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Let 

(1) a0, au a2, . . . 

be a sequence of real terms with which we associate the generating power series 

(2) a0 + ai z + a2 z
2 + . . . = f(z). 

We consider the following definition due to Schoenberg [7, p. 362]: 

DEFINITION 1. The sequence (I) is said to be totally positive if the infinite matrix 

0 

(3) 
0 1 <20 0 0 
a% 0 1 a0 0 . . . 
# 3 # 2 ax ao . . . 

has only non-negative minors (of all orders, with any choice of rows and columns). 

Schoenberg [7] proved that the coefficients of the series (2) form a totally 
positive sequence if f{z) is a function of the form 

oo / oo 

(4) m = c2y*n (i + a*)/ n a - A*), 
where X is a non-negative integer and C > 0, 7 > 0, av > 0, (3V > 0, S(a^ + /?„) 
< + 00. 

From now on, we shall assume a0 9e 0 (i.e., X = 0); obviously this is only an 
apparent restriction. 

Schoenberg [7, p. 367] also conjectured that functions of the form (4) are 
the only ones which generate totally positive sequences. 

At the International Congress of Mathematicians [Cambridge, Massachusetts, 
1950], Aissen, Schoenberg, and Whitney announced that they had proved the 
following proposition: 

A. If the coefficients of the series (2) form a totally positive sequence, then the 
series (2) is necessarily the expansion of a function of the form 

00 / 00 

/(*) = e*U)Yl (1 + «*)/ f i (1 ~ M, 
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where <j>(z) is an integral function and av > 0, 0, > 0, X)(a„ + /?„) < + a>. 

In trying to prove this proposition, I was able to complete the solution of 
Schoenberg's problem by showing: 

B. Under the assumptions of A, <j>{z) necessarily reduces to a polynomial of the 
form yz + 8 (7 > 0). 

A detailed account of the results of Aissen, Schoenberg, Whitney, and the 
author will be given in the Journal d'Analyse Mathématique [l; 3; 8]. These 
results yield a proof of Schoenberg's conjecture which differs substantially 
from my first approach to the subject. My excuse for presenting here this early 
arrangement is that my method essentially reduces to the construction of the 
Padé table of the generating function of a totally positive sequence. It discloses 
a number of surprisingly simple properties of such a table. Their investigation 
has been continued by R. J. Arms and the author and has led to theorems on 
the convergence of the Padé table and continued fractions associated with a 
totally positive sequence. 

1. Definition and immediate consequences of the property (P). 

DEFINITION 2. Consider the determinants 

tin) 

am am-i am- -2 . . am—n-\-i 

am+i am am- -1 . . am—n+2 

am+2 am+i am . . am-n+z 

am+n— i am-Ln-<t i ami -n— 3 • . . am 

,A ^ = 1 ( m > 0 , n>0) 

where aM = 0 for fi < 0. We say that the power series (2) has the property (P) if 
A%> > 0, for allm>0 and all n > 0. 

The inequalities 

imply 
am > 0, AZ} > 0 

-K m-*» am ao 

(m = 0, 1, 2, . . .), 

so that, if (2) has the property (P), its radius of convergence R, is positive.1 

It has been proved by Schoenberg [6, p. 558] that, if f(z) has the property (P), 
(1) is totally positive. On the other hand, it is obvious from the definitions that 
the converse cannot be true.2 

xBy a similar argument [7, p. 362 [, it is easily verified that the generating series of a totally 
positive sequence has a positive radius of convergence. 

2The connection between the property (P) and total positivity is completely clarified by an 
unpublished result of R. J. Arms: Mr. Arms has shown that, if f(z) denotes the generating 
function of a totally positive sequence, and if f(z) does not have the property (P), then/(z) 
reduces to a rational function. 
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Two observations, of purely formal character play an impor tant par t in this 
investigation. 

I. If f(z) has the property (P) , then 

77 r = bo + b\Z + b2z + . . . , 
/ ( — z) 

also has the property (P) . 

This is an immediate consequence of the elementary identities 

aTA™ = bTB™ (m>0,n> 0), 

where 5£m) is the determinant obtained by replacing, in the expression lor A^, 
the a's by the Vs. 

II. Let f(z) and g{z) denote generating functions of totally positive sequences. 

Then the sequence {cn) defined by 

/(*) g(z) = co + ciz + c2z
2 + . . . Cf(0) g(0) * 0) 

is totally positive. Moreover f(z)g (z) has the property (P) if at least one of the two 
factors f and g has this property. 

I t is easily verified, by direct computat ion, t ha t ez has the property (P) . 
Hence the function etzf(z) has the property (P) as soon as (1) is totally positive 
and e > 0 (a0 ^ 0). 

2. Poles and zeros of f(z). Let f(z) have the property (P) . Consider the 
polynomials Q(m>n)(z) defined by 

<?m'n\z) 
1 

"7TSJ 

1 z 2 

z 
am+i am am~\ 
am+2 am+i am 

. z 
• am—n+i 

. am—njf-2 

. am I am-\-n afn+n—i am+n—2 

Q{m'0)(z) s 1 

S(»'»>(*) = <2<m-w>( - z) 

We prove the following seven assertions : 

(i) the coefficients of S(m,n) are all positive; 

(ii) lim Qim'n)(z) = Qiœ,n\z) exists for all n > 0; 

(m > 0, n > 0), 

(aM = 0 for M < 0 ) , 

(m > 0, » > 0). 

(hi) lim 
j (n+l) 
iwt+1 / i l (n+l) 

^5— = /3n+i > 0 exists for all n{ ^ 0 ) ; 

(iv) the polynomials Q(co'n)(z) are connected by the recurrence relations 

https://doi.org/10.4153/CJM-1953-010-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1953-010-3


A CONJECTURE OF SCHOENBERG 89 

«2Cco.»+i>(2) = ( 1 _ pn+iz) Q(<o,n){z) (n > 0); 

CO 

(v) ^T, fin converges so that 
7 1 = 1 

Q(z) = lim Q^n\z) = A (1 - M 
n-*x> «==1 

is either a polynomial or an integral function of genus zero; 

(vi) /(*) Q<—'(a) = p? + pPz + pfz2 +... 

converges for \z\ < l/j8n+i» ^ coefficients p^ are all positive-, 

(vii) /(*) <?(*) = Po + Piz + p2*2 + . . . 

is an integral function, the coefficients pP are non-negative. 

Proof. All the above assertions are easily deduced from the identities3 

(»+l) / Ain+l) 

(?) O W = O (0) + Zb (z)A(n) sA 

,(w+2) / j ( n + D 
Ï 

(z) = 6 (0) + zb (z)-jTfi—yjm)—, 

A{n+2) /Ain+l) 

(0) ^ (0) — 6 (z) = — zb (z)-.(n+i) / .{n)— = — zymnb {z). 
Sim+1 / A-m 

Assertion (i) is a consequence of a theorem of Schoenberg [6, p. 558]; it is 
also easy to deduce directly from (5). We now prove (ii). 

From (6), we obtain 

( 7 ) sa+hn+1\z) = Sim>n+1\z) - z i y.nS^iz) (ym > 0). 

As the coefficients of the S's are positive, it follows from (7) that all the 
coefficients (except the constant term, which is 1) decrease if we increase I and 
keep n fixed. This proves (ii) and also the convergence of 

oo 

2-J YAW 
M=0 

Observing that, for a positive 2, 

Vim zS{m'n\z) > 0, 
171-ÏOO 

we deduce from (5) the existence of the limit in (iii). This proves (iii) and (iv) 
simultaneously. 

Consider (7) for / = oo, m = 0, and compare the coefficients of z; this yields 

0i + ft + . . . + Pn+i < ai/ao, 
which proves (v). 

To prove (vi), we consider the expansion 
3These formulae are straightforward consequences of Jacobi's theorem on the minors of the 

adjoint of a given determinant. 
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(8) f(z)Qim-n\z) = J^p^z' 

and observe that the well-known identity [5, p. 430] 

(9) f(z)Q(m'n\z) = ^ Z ^ AW 
M=0 

au 
dp—l (ln—2 

CLm+1 &m &m-\ 

Q"m+2 &m+l Q"m 

G"m—n+l 

Um-n+2 

gives us explicitly the coefficients p^m,n). Now the sequence of functions 

(10) f(z) QM(z) ( « = 0 » ) 

is regular in the circle \z\ < R, where R denotes the radius of convergence of (2). 
For n fixed and m—> «>, (10) converges uniformly to 

(ID f(z)Q^(z) = p0™ + p1™z* + 

in any circle \z\ < R* < R. 
From (7) we deduce 

(12) /(*) Q^"\z) = /(*) Qlm"\z) + z£ y^ilfiz) Q^iz)}. 

Using (8), (11), (12) and Weierstrass's double-series theorem, we obtain 

(13) pf = pT-n) + fi 7 , , - ^ r 1 1 (* = 1, 2, 3, . . .)• 

The total positivity of (1) implies p(™,n) > 0, when k < ra, so that, (13) yields 

(14) p? > p(rn) (k < m). 

Observing that 
. (m,n) _ n 

Pm+l — V, 

and using (14), we also obtain 

(15) p^ll < pt~" (7m,«-l + 7m+l.»-l + 7m+2.»-l + . . .) ( w > 0, » > 1 ) . 

Putting 

(16) l imsup | (^ n ) ) 1 / w | = *n 
Wl->CO 

we deduce, from (15), 
1/ » \ I 

(17) (Tn < ov-i lim sup I ] £ 7M>n_i )1/m 

(n = 0, 1, 2, . . .), 

Moreover, as all series of the form 

2-J y m 

are convergent, (17) trivially implies 
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(18) an < <7w_i (n = 1, 2, 3, . . .). 

We now verify the inequalities 

(19) vk < ftn-i (k = 0, 1, 2, . . .), 

by an induction over &. 
We note that p^0) = aM, implies o-0 = 0i, and assume that (19) is true for 

k = 0, 1, 2, . . . , n — 1. We distinguish two cases 

(a) 0i02 . . . A = 0, 

(b) 0i02 . . . 0, ^ 0. 

The case (a) is immediately settled by observing that our induction assumption, 
and (18), then yield <rk = 0, for k > n. 

In the case (b), we observe that 

( o> \ l / m I o 

— ,~ n=m / I P» 

is trivial if 0n+i > 0n. 
If 0n+i < 0n, we return to the formulae (6) which define the quantities ymn 

as ratios of determinants. 
Observing that (iii) implies4 

A (n+l) 

lim -$fa = 0i02 . . . 0W0W+1, 

(•21) l i m l c ^ ) 1 7 " 1 ! = / * & . . . & , 

we obtain 

( j ( » + D j ( w - l ) \ l M p 
^•m+1 ^ r o I Pn+1 

... ,_ ... , „ -"-m+1 >"m / Pn 

We may then compare 
CO 

2 7/*.n-l 

to the remainder of a geometric series. This comparison leads again to (20). 
Combining (17) and (20), we complete the induction which proves (19). As 
(13) implies p^ > 0, assertion (vi) is also proved. Assertion (vii) follows from 
(vi) and Weierstrass's double-series theorem. Although the fact is not used in 
this paper, we note that (19) can be replaced by 

(22) <rk = 0,+1 (* = 0, 1, 2, . . .). 
4It should be noted that the validity of (21) is independent of the arguments following (14). 

Interrupting our proof after (14), and using (21), a direct application of Hadamard's theorem 
on polar singularities (see, for instance [2, p. 333])would have enabled us to verify that/(s) 
is a meromorphic function. However, as the wording of Hadamard's theorem does not meet 
all our requirements, and as we do not need its more delicate parts, I have replaced its use by 
simple and elegant arguments which I owe to R. J. Arms. 
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To verify this, we assume that, for a definite value of k( = n), an < /?w+i. The 
point l/j8n+i would then be interior to the circle of convergence of the 
expansion of f(z)Q(œ>n)(z). The function f(z)Q(CO,n+1)(z) would be regular and 
would vanish at z = l//3n+i- This is impossible in view of the positivity of the 
coefficients p^+1). We finally observe that (18) and (22) imply 

Pi > j8, > ft > 

3. Proof of Proposition A. The function e2/(z) certainly possesses the pro
perty (P) ; it is therefore sufficient to prove the proposition for functions which 
have this property. 

By I and the seven assertions, there exist two integral functions P(z) and 
Q(z) such that 

oo  

P(«) = II (1 - «*) (a, > 0 , £ a , < + »), 

G(«) = ri a - 0*) e s , > O , E ^ < + ») 
y = l 

and such that both P(z)/f( — z) and Q(z)f(z) are integral functions. Moreover, 
when s > 0, the function P(z) / / ( — z) does not vanish because, by assertion 
(vii) the coefficients of its expansion are real, non-negative, and a0~

1 = P(0)//(0) 
^ 0. Hence f(z)/P( — 2) is regular for negative values of z and 

P ( - z ) y W P ( - z) HZ) 

is obviously an integral function. Similarly, l/v(z) is an integral function so that 
v(z) has no zeros. 

Hence 
v(z) = e^z), 

which proves the theorem of Aissen, Schoenberg, and Whitney. 

4. Proof of Schoenberg's conjecture. As (1) is totally positive, the coeffic
ients of the function 

f*(z) = a0 + a2z + a4 z2 + . . . + a2n zn + . . . . 

also form a totally positive sequence. Applying Proposition A to both f(z) and 
f*(z), we can then assert the existence of 

1. two integral functions 4>{z) and 0*(z), 

2. four convergent series of non-negative terms, say 

2a„, 2/3,,, 2a„, 2/3„, 

such that 

(23) / w ~ e TT"(T-^)' 
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"oi l (1+a**) 
J W — * 

Now 

(24) ™ - ' nn-M' 

using (23) and (24), this becomes 

( } n"(i-^+e n(f+i.)" e Ha-***1)-
Pu t <t>{z) = 7o + TiZ + 72S2 + • • . and 

/ 0 A \ ../«A ,,2(712+ T323 +782«+ . . . ) jnr (1 + a„s)(l + /3„s) 
?=i ( 1 — avZ)\l — p„3 ) 

equation (25) is then equivalent to 

<27) . w + > - 2A.w,-,n ia + -;j)(;i+_^), 

This relation, together with (26), gives us complete information on the 
distribution of the values 0, 00, and — 1 of the meromorphic function u{z). 

The value — 1 has an exponent of convergence not exceeding 2, whereas both 
the zeros and the poles have an exponent of convergence not exceeding 1. 

By a well-known theorem of Nevanlinna [4, p. 72], the order of u(z) does not 
exceed 2, so that 

0 = 73 = 75 = 77 = . . . . 
Hence f(z) is of the form 

(28) m -Ce n ( 1 _ M (C>°)-

Now if € > 0, both eez f(z) and e€Z/f( — z) have the property (P), so that, by 
assertion (vii), the power series expansions of 

«xCO = ce^*»"'*»"* • • I l (1 + «*), 
v=l 

and 

«,(*) = c-y»^.'-""-. • ii (1 + ^ 
have all their coefficients non-negative. 

Hence, putting 

Mi(r) = max |«i(s)|, M2(r) = max |«2(s)L 
| 2 | = r | 2 | = r 

we have 
Mi(r) = tti(r), M2(r) = «2(r)f 

and 
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(29) M1(r)Mi(r) = e2(e+1")r U (I + a„r)(l + (3fr). 

As M2(r) > M2(0) = C-\ 

we see that the increase of Mi(r) is dominated by the increase of an integral 
function of order 1. Hence 

0 = 72 = 74 = Te = . . . . 

We complete the proof of Schoenberg's conjecture by proving 7 = 71 > 0. 
If 7 were negative, we could choose e > 0 so that 

(30) 7 + e < 0. 

Now the increase of 

n ( l + a,r)(l + /9,r)f 

is at most of the minimal type of order 1. Hence (29) and (30) would imply 

lim M1(r)M2(r) = 0, 
TO-*» 

which is contrary to the maximum-modulus theorem. 
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