) =w(x,y)+ e+,

/ (%0, 1, (w0, 1)) d

Then, from hypotheses (ii), (iii) and the choice of 4 in (2.12), we obtain

an+m

W
> n+m o, A(x+y)
axdym 2 S(x,p, (w)) + A" Mee

n m
> f(x,y,(w)) + gex+y) {l’l+m _ Z Z Li,jl”j]

i=0 j=0
> f(x,y,(w)).

Similarly, it can be shown that
an+mﬂ

axnoym
Further, it is obvious that
8"p(x,0)  8"tw(x,0) d™*"v(0,y) 8+mw(0,y)

< f(x,,(9)).

oxndyl axndyi ’ axioym axigym ’
a™*ip(0,0) _ 9+/w(0,0) , ,
2 —~ . <i<n- <j<m-1.
Sxidy) Bxi0ys 0<i<n-1,0<j<m-1
Thus, from the first part it follows that

(2.14)
a[l+uﬂ au+uw

axray” < dxrOy”

0<usn 0<v<<m, u+v<n+monl,.
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The conclusion (2.9) is obtained by letting € — 0 in (2.14).
In our next result we shall dispense with the assumption of monotonicity
of f at the cost of strengthening the notion of lower and upper solutions.

THEOREM 2.4. Suppose that
(i) v,w € C™™[I,y, R] are such that 0*+*v/dx*8y’ < 8*+ w [8x+Iy",
0<u<s<n0<vm p+v<n+monly;
(ii)
an+m,u
xndym < f(x,p, 40,0, U105 -+ > Un—1,m)s
an+mw

axroym > f(X,9,40,0,U1,05--- > Un—1,m)

whenever

a[l+l/v a[l-H/w

gxrgyr < er S gaagys Ol

(iii)
9"v(x,0) () 8" w(x,0)
——— <l < & TWXY)
dxnoxs % (x) < axndyi ’
ai+mv(03 y) (m) ai+mw(0a y)
(2.15) axioym . <P OV S —5omom
8+iy(0,0) () 8*iw(0,0)
—_——= < a; < —_—7
Ixigy; — a7 (0) < axioxi
0<i<n-1,0<j<m-1,;
(iv) f satisfies the Lipschitz condition on I, x R*m¥n+m

If(x;ya u0,0’ ul,Oa ceny un—l,m) - f(x9ya a0,0, al,09 ey an—l,m)'

2.16 2
(2.16) <D Lijlusy — il

i=0 j=0
Then, for any solution (only solution [4)) u of the initial value problem (1.1)-
(1.3) the following hold

ortvy < vy < otvw
(2.17)  OxHudy¥ — 9xHIyY — OxkAYY’
O0<u<n, 0<v<m, u+v<n+monly.

ProOF. As in Theorem 2.3, if v and w satisfy strict inequalities in the
hypotheses (ii) and (iii) then strict inequalities follow in the conclusion (2.17).
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Now, let ¢ > 0 and A > 0 be such that the inequality (2.12) holds, and
consider the functions 7 and w defined in (2.13). We also define the functions
Ap(X,y,u): Ijpy x R R;0<u<n,0<v<mu+v<n+m,as follows

(2.18) A (x,p,u) =max{%§%,min {u,%:;—y“’u}}.
Let 2 = Z(x,y) be such that
ol < ortvz < ikt 1
(2.19)  OxHdyv — Oxrdyv — IxHdyv’
0<u<sn 0<v<m, u+v<n+monly,.

Then, uyyy = Ayy(x,y,087Z2[0x#0y"); 0 S u < n, 0<v <m,u+v <
n + m, satisfy

oHtYy < < o4tV w
(2.20) dxkay” = “H = Grugyr
0<u<s<n 0<v<m, u+v<n+mon l,,

and also,

oktrz
- = v pA(x+y)
Up+v FETEDE < &A e .

(2.21)

Consequently, from the hypotheses (ii) and (iv), we find

™M n+m g ,A(x+y)
W > f(x,y,U00,U1,05-- s Un—1,m) + A" "eE

n ml
-3 > Li

i=0 j=0

ai+j2
Uij = a-ia0i

axayi| AMmerE ) 4 f(x,y,(2))

n m
Z se;‘(‘”'y) [A’H’m - Z Z, Li,jli+j:| + f(x’ Y, (2))

i=0 j=0
> f(x,y,(2))

for all (z) satisfying (2.19). Similarly, the inequality 8**"7/8x"dy™ <
Sf(x,y, (D)) can be proved. Further, since

o"+ip(x,0) (n) o™ (x,0)
<a;’'(x)< axn oyl

Oxndy’s J
ai+m,0(0’y) (m) ai+mu_)(07 y)
< By < W,

axigym
8"71(0,0) 8"+ w(0,0)
dxigyi

o)
axi0y] <a;’(0) <

0<i<n-1,0<j<m-1;
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from the first part it follows that
aLtvp *tu i Ladd
(2.22) axrdy” < Bxrdyr  dxkayr
0<u<n 0<v<m u+v<n+monl,.
The conclusion (2.17) follows by letting ¢ — 0 in (2.22).

COROLLARY 2.5. Suppose that

(i) v,w € CM[I,, R} are, respectively, the lower and upper solutions of
the initial value problem (1.1)-(1.3);

(i) hypothesis (ii) of Theorem 2.3 holds;

(iii) hypothesis (iv) of Theorem 2.4 holds.
Then, the conclusion (2.17) holds.

3. Existence results

THEOREM 3.1. Suppose that

(i) v,w € C"M[I,,, R] are, respectively, the lower and upper solutions of
the initial value problem (1.1)-(1.3), satisfying

au+uv au+uw

Oxkdyv — OxkdyY’

(ii) hypothesis (ii) of Theorem 2.3 holds.
Then, there exists a solution u(x,y) of the initial value problem (1.1)-(1.3),
satisfying (2.17).

0<u<s<n 0<v<m, u+tv<n+monly,,

PrROOF. Let 4,,(x,y,u); 0 < p<n, 0<v <m, pu+v <n+m,be
the functions as deﬁned in (2.18). Then, the function f(x,y, Ago(x,y,u),
Aio(x,y,u),..., An—1,m(x,y,u)) defines a continuous extension of f to I, x
Rnmtntm and 1t is bounded. Therefore, the modified differential equation

an+mu
axndym
together with the initial conditions (1.2), (1.3) has a solution #(x,y) on I,
[4]. It therefore suffices to show that
au+uv au+ua 6/1+u,w
3.2) AxHEIYY — OxrOyY — OxHByv’
O0<u<sn, 0Kv<m,u+v<n+monl,.

(31) _f(x y’AOO(x y’u)aAIO(x y’u) n lm(x y,u))

For ¢ > 0, we define the functions

o(x,y) =v(x,y)—e(1+x)"(1+p)", w(x,y)=w(x,y)+e(1+x)"(1+y)".
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We claim that
a[l-Hhv 6/I+I/u a[l+uu—)
(3.3)  9xEdy’ S Bxrdy” - Bxkdy
0<u<n 0<v<m put+v<n+monly.

Since
8"to(x,0)  8"u(x,0)  8"+w(x,0) xel
axndy’ Oxndy’ oxndyi ’ @
8+mp(0,y) _ 8"*™a(0,y) _ 8'+™w(0,y)
(3.4) axigym < Axigym < oxigym ° y €l
8*i9(0,0) _9'+/a(0,0) 9*+w(0,0)
Oxidy/ Axidyl axigyi

0<i<n—-1,0<j<m-1,
from Lemmas 2.1 and 2.2 it suffices to show that

(9'””"_1’0 an+m—la an+m—lw

(3.5) 3xnaym—l < axﬂaym—l < axnaym—l
and
n—1+m n-—t+my n—1+m,n
(3.6) o Mo ot Mm 9T M L.

axn—laym < axn—laym < axn—]aym

Let ry be the greatest lower bound of numbers r > x + y such that (3.5)
and (3.6) holds for x + y < ro. Then, there is a point (xq,Vo) € I,; with
Xo + Yo = ro, and (say)

™™g (xo, y0) _ 8" ™ 'a(xy, o)
axrdym-1  —  9gxndym-]

(3.7)

Clearly, by (3.4), yo > 0. Also, for all y € [0, yo] we have

B0 (x0,y) _ IFHA(x0,Y) _ O B(%0,Y).
Oxrdyr —  Oxrdyr T OxHdyv ’
0<u<s<n 0<v<m,u+v<n+m.

Further, from the definition of A4, ,(x,y,u) in (2.18), for all y € [0, y5] we

also have
**v(xo,¥) o**va(xo,y) O+ w(xo, y)
-_ <L < .
OxHdyy ~ Auw | X0:; Oxrdy” = 9x#dyv

0<us<m 0<v<m, u+v<n+m.

Therefore, hypothesis (ii) yields the following contradiction to (3.7):
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™" =1a(xg, y0) _ 8™ 'a(xp,0)

axrgym-1 = 9xnrdgym-1
7 o au(xyp,t
+/ f(xo,t,Ao,o(xo,t,u(xo,t)),Al,O (xo,t, (60 )>,
0 X
an—l,ma X ,t
cees An—tm (Xo,t, —8)6"—"59[_?"—))) dt

an+m—l,u(x0,0) Yo
W+/O S(xo, 1, (v(x0, 1)) dt

8"~ ly(xo,y0) _ 8"~ '0(x0, yo)
- axnaym—| axnaym—'l

A similar contradiction holds if instead of (3.7) we assume any one of the
other three possibilities in (3.5) and (3.6).

Thus, the inequalities (3.5) and (3.6) hold. The conclusion now follows
by letting ¢ — 0 in (3.3).

COROLLARY 3.2. Suppose that the hypotheses (i)-(iii) of Theorem 2.4 are
satisfied. Then, there exists a solution u(x,y) of the initial value problem
(1.1)=(1.3), satisfying (2.17).

4. Variation of parameters formula

THEOREM 4.1. Any solution (only solution) u(x,y) on I, of the linear dif-
ferential equation
(4.1)

m

antmy 3 n ' (n m nei m—j ai+ju
ax"aym _—’-=0j=0 (1) (1)(_Ml) (_MZ) ax,6y1+h(-x,y)

together with (1.2)-(1.4) can be written as

(4.2) u(x,y) = o(x,y) + w(x,y)
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where M, and M, are constants, and the functions ¢(x,y), y(x,y) are defined
as follows
(4.3)

xi n—i—1
¢(x,y>=eM'xZ ( - "M‘) )ﬂ,(y)

i
i=0

n— 1 l
+esz Z y ( yIA'JZ) ) aj(X)

n—1

-1 k n— ]
eMix+May ZJ;_')_’T ( Z (- XMl) ) ( Z ' yMz )aﬁ-’)(O),

i=0 j=0 k=0

M\ x+M,y 1
(n—=Dim-1)!

X y
X / / (x =) Yy -ty te Ms—Mip(s 1\ dtds.
o Jo

pix,y)=e
(4.4)

PrOOF. Let us assume that any solution of the linear differential equation
(4.1) can be written as

(4.5) u(x,y) = eM>+Mv z(x, y)

from which it is easy to obtain that

™Mz Mty (0 (M y ; 0™u
axnaym ¢ 220 j ) M) M)

i=0 j=0
and hence
an+mu m nei m—j 6i+ju
axmaym ~ X.%,ZO ( ) ( j ) ) M) 5 iay
an+mz
M|X+M2y—
+e ooy
Thus, u(x,y) defined in (4.5) is a solution of (4.1) if and only if
(4.6) eM|X+sz_w = h(x,y)
Oxndym ’

From (4.6) it is easy to find that

-l xi n+
z(x,y) = EO 'az(Oy 1),/ (x —s)*~ '(Z v'9 SJ,,Z(;;O)) ds
1
T Om =1

X f / (x =) Yy —t)yn~le=Ms—Miip(s 1) dtds.
o Jo
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Hence, the solution u(x,y) of the initial value problem (4.1), (1.2)-(1.4) can
be written as

n—1

x| -
ury) = Mt |27 () (M) Re M By ()
k=0

i=0
1
(n 1)'/ (x— as"

(Z ,.'Z( )( Moy~ -M"a,(s))

(4.7) + y(x,y)
n—1 _; fn—i-1
=y T ( > LRy )ﬂ,(y)
i=0 k=0

+M; 'm _M
+eM,xMyn—1)'E]'(Z (=y 2)

X
-1 e M
x [ sy (e o s)) ds+ ()
=o(x,y) + y(x,y).
REMARK 4.1. From the definition of y(x,y) in (4.4) it follows that

orvy eMix+My u—ipgv—j 1
axkay” ZZ MM, (n—i—1){(m—j—1)

i=0 j=0

X
x/ /(x—s)”"i“(y—t)’"‘f“e‘M'S‘Mz'h(s,t)dtds.
o Jo

Thus, for all nonnegative constants M; and M, and nonnegative function
h(x,y)on I, 8w [0x#8y* >20;0< u<n,0<v<m,u+v<n+mon
I

REMARK 4.2. From the explicit representation of ¢(x,y) in (4.3) it is
possible to find sufficient conditions on the functions a;(x) and B;(y) and
their derivatives so that 9#* ¢ /dx#8y* >20,0< u<n, 0<v<m,u+v<
n+ m on I,,. For example, if n = m = 1, then (4.3) reduces to

p(x,p) = eM* Bo(y) + eMY ag(x) — M1 >+ M2y o(0)
and hence it suffices to assume that M, and M, are nonnegative constants,

B(¥) = 0on I, af(x) > 0 on I, and ap(0) = Bo(0) = 0. As another example,
0 0
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if M; = M, =0, then it is easy to note that

n—1m-—t

p(x,y) = Z,,ﬂ,(y>+2 .a,<x) DD IES T alf(0)

i=0 j=0

= 3 x' 1 1 - X_ _ e\yn—1_(n)
—gjﬂ'(y)+zn-—l)'j§]'/(,(x 5) laj (s)ds

m-1_j n—1 _;
= _ X T ymetgm
= ,2=:o 7 aj(x) + =D g a7 /0 -8 () dt

and hence it suffices to assume that ﬂf")(y) >0,0< v <mon Iy and
a{"(x) > 0 on I, or equivalently a&”)(x) >0,0<u<nonl,and B (y) >
Oon Iy

From Theorem 4.1 and Remarks 4.1 and 4.2 the following result can be
proved immediately.

THEOREM 4.2. Suppose that
(i) # € C*™)[1,,, R] is such that

e 2 N () (7) mr=i-payms 2K

i=0 j=0

where M, and M, are nonnegative constants

(i) 0#** g /OxtBy” 2 0; 0 < u<n, 0<v<m u+v<n+monly,,
where 9q(x,y) is same as ¢(x,y) replacing oj(x) by 8/a(x,0)/0x’ and Bi(y)
by 8'a(0,y)/0x".

Then, the following hold

ortry
3xu3yu20s 0<u<n, 0Svm, u+v<n+monly.

5. Monotone iterative method

The purpose of this section is to provide sufficient conditions so that the
iterative scheme

(5.1
an+muk+l _ Pt n m _ n—i m— J___.uk*'l
axraym ,-=o§) i)\ ) MM iy
m m, ) .3i+ju
+ 6y, )+ (’l’) (’J”) (=M™ (=Mo" 5
i=0 j=0
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J

(52) Plarled) —ayx),  0<j<m-1,
Aiuy (0, )

(5.3) D@2 _ gy, 0<i<n-1,

with the given function uy(x, y), generates the sequences {84+, /8 x*dy"},
0<usn0<v<mu+v < n+ m, which converge uniformly and
monotonically to 84+*u/dx*3y" on I,;, where u(x,y) is a solution of the
initial value problem (1.1)—(1.4). For this, we will need the following lemma.

LemMA 5.1 [3]. Let (E, <) be a partially ordered space and vy < wy be two
elements of E. Denote by [vg, wo] the interval {u € E: vy < u < wp}. Let
T: [vo, wpl — E be an isotone operator (T(v) < T(w), whenever v < w) and
let it possess the properties

(i) vo < T(vo),

(ii) the (nondecreasing) sequence {T*(vp)} where TO(vq) = vo, T**!(vg) =
T[T*(vo)] for each k = 0,1,... is well defined, that is, T*(vy) < wyg for each
k,

(iii) the sequence {T*(vo)} has supv € E, that is, T*(vo) 1 v,

(iv) T (o) T T(v),

(i)' T(wo) < wo,

(ii)' the (nonincreasing) sequence {T* (wy)} is well defined, that is, T*(w)
> vq for each k,

(iii)’ the sequence {T*(wo)} has infw € E, that is, T*(yo) | y,

(iv)’ T**!"(wo) | T(w).

Then, v = T(v) and for any other fixed point u € [vg,wo) of T, v < u.
(Then, w = T(w) and for any other fixed point u € [vo,wo] of T, u < w.)

Moreover, if T possesses both properties (i) and (i)', then the sequences
{T*(vo)}, {T*(wo)} are well defined and if, further, T has the properties (iii),
(iii)’ and (iv), (iv)’ then

V< T(v)<---<THw) < ---Sv<w
<o < T*(wp) < -+ < T(wo) < wo
and v = T(v), w = T(w), and also any other fixed point u € [vy, wy] satisfies

v < u < wo.

In the space CP9[I,,,R], 0 < p+q < n + m, we introduce a partial
ordering as follows: for v,w € C®9[I,, R], we say v < w if and only if
APy [axFOyY < APV w [OxHOYY, 0< u<n,0<v<m,u+v<n+mon
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I,;. In this space we also define for norm,

ul o u
Ul = max sup | ——— .
0<u<n 1,,,,p OxHdyr
o<v<m
ptv<n+m

THEOREM 5.2. Suppose that

(i) vo, wo € C™™)I,,, R] are such that vy < wy in the partial ordering of
CP9(I,, R],

(i) 8™*Mvp/0x"0y™ < f(x,y, (o)), 3" Mwp/dx"AY™ > f(x,y, (wo)),

(iii) for fixed nonnegative constants My, and M, ¢,, < ¢ < @y, in the
partial ordering of CP9[I,,, R), where the function ¢(x,y) is defined in (4.3),
Puo(x,y) is same as ¢(x,y) replacing oi(x) by 08/vo(x,0)/8x/ and
Bi(y) by 8'vo(0,y)/8y’, and @.,(x,y) is same as ¢(x,y) replacing a(x) by
87wo(x,0)/0x! and Bi(y) by 8'wo(0,y)/8y",

(iv)

f(X,y, uo,O’ ul,O’ cees un—l,m) - f(xay’ 1_40,0, al,o: LR an—l,m)

n " ! , .
2-3 5 () (7)) M-y - 9,0
i=0 j=0
wherever 8#+Vvg[/Ox#8y” < @y, < Uy, < 3wy /dx*OyY: 0 < u < n,
O<v<mu+v<n+monly,.

Then, the sequences {vi}, {wy} where the functions vi,1(X,y), Wis1(X,y)
are (uniquely) generated by the corresponding scheme (5.1)-(5.3) by taking
ug(x,y) as vo(x,y) and wy(x,y) respectively, are well defined and {v;} con-
verges to an element v € CP9[I,,, R], {wy} converges to an element w €
C®.9[1,,, R] (the convergence being in the norm of C®*9[1,, R]). Further, in
the partial ordering of C%9)(I,,, R],

Y-Sy SvSw--Sw < Swyp LW,

v(x,y) and w(x,y) are the solutions of the initial value problem (1.1)-(1.4)
and each solution u(x, y) of this problem which is such that u € [vq, wo) satisfies
v<u<w.

Proor. For any n € C®9)[I,,, R] such that vy < n < wp in the partial
ordering of C?9)[I,;, R], consider the initial value problem (4.1), (1.2)-(1.4),
where

h(x,y) = f(x,y,(n)

n m

EE () (5)

i=0 j=0
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It is obvious that this initial value problem has a unique solution u(x,y) on
I,;. On the interval [vg, wy] we define a mapping T by Tn = u.

First, we shall show that this operator T is isotone. For this, let 51,7, €
C®9[I,, R] be such that n; < 1. Let u; = Tn, and u; = Tno. Then
i1 = upy — u, satisfies the differential equation

sy =55 (1) (7) cmoromm s
+ f(x,i, (m2)) — (%, ¥, (m))
+32 2 (1) (7) moieppyr 2o,

i=0 j=0

which from the hypothesis (iv) implies that
gntmy m iy aH—jﬂ
axmgym = ,z;f:; ( ) (J' )( M) M) g

Further, since #; and u, satisfy the same initial conditions (1.2)-(1.4), it
follows that 94+ g, /axt0y = 0; 0 < u<n, 0<v<m u+v<n+m
on I,;,. Thus, Lemma 4.2 is applicable, and as a consequence we find that
u; < uy, or equivalently, Tn, < T, in the partial ordering of C?9)[I,;, R].
Thus, the operator T is isotone.

Next, we shall show that v < Ty in the partial ordering of C®9)[I,,, R].
For this, Tvy = v, satisfies the differential equation

e ) S (3 ] (3 IO A S AL s )

i=0 j=0
'(n m _; 6'“1}0
+ZZO (5) (77) =M=t pmyms 2208,

i=0 j=

which on using the hypothesis (ii) gives the inequality
an+my i m_j 070
axgym 2 2;;)( ) () mor=tomt g,

where U = v; — vg. Further, from the hypothesis (iii), we have ¢,, < ¢ in
the partial ordering of C?-9)[I,,, R], which implies that #t* @, /3 x*8y” > 0;
0<usn,0<v<m u+v <n+monl,. Thus, Lemma 4.2 is once again
applicable, and in conclusion we have vy < Tvg = v, in the partial ordering
of C®9)[1,,, R]. The proof of the inequality Twqy < wyq is similar. Thus, the
conditions (i) and (i)’ of Lemma 5.1 hold and it proves that the sequences
{T*vp = v}, {T*wp = wy} are well defined.
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Thus, the sequences {8#*¥v;/dx"3y"} are nondecreasing and bounded
above by 8#*t"wy/dx*8y", and the sequences {9#¥w;/dx"dy"} are nonin-
creasing and bounded below by 8#*7vy/0x#8y"; 0 < u < n, 0 < v < m,
u+v <n+mon l,;. Hence, in conclusion the sequences

a[t+vvk au+uwk

s <u<<n 0<v<m, <n+m,
{6x"6y"} {Bxﬂay" O<us =V3 e +

are uniformly bounded on I,,. Further, since the functions vy (x,y), wi(x,y)

are the solutions of appropriate initial value problems, these sequences are

equicontinuous also. Thus, the Arzela-Ascoli theorem is applicable and for

each fixed u, v there exist subsequences of

{0#* v, /0x*8y”} and {0*"wi/0x*8y"}

which converge uniformly on I,,. However, since these sequences are mono-
tonic, we conclude that the whole sequences

{8#* v, /dx*By"} and {8**Yw/Ox*Oy"}

converge uniformly to some 8#tYv /3 x*dy" and #t*w /dx 8y, and v < w
in the partial ordering of C?9)[I,,, R]. Summarizing these arguments, we
find that T*vy 1 v and T*wp | w.

Finally, the continuity of the operator T implies that T%+!vyy = T[T* v} 1
Tv and T**'wy = T[T*wp] | Tw.

Hence, the conditions of Lemma 5.1 are satisfied and the conclusions of
Theorem 5.2 follow.

COROLLARY 5.3. Suppose in addition to the hypotheses of Theorem 5.2 the
Junction f satisfies the Lipschitz condition (2.16). Then v(x,y) = w(x,y)
on I, and consequently, there exists a unique solution of the initial value
problem (1.1)-(1.4) in the interval [vy, wo).
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