
RING THEORETIC P R O P E R T I E S OF MATRIX RINGS 

1 
S .M. Kaye 

( rece ived F e b r u a r y 1, 1967) 

M o r i t a T h e o r y . K. M o r i t a has shown that , g iven two 
r i n g s R and S , t h e r e i s an i s o m o r p h i s m be tween the c a t e g o r y 
of left R - m o d u l e s and the c a t e g o r y of left S -modules if and only 
if t h e r e ex i s t s an R - S b imodule U such that 

(1) U is a p r o g e n e r a t o r in the c a t e g o r y of left R - m o d u l e s , 
and 

(2) S = (End U ) ° P P a s r i n g s . 
R 

If S = R, . , the r ing of n X n m a t r i c e s with e n t r i e s in 
(n) 

n 
R , then R sa t i s f i e s the two p r o p e r t i e s above when viewed as 
the R - R , . b imodu le of 1 X n m a t r i c e s over R . In this c a s e 

(n) 
the i n v e r s e i s o m o r p h i s m s m a y be defined d i r e c t l y . They wil l 
be used to show s y s t e m a t i c a l l y that R, has c e r t a i n r ing 

(n) 3 

t h e o r e t i c p r o p e r t i e s if and only if R has the s a m e p r o p e r t y . 

The I s o m o r p h i s m s . Given two c a t e g o r i e s •£ and jf1 , 
two (covar i an t ) func to r s F : ^ - * -£' and G:^ 1 -*• ^ wi l l be cal led 
i n v e r s e i s o m o r p h i s m s if GF and FG a r e n a t u r a l l y equiva len t 
to the ident i ty func tors on tf and j* ! r e s p e c t i v e l y . 

Le t R be a r ing with uni t . e . . wi l l denote the e l e m e n t of 

1 
I would l ike to thank P r o f e s s o r I. Connell , the d i r e c t o r of m y 
r e s e a r c h , for h i s a s s i s t a n c e . 

2 
See M o r i t a [6] and B a s s [2] . 

3 
T h e s e i s o m o r p h i s m s w e r e defined in m y M a s t e r ' s t h e s i s be fo re 
I w a s a w a r e of M o r i t a t h e o r y . 
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th 
R. whose only n o n - z e r o en t ry is 1 in the ij p o s i t i o n . Trj 

wi l l denote the c a t e g o r y of left R - m o d u l e s and Y[ the c a t e g o r y of 
left R - m o d u l e s . We define func to r s S: 77-^77 and T:Tr(->r\ 

a s fo l lows . F o r Me \t\\ le t S(M) = e M . If r e R , le t r 

denote the s c a l a r m a t r i x r l , w h e r e I i s the iden t i ty m a t r i x . 
The ac t ion of R on S(M) i s defined by r ( e m) = r e m = 

e r e m e S(M) . If cp:M -> N is a mapp ing i n 7 \ , le t 

S(^)(e m) = <p(e m) = e <p(m) e S(N) . F o r Me \rr[\ le t T(M) be 

a d i r e c t s u m of n cop ies of M . The ac t ion of R. . on T(M) 
(n) 

i s defined by ( 2 r . .e. .)(m,, . . . , m ) = (2 r .m. , . . . , 2 r .m. ) . 
• • i j i j 1 n j lj j , nj j 

If <p:M -> N i s a mapp ing in "W\ , le t T(<p)(m , . . . , m ) = 

((p(m ) , . . . , cp(m )) . It is e a s i l y checked that S and T a r e 

func to r s b e t w e e n 77] and T\ . 

PROPOSITION 1. S and T a r e i n v e r s e i s o m o r p h i s m s . 

P roof . Le t 1 - ^ denote the ident i ty functor o n H and 

I-j, the ident i ty functor on T \ . We m u s t exhib i t n a t u r a l i s o m o r 

p h i s m s n".!^-* ST and V . I ^ - * TS . Le t M e | T \ | . Define 

v (M)(m) = ( e m e i n
m ^ = ^ i ^ 0 ! ! 1 1 ^ ' • • • » e n e i n

m * € T S ( M ) • 

If v (M)(m) = 0 , then e .m = 0 for e v e r y j and hence 

m = 2 e e m = 0 . A typ ica l e l e m e n t of TS(M) is of the f o r m 
j J1 ^ 

( e m , . . . , e m ) = v (M)(2 e m . ) , w h e r e e a c h m . eM . v (M) 
11 I 11 n • j 1 j j 

c l e a r l y p r e s e r v e s s u m s . Le t 2 r . .e. . e R, * . 
. . i j i j ( n ) 
1> J 

( 2 r e ) v ( M ) ( m ) = ( 2 r e )(e m , . . . , e m ) 
i > j J J i,j J J 

= ( 2 r , .e, .m, . . . , S r .e , .m) 
j lj lj j nj lj 

= (e,_ 2 r . .e . .m, . . . , e , 2 r .e .m) 
11 . . ij ij In ij ij 

= v (M)( 2 r . .e. .m) . 
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T h e r e f o r e v (M) i s an i s o m o r p h i s m . If ç?:M -*• N i s an 
R, , - h o m o m o r p h i s m then 

(n) 

v (N)(<p(m)) = [e <p(m) e <p(m)) 

= (ç>(e m ) , . . . , p(e m)) 

= (S(^)(e m ) , . . . , S(^)(e m)) 

= TS(?)(e m , . . . , e m ) 

= TS(cp)(v (M)(m)) . 

Thus v i s n a t u r a l . 

Now le t Me \m\ . A typ ica l e l e m e n t of ST(M) i s of the 
f o r m (m, 0, . . . , 0) with m € M . Le t jjL(M)(m) = (m, 0, . . . , 0) . 
|JL i s c l e a r l y an i s o m o r p h i s m . If <p:M-*• N is an R - h o m o m o r p h i s m 
then |i(N)(^(m)) = M m ) , 0, . . . , 0) = T(<p)(m, 0, . . . , 0) = 
ST(<p)(m, 0, . . . , 0) = ST(p)(|i(M)(m)) . Thus JJL is n a t u r a l . 

PROPOSITION 2 . S and T a r e exac t f u n c t o r s . 

(p \\i 
Proof . Cons ide r an exac t s equence M -*• P -*• Q in Vt\ . 

T(i\>)T(<p) = T(^cp) = T(0) = 0 . If p - ( p r . . . , p j € T(P) and 

T(i|i)(p) = (i|;(p ) \\>(p )) = 0 then v|;(p.) = 0 for a l l j , tha t i s , 

p .€ Ker (\\i) - Im(<p) for a l l j . T h e r e f o r e t h e r e ex i s t m . e M , 

j = 1 n such tha t <p(m.) = p . . p = (p. p ) = (^ (m^ , . . . , <p(m )) 

= T(û>)(mlf . . . i m ) € Im(T(<p)) . T h e r e f o r e T is exac t . 
1 n 

cp \\i 
Cons ide r an exac t s equence M -+ P -*• Q in TJ . S(i|j)S(<p) = 

S(\\i<p) = S(0) = 0 . If p = e p€ S(P) and S(i|i)(p) = 0 then v|i(p) = 0 

and p€ Ker(i)j) = Im(</>) . T h e r e f o r e t h e r e e x i s t s m e M such tha t 
<p(m) = p . S(^)(e m ) = (pie^m) = e^^fm) = e ^ p = pe Im(S(<p)). 

T h e r e f o r e S i s exac t . 

PROPOSITION 3 . S and T p r e s e r v e f ini te g e n e r a t i o n . 

P roo f . Le t Me f"fl̂ | and le t {m. : i= 1, . . . , r } be a s e t 

of g e n e r a t o r s for M . Then { (m. , 0, . . . , 0): i = 1, . . . , r } i s a s e t 

of g e n e r a t o r s for T(M) . 
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Let M € \T\\ and le t { m . : i = I, . . . , r } be a s e t of 

g e n e r a t o r s for M . Then {e .m. : i = 1, . . . , r ; j = 1, . . . ,n} i s a 

s e t of g e n e r a t o r s for S(M) . 

Ring T h e o r e t i c P r o p e r t i e s . 

PROPOSITION 4 . If R and R ! a r e r i n g s and the 
functor F is an i s o m o r p h i s m f r o m the c a t e g o r y of left R - m o d u l e s 
to the c a t e g o r y of left R—modu le s , then 

(i) If F(M) i s p r o j e c t i v e , so i s M . 

(ii) If F(M) i s in j ec t ive , so i s M . 

P roo f . Suppose F(M) i s p r o j e c t i v e . Le t G be an 
i n v e r s e for F and le t y be a n a t u r a l i s o m o r p h i s m f r o m the 
iden t i ty functor to G F . Le t cp:A -> B be an R - e p i m o r p h i s m 
\\t :M -> B an R - h o m o m o r p h i s m . Then F(</?):F(A) -> F (B) i s an 
R ' - e p i m o r p h i s m and F ( 4 J ) : F ( M ) -> F(B) i s an R - h o m o m o r p h i s m . 
Since F(M) i s p r o j e c t i v e , t h e r e e x i s t s an R ' - h o m o m o r p h i s m 

6:F(M) -> F(A) such tha t F(<?)9 = Ffc|j) . y(A)" 1 G(9)y(M):M -* A 
- i 

i s an R - h o m o m o r p h i s m . M o r e o v e r </?y(A) G(G)y(M) = 

y(B)'iGF(cp)y(A)y(A)'iG(e)y(M) = y(B)" 1GF(</>)G(0)y(M) 

= y(B)" 1 G(F(^)0 )y (M) = y(B)"1GF(4i)y(M) = L|J . T h e r e f o r e M is 
p r o j e c t i v e . The in jec t ive c a s e m a y be p roved dua l ly . 

COROLLARY. If M i s p r o j e c t i v e , so is F(M) . If M 
is i n j ec t ive , so i s F (M) . 

P r o o f . Not ice tha t G i s a l so an i s o m o r p h i s m , and tha t 
M = GF(M) . 

T H E O R E M 1. A r ing R i s left s e l f - i n j e c t i v e if and only 

if R. . i s . 
(n) 

Th i s t h e o r e m was p roved by Y. U tumi [7] but by an e n t i r e l y 
d i f fe ren t m e t h o d . The p r e s e n t proof app l i e s in the m o r e g e n e r a l 
c a s e of an i s o m o r p h i s m b e t w e e n the c a t e g o r i e s of left R - m o d u l e s 
and left R ! - m o d u l e s for any two r i n g s R and R1 , and m a y be 
s impl i f ied s o m e w h a t in our c a s e , s ince S(R ) = R n . 
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Proof . S(R. ) i s a f ini te ly g e n e r a t e d p r o j e c t i v e left 

R - m o d u l e s ince R i s a f ini te ly gene ra t ed p r o j e c t i v e left 

R. - m o d u l e . Tha t i s , SIR. .) i s a d i r e c t f ac to r of a d i r e c t 
(n) (n) 

p r o d u c t of cop ies of R ( s ince f ini te s u m s a r e the s a m e as 
f ini te p r o d u c t s ) . T h e r e f o r e S(R ) i s in jec t ive if and only if 

R i s left s e l f - i n j e c t i v e . But by P r o p o s i t i o n 4 and the C o r o l l a r y , 
S(R, .) i s in jec t ive if and only if R, . i s left s e l f - i n j e c t i v e . 

(n) ' J y (n) J 

Q . E . D . 

A r ing R wil l be ca l led left h e r e d i t a r y if e v e r y left i dea l 
of R i s p r o j e c t i v e . R i s left s e m i - h e r e d i t a r y if e v e r y f in i te ly 
g e n e r a t e d left idea l of R is p r o j e c t i v e . 

T H E O R E M 2. R i s left ( s e m i - ) h e r e d i t a r y if and only if 
1 

R, i s . 
(n) 

P roo f . We u s e the fac t tha t a r ing R i s ( s e m i - ) 
h e r e d i t a r y if and only if e v e r y (finitely g e n e r a t e d ) submodu le of 

2 
a p r o j e c t i v e left R - m o d u l e i s p r o j e c t i v e . 

Le t R be ( s e m i - ) h e r e d i t a r y and le t I be a (finitely 
g e n e r a t e d ) left i dea l of R. . Then S(I) i s i s o m o r p h i c to a 

(finitely g e n e r a t e d ) submodule of S(R, ) , a p r o j e c t i v e left 

R - m o d u l e by the C o r o l l a r y to P r o p o s i t i o n 4 . Hence S(I) i s 
p r o j e c t i v e . T h e r e f o r e I is p r o j e c t i v e , and R i s left ( s e m i - ) 

h e r e d i t a r y . The proof of the c o n v e r s e i s s i m i l a r . 

Le t M and N be m o d u l e s . A h o m o m o r p h i s m <p:M -> N 
is cal led m i n i m a l if Ke r (^ ) i s a s m a l l submodule of M . A 

3 
p r o j e c t i v e cover of a modu le M is a m i n i m a l e p i m o r p h i s m IT 
f r o m a p r o j e c t i v e modu le P to M . A r ing R i s left p e r f e c t 
if e v e r y left R - m o d u l e has a p r o j e c t i v e c o v e r . R i s left s e m i -
p e r f e c t if e v e r y f ini te ly gene ra t ed left R - m o d u l e has a p r o j e c t i v e 
c o v e r . 

1 
Th i s t h e o r e m is due to L . Levy [5] . 

2 
C a r t a n and E i l e n b e r g [3], p p . 14, 15 . 

3 
T h e s e concep t s a r e defined by B a s s [ l ] . 
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LEMMA 1. Le t P be a p r o j e c t i v e m o d u l e . An e p i m o r -
p h i s m TT:P -*• M is a p r o j e c t i v e cove r for M if and only if for 
any p r o p e r m o n o m o r p h i s m ( i . e . one which is not an i s o m o r p h i s m ) 
6 into P , TTO is not an e p i m o r p h i s m . 

P r o o f . Suppose 0:S - > P i s a p r o p e r m o n o m o r p h i s m and 
TT6 i s an e p i m o r p h i s m . Then for a l l p € P t h e r e e x i s t s s € S 
such tha t TT6(S) = 7r(p) . p - 0(s) € Ker(rr) and p =• 9(s) + (p - 6(s)) . 
T h e r e f o r e P = lm(0) + Ker(Tr) . Since Im(8) i s a p r o p e r s u b -
m o d u l e of P , TT i s not a p r o j e c t i v e c o v e r of M . 

Suppose TT i s not a p r o j e c t i v e c o v e r of M . T h e n t h e r e 
e x i s t s a p r o p e r submodu le S of P such tha t S + Ker(îr) = P . 
Le t i:S -*• P be the i n c l u s i o n m a p , a p r o p e r m o n o m o r p h i s m . 
Le t m e M . Since IT i s an e p i m o r p h i s m , t h e r e e x i s t s p e P such 
tha t TT(P) = m . Since S + Ker(-n-) = P , t h e r e e x i s t s e S and 
xe Ker(-rr) such tha t p = i (s) + x . Tfi(s) = Tf(p - x) = 7r(p) - TT(X) = 
m - 0 = m . T h e r e f o r e Tri i s an e p i m o r p h i s m . 

T H E O R E M 3 . R i s left ( s e m i - ) p e r f e c t if and only if 
. 1 

R i s . 
(n) 

P roo f . Suppose R i s left ( s e m i - ) p e r f e c t and M is a 

(f initely g e n e r a t e d ) left R. - m o d u l e . Then S(M) h a s a p r o j e c 

t ive c o v e r TT:P -*• S(M) . T (P ) i s a p r o j e c t i v e R - m o d u l e and 

v(M) T(ir) :T(P) -> M i s an e p i m o r p h i s m . Le t 0:N-> T(P) be a 
- 1 

p r o p e r m o n o m o r p h i s m . Then |JL(P) S(6):S(N) -> P is a p r o p e r 
- 1 

m o n o m o r p h i s m . T h e r e f o r e TT|JL(P) S(0) i s not an e p i m o r p h i s m . 

But T T | I ( P ) " 1 S ( 0 ) - Hi(S(M))"1ST(rr)^(P) fji(P)"1S(0) = |i(S(M))" 1 S ( T ( T T ) 0 ) 
- 1 

Since JJL(S(M)) i s an i s o m o r p h i s m , S (T(TT)0) i s not an e p i m o r 
p h i s m . T h e r e f o r e T(rr)0 i s not an e p i m o r p h i s m , and s i n c e 

- 1 - 1 
V(M) i s an i s o m o r p h i s m , v (M) T(TT)0 i s not an e p i m o r p h i s m . 

- 1 
T h e r e f o r e v (M) T(TT) i s a p r o j e c t i v e c o v e r for M , and R. . 

i s left ( s e m i - ) p e r f e c t . The proof of the c o n v e r s e i s s i m i l a r . 

It i s w e l l - k n o w n tha t a r ing R i s (Von Neumann) r e g u l a r 

1 
T h i s t h e o r e m w a s s ta ted for p e r f e c t r i n g s by H. B a s s [ l ] . 
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1 
if and only if e v e r y left R - m o d u l e i s f la t . We sha l l u se th i s 
c h a r a c t e r i z a t i o n to show that R i s r e g u l a r if and only if R 

o ( n ) 

i s . We define func to r s S f r o m the ca t ego ry of r i gh t R, -
o ( n ) 

m o d u l e s to the c a t e g o r y of r i g h t R - m o d u l e s and T in the oppos i te 
d i r e c t i o n ana logous ly to S and T . (JL and v wil l denote the 
n a t u r a l i s o m o r p h i s m s . 

P R O P O S I T I O N S . Le t M be a r i gh t R, x - m o d u l e , N 
o ^ 

a left R - m o d u l e . Then M ® N = S (M) ® S(N) n a t u r a l l y . 
in) R ( n ) 

Proof . S°(M) = Me and S(N) = e N . Le t MX N be 

the C a r t e s i a n p r o d u c t of M and N . Define 8:M X N -> Me ® D
e n N 

11 R 11 
n 

by 0(m, n) = 2 (me @ e n) . 6 i s c l e a r l y l i nea r in m and n . 
i=l 

F o r a l l r e R and a l l e . . , 0 ( m r e . ., n) = S m r e . .e, , (x) „ e,, n = 
IJ IJ k IJ k l ^ R Ik 

m r e . .e . , (x) e, .n = m r e , (x) e e. .n = me.,(5à e r e .n = 
ij j l ^ R lj i l w R li ij i l ^ R li ij 

S m e , , (£\ e„ r e .n = 0(m, r e n) . Thus 0 is R. - b i l i n e a r . 
k k l u R Ik ij ij (n) 

Le t x(M,N):M<g>_ N - * S°(M) (x) S(N) be the m a p induced 
^ R. x R 

( n ) 

by G • x(M, N) ^ s o n t o s ince if m e € S (M) and e n € S(N) 
then m e (Sç e n = x(M, N)(me ® ~ e n ) . To s e e tha t X (M, N) 

11 " R 11 11 1A.» v li 
(n) 

n 
i s 1 -1 , no t ice that 2 m (g) n = 2 2 m e g , e n , 

k w R , x k , . . k i l v " R. x li k 
k (n) k i=l (n) 

n 
which i s 0 if x(M, N ) ( 2 m S) n ) = 2 2 m e Sa e n i s , 

i_ k ^ K.. . k V . „ k i l ^ K h K k (n) K i=l 
s ince M e „ C M , e „ N C N , and R C R . . . 

11 11 (n) 

To show tha t \ i s n a t u r a l , i t i s sufficient to show n a t u r a l i t y 
on the b a s i s e l e m e n t s s ince a l l m a p s conce rned p r e s e r v e s u m s . 
Le t (p:M -*• M1 be a r igh t R, - h o m o m o r p h i s m , and ^ . N - * N ! a 

(n) 
left R. - h o m o m o r p h i s m . 

(n) 

See, for e x a m p l e , Lambek [4], p . 134. 
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X ( M ' , N')(ç>® v|i)(m® n) = X(M», N * ) M m ) § ^(n)) 
(n) ^ (n ) K ( n ) 

= 2 M m ) e i l ® R e 1 . v | i ( n ) ) = Z M m e . ^ 0 ^ ( e ^ ) ) 

= S (S° (^ ) (me i l )@ R S(v | i ) ( e l i n) ) = S t S ^ l g ^ l H m e . ^ e ^ ) 

= ( S ° ( ^ ) @ R S ( i | i ) ) ( S ^ i ! © ^ ^ ) 

= (S°W0 R SW)x(M ( N)(m0 R n) . 
(n) 

T h e r e f o r e X ( M ' , N ! ) t o ® R + ) = (S°(<p) ® RS(i | i))X (M, N) . 
(n) 

T H E O R E M 4 . R i s (Von Neumann) r e g u l a r if and only 
if R, , i s . 

(n) 

P roo f . Suppose R i s (Von Neumann) r e g u l a r . Le t N 
be a left R, - m o d u l e and cpiM -» M1 a r i gh t R, , - m o n o m o r p h i s m . 

(n) (n) 

Then S (</?):S (M) -* S (M !) i s a r i g h t R - m o n o m o r p h i s m . Since 

R i s r e g u l a r , S(N) i s f la t . T h e r e f o r e S°(<p) ® _ S(l ) = 

S (<p) @ ^C/TVT\ * s a m o n o m o r p h i s m °f abe l i an g r o u p s . T h e r e f o r e 

^ ® R 1
N

 = X ( M , , N I ) " 1 ( S ° ( ^ ) @ R S ( 1 N ) ) X ( M , N) i s a m o n o m o r p h i s m , 
(n) 

and N i s f l a t . T h e r e f o r e R, x i s r e g u l a r . The c o n v e r s e i s 
(n) 

t r i v i a l . 

P r o p e r t i e s Involving I d e a l s . T h e r e i s a we l l -known 1-1 
c o r r e s p o n d e n c e oe tween the i dea l s of R and the i dea l s of R. . 

1 ( n ) 

given by I •* I. . . It fol lows i m m e d i a t e l y tha t R is s i m p l e 
(n) r 

1 
In the g e n e r a l c a s e ( see footnote , p . 368)the c o r r e s p o n d e n c e b e 
tween i d e a l s of R and R1 m a y be defined in t e r m s of the 
i s o m o r p h i s m s b e t w e e n the c a t e g o r i e s , but th is i s u n n e c e s s a r y 
h e r e . 
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(0 i s a m a x i m a l 2 - s ided idea l ) , s e m i - s i m p l e (the i n t e r s e c t i o n 
1 

of a l l m a x i m a l i dea l s i s 0) , p r i m e (0 is a p r i m e idea l ) , or 
s e m i - p r i m e (the i n t e r s e c t i o n of a l l p r i m e idea l s is 0) if and 
only if R has the s a m e p r o p e r t y . We sha l l show that R i s 

p r i m i t i v e (0 is a p r i m i t i v e ideal) or s e m i - p r i m i t i v e (the 
i n t e r s e c t i o n of a l l p r i m i t i v e idea l s is 0) if and only if R i s . 

(n) 
R e c a l l tha t a p r i m i t i v e idea l i s the ann ih i l a to r of a s i m p l e left 
modu le (one whose only p r o p e r submodule i s 0). 

LEMMA 2. Let I be an idea l of R and M a left 
R - m o d u l e . Then T(IM) = I, ,T(M) . 

(n) 
P roof . Th i s i s t r i v i a l . 

THEOREM 5. R i s ( s e m i - ) p r i m i t i v e if and only if 
R i s . 

(n) 

P roof . We show that I is a p r i m i t i v e idea l of R if and 
only if I, x i s a p r i m i t i v e i dea l of R. . . Le t I = Ann(M) w h e r e 

(n) ^ (n) 
M i s a s i m p l e left R - m o d u l e . T(M) is a s i m p l e left R, - m o d u l e , 

(n) 
and I, XT(M) = T(IM) = T(0) = 0 . Let J , x = Ann(T(M)) . Then 

(n) (n) 
I, C J x . T(JM) = J . VT(M) = 0 and hence JM = 0 . T h e r e f o r e 
(n) (n) (n) 

J C I and so J , = I. , i s a p r i m i t i v e idea l of R, . . 
(n) (n) r (n) 

Le t I, x = Ann(N) w h e r e N is a s i m p l e left R, - m o d u l e . 
(n) r (n) 

S(N) is a s i m p l e left R - m o d u l e . T(IS(N)) = I TS(N) * I N = 0 . 

If JS(N) = 0 then J TS(N) = T(JS(N)) = T(0) - 0 and hence 

J , . C I , . . T h e r e f o r e J C I and I = Ann(S(N)) . 
(n) (n) 
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