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Regular metabelian groups
of prime-power order

R. J. Faudree

Let 2 be a finite metabelian p-group which is nilpotent of

class o . In this paper we will prove that for any prime p > 2

there exists a finite metacyclic p-group G which is nilpotent

of class c such that H is isomorphic to a section of a finite

direct product of G .

Introduction

Subgroups and factor groups of regular groups are regular but the

direct product of two regular groups is not necessarily regular (see [5]).

Moreover the variety generated by all finite regular p-groups for p > 3

is the variety of all groups (see [2]) and the variety generated by all

finite metabelian regular p-groups for p > 2 is the variety of all

metabelian groups (see [4]). The main result of this paper extends some

of the results mentioned above by showing for p > 2 that not only do

you get irregular p-groups by taking finite direct products of regular

p-groups but every finite metabelian p-group can be obtained by taking

factor groups of subgroups of finite direct products of finite metabelian

regular p-groups.

Proof of theorem

In the remaining discussion we will assume p > 2 and H is a fixed

e metabelian p-group of exponent

For any positive integer v let

finite metabelian p-group of exponent p e which is nilpotent of class
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c
Gp = (a, b : a? = 1 , lP = 1 , and a'h^ab = eP ) .

is a metacyclic group which is nilpotent of class a and of exponent

p G is also regular (see [/]).

We will prove

THEOREM. H is in the variety generated by G for r sufficiently

large.

A well-known property of finite groups in the variety generated by a

finite group (see [3]) gives the following:

COROLLARY. S is isomorphia to a section of a finite direct product

°f Gr for sufficiently large r .

Let X^ denote the free group of countable rank on generators

{x\, x2, . . . } . Let g be an element of Xm • g i s a simple commutator

in normal form of weight v , weight g = v , and sign u , sign g = u

and involving precisely {x\ x } if
t

g(xlt x2, ..., xt) = (xi{l), xi{2), ...,

where i ( l ) = 1 , i (2 ) = u , i{j) 2 i(k) if 2 < j S k and

{£(1), . . . , i{v)} = {1, ... , t} . d.(g) wi l l denote the number of
J

occurrences of x. in g .
0

An element / of X^ is in normal form of weight 5 c if

I Y-
1

where the /. are distinct simple commutators in normal form of

weight £ c involving precisely {a^, ..., x,} , I is an arbitrary

positive integer, t is a positive integer S a , and the Y- aJce

non-zero integers. Let L denote the words of X which are in normal
2̂  oo

form of weight 5 c and are laws of G . A basis for the laws of G is
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L u •|((a;lJ x2)» (X3> î*))> (̂l x + 1 ) [ > (see [6]). Therefore to

prove the theorem it is sufficient to prove:

PROPOSITION. For sufficiently large r , f in Lp implies pe

divides y. (l s i < I) .

Before we can complete the proof of the proposition it will be

necessary to state and prove some elementary lemmas.

For m a positive integer let 9(m) be the highest power of p

dividing m! .

LEMMA 1.

t .
i) If m = Y k.p with 0 5 k. 5 p-1 then

•z.=o

f %6(m) = \m - ) i

I i=o

iij /or positive integers n and m 3 P divides (m+n)\/n\ .

Proof. The number of positive multiples of p1 , (l £ i £ t) , less

t • •

than or equal to m is J k .p . Thus

t=o

ii^ is a consequence of the fact that m! divides (m+n)l/nl .•

Let Z denote the integers, J? = ZJj/j, ..., y ] the polynomial ring

over Z in indeterminates yl, ..., y , and J the ideal of R

generated by pn for n a non-negative integer. Denote Z/(Z n J ) by

LEMMA 2. Let /i = ?i(j/i, ..., y.) be an element of R such that

the degree in each variable is £ c and to < n . If h , considered as
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a function of Z into Z , has only values in J n Z then h is in J
n n

for m = n - tQ(a) .

Proof. Let t = 1 . We can assume that y\ = y and h is a

polynomial of degree a . Since h(l) is in J n Z

Hy) = (y-Dh^y) + h[(y)

where h\ is a polynomial in J . Assume for j < e-1 that

= \fl iy-i)\h.{y) + h'Ay)
k=i > ° 3

where h'. is a polynomial in J which as a function has only values in

J . Thus (Jl)h .(j+l) is in J n Z and
TL Q Ji

hAy) = (y-3-D-h..Ay) +
1/ t/"r-L

for Hy) in J
n_Q(J-) •

has the same properties as h'.{y) . Therefore * is true for
3

1 5 3 £ e .

Since 7z(y) has degree c

a
Hy) = TT (j/-i)-i + hAy)

i=l c

where b i s in Z . Hence (c! )b i s in J n Z , b i s in J n Z and
n m

h is in J . Induction on t will complete the proof.

For non-negative integers i £ j let (.) = j ' . / {(j-i) Hi) . For any

positive integer r let a be the function on the non-negative integers

defined by
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oru) - j i v ^ .
For any positive integer n , a induces a map a1 of Z into Z

LEMMA 3. a' is onto.

Proof. It suffices to show that a1 is injective. Assume

a^(fe) - ap{j) is in Z n J^ for 0 5 j < k < pn . Clearly k - 3 is in

Z n Js for s = min{rc, r} . k - j in Z n J [I > l) impliies

v if 2 2 i 5 J and (-JP ^s

in J I-, . •, if i > j . Hence k - j is in Z n J for

s = min{(E+l)r, n} . Induction on Z gives that k - j is in Z n J

Proof of the proposition. Let / = ~| [ f. be an element of L
i=± V

a.
We can assume / involves precisely {xi, ..., a;,} and Y- = 8-P

(l S i £ I) with 8. relatively prime to p . Let u be a fixed

integer between 2 and t , n. . = d.ffj) - 5 . (l < i 5 I , 1 < J < t)

where 6. is the Kronecker delta, and W. = 7 n. . .

For any function j of Z into Z define the homomorphism T . of

X into ff by T . fx J = b°'^ ' if k # w and T.fxJ = a " 1 ^ ' if

k = u . By assumption T.(/) = 1 for all j . Also T.(/.) = 1 for all
3 3 2-

j if sign f.+u. If sign f.=u then T . (/ ) = a**1 where
"Z- v 3

rw. t i ln'i-
<k(i) = p v I I a fj(k)l l • If only the first s of the f. have

sign w then

s rtj.+a.
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is in Jra o Z . By Lemma 3 the only values of the polynomial

hfai J/J = I 6-p *
* i=l %

considered as a function are in J n Z . Lemma 2 implies
* G

rw.+a. > re-te(c) (l 5 •£ £ s) . Thus

a. ^ 2"l<2—W.I — t6(c) ;
'Z' 'Z'

w. < G and t 5 o since each /• involves precisely {xis ..., ̂ .} .

The above argument is true for any u . Therefore a . > e (1 < i 5 1)

if r is sufficiently large.
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