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ISOMETRIES OF BERGMAN SPACES OVER BOUNDED 
RUNGE DOMAINS 

CLINTON J. KOLASKI 

1. Introduction. 

1.1. The isometries of the Hardy spaces Hp(0 < p < oo , p ^ 2) of the 
unit disc were determined by Forelli in [2]. Generalizations to several 
variables: For the polydisc the isometries of Hp onto itself were charac
terized by Schneider [9]. For the unit ball the case p > 2 was then done 
by Forelli [3]; Rudin [8] removed the restriction p > 2 by proving a 
theorem on equimeasurability. Finally, Koranyi and Vagi [6] noted that 
the methods developed by Forelli, Rudin and Schneider applied to 
bounded symmetric domains. 

In this note it will be shown that their methods also apply to the 
Bergman spaces over bounded Runge domains. The isometries which are 
onto are completely characterized; the special cases of the ball and 
polydisc are particularly nice and are given separately. 

1.2. Definitions. Let Cn denote the vector space of all ordered w-tuples 
z = (zi, . . . , zn) of complex numbers, with inner product 

(1) (z, W) = ZiWi + . . . + ZnWn 

and norm 

(2) \z\ = <2,*>1/2. 

Given a bounded domain 12 C Cw, let H (to) denote the class of holo-
morphic functions with domain 12; let Aut(12) denote the class of all 
holomorphic one-to-one maps of 12 onto 12 (the "automorphisms" of 12); 
let mo, denote Lebesgue measure on 12 normalized so that WQ(12) = 1; 
and, for 0 < p ^ GO , let 

(3) Bp(tt) = Lp(Q) H #(12) 

denote the Bergman space over 12. It is well-known that Bp(tt) is a closed 
subspace of 1/(12) = Lp(mo). 

2. Isometries on Bergman spaces. 

2.1. THEOREM. Let SI be a bounded Runge domain and let 0 < p < oo, 
p 9* 2. 

(i) / / T: BV(Q) —» BP(Q) is a linear isometry and if Tl is denoted by 
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g, then there exists a holomorphic map $ taking 12 onto a dense subset of 12 
such that, 

(4) (Tf)(z) = g ( z ) - ( / o # ) ( s ) 

for all z G 12 and all f £ J5P(12), moreover 

(5) I (/zo $)|g|pdraa = I Adwfi 

for every bounded B or el function h on 12. 
(ii) Conversely, if $ is a holomorphic map of 12 iw/0 12, awd if g £ J5P(12) 

satisfies (5) /or every continuous function h on 12, Jftew (4) defines an 
isometry of BP(Q). 

(iii) 7/ 2fee linear isometry T is onto Bp(ti), then <£ £ Aut(12) and g is 
related to $ by 

(6) |g|' = | / . | 

where J& is the Jacobian of <i>. 
Conversely, if $ 6 Aut(12) awd if g £ Bp(iï) is related to <î> 6y (6), Jfeew 

(5) /w/ds and /fee isometry given by (4) is on/o Bp(il). 

2.2. Remarks, (a) An isometry of Bp{Bn) determines a holomorphic map 
$: Bn—>Bn. If we could show that $ is proper, then the theorem of 
Alexander [1] tells us that 3> is an automorphism of Bn(n^ 2). Con
sequently, our isometry would be completely described by Theorem (3.2). 

Conversely, let $ be a holomorphic map of Bn into Bn. If we can find a g 
such that the m a p / —> g(f o 3>) is an isometry onto Bp(Bn) then <ï> must 
be an automorphism of Bn. This may be of use in resolving certain con
jectures about inner maps of Bn. 

(b) The following example shows that $(12) may be a proper subset of 
12. Let n = 1 and let our domain be the unit disc U = [\z\ < 1}. Define <£ 
on £/ by 

(7) *(*) = ~ i + 2(i + ;*)/*(*) 

where 

(8) f(z) = 1 + is + V2( l - s2). 

Here we choose the principal branch for our square root. 
It is easily shown that <£ maps U in a one-to-one manner onto 

U\[0, 1), and that 

(9) d*/dz = 2V2(z + i)/[^{z)VTz=~zÀl 

By (7) and (8), 

T - * ^ 1 ^ l *(*) + 1 

Lim $(2) = — 1 and T T T - = , . , ; 
*-»< iKs) 2 ( 1 + a s ) 
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hence 1/|^| is bounded on U. If we set g(z) = [d$/dz]2, then (by (9)), 
g 6 Bl{U). Since |g| = |J$|, the pair (3>, g) satisfies (5) and determines 
(by (4)) an isometry of Bl(U). 

(c) Using (34) and (35), the argument given in the proof of (iii) shows 
\g\v = \J&\ whenever <£ is one-to-one. For a given isometry T, is <ï> neces
sarily one-to-one? A second question is suggested by (ii). Does every 
holomorphic map <i>: 12 —» 12 generate an isometry of 5P(12) ? We shall now 
answer both questions negatively by showing the map $(z) = z2, z £ Î7, 
generates an isometry of BP(U) (p ^ 1, p 9e 2) iî and only if £ = 1. 

Let jn be the Borel measure induced by $: 

(10) ix{X) = % [ * - ' ( ! ) ] 

for Borel subsets X of U. Then 

•J rr J i 
(11) I Ad/x = I h($)dmv 

J u J u 

where h is any Borel measurable function on U. Using (11) it is easy to 
show 

(12) J z'z'd» ^J^y—jdmu 

for all i, j — 0, 1, 2, . . . . Thus by the Stone-Weierstrass theorem 

(13) du = \^dmv. 

For the moment let us suppose that there is a g 6 BP(U) which is 
related to $ by (5). If X = 3>~l(Y) where F is a Borel subset of U, then 
by (5), (13) and (11), 

(14) I \g\vdmv = I dmv = I 2\z\d» = I 2\$\dmu. 
J x J Y J Y J x 

For 0 < r < 1, let Xr = Q-^Yr) where Yr is the disc |s| < r2. Then 
by (14) and the fact that g is continuous 

(15) |g(0)|' = Lim — ^ f \g\>dmD = L i m ^ l H = 0. 

Since g is holomorphic, (15) implies 

(16) g(z) = ***(*) 

where fc(0) 7e 0 and k is a positive integer, 
It follows easily from (14) and (16) that/? = 1 (/> ^ 1, /> ^ 2) so $ 

cannot generate an isometry on BP(U) when p 9e 1,2. 
On the other hand, if we set g = 2$, and p = 1, then the pair (<ï>, g) 

satisfies (5), and so $ generates on isometry on Bl{U). 
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(d) With regard to (iii) we note that when the group Aut(Q) is 
known, it may be possible to find a g for each automorphism <ï>. 

For example, if $ G Aut(Un), then [7, p. 167] 

(17) $ 0 i , . . . , Zn) = (</>l(2ù), • • • > <t>n(Zin)) 

where $i, . . . , </>n are conformai maps of U onto U and (ily . . . , in) is 
a permutation of (1, . . . , n). It follows from (iii) that 

(18) g (* i , . . . , z „ ) - ^ * / ( ^ - 1 ) . . . 0 n
/ ( ^ n ) ] 2 ^ 

where 0 is a unimodular complex number and <j>/ is the derivative of <t>t. 
This is similar to Schneider's theorem [9] for the isometries of Hp(Un). 

Thus every 3> 6 Aut(C/w) generates an isometry onto Bp(Un). It is 
shown in Theorem (3.2) that a similar result holds for the ball Bn. One 
might conjecture that this property holds whenever the group Aut(fi) 
acts transitively on 12, but the answer is not known at present. 

3. Bv spaces over balls and polydiscs. 

3.1. By (2) the open unit ball Bn in Cn is the set of all z G C* with 
\z\ < 1. We recall that the Poisson-Bergman kernel for Bn is the map 
X: BnX Bn^ (0, oo ) given by 

(19) x(*,«>) = [(1 - M 2 ) / | l - <*,w>|2]"+1. 

It is known [5, p. 20] that 

(20) | /*(*)| = x(*, S-HO)) 

for all z £ Bn, and for every 3> £ Aut(Bn). 

3.2. THEOREM. Let 0<p<co,p^2. If T is a linear isometry of 
Bp(Bn) onto Bp(Bn), then there is a $ Ç Aut(Bn) such that 

(2i) r / = g ( / o * ) 

/or a/// G Bp{Bn). Moreover, g is related to <ï> by 

( i _ \a I2 )(»+i)//> (22) , W = ^ T r - _ J - L ? } ( , € 5 0 

where 6 is a unimodular complex number and $(a) = 0. 
Conversely, if $ (z Aut(Bn), and if g is related to $ by (22), then (21) 

defines a linear isometry T of Bp(Bn) onto Bp{Bn). 

Proof. For the converse, let $ £ Aut(Bn) and let g be defined by (22). 
Equating (19), (20) and (22) shows that the pair ($, g) satisfies (6). 
Thus, (22) defines an isometry by the converse in (iii) of Theorem (2.1). 

For the first part, let T be an isometry onto Bp{Bn). Then, by (i) and 
(iii) of Theorem (2.1), (21) holds and g is related to <ï> by (6). 
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Having already established our converse, it suffices to show that g is 
unique (modulo a unimodular constant). 

By (19), X > 0- Thus, equating (6) and (20) shows 

(23) lg(*)l* = X(z,a) > 0 ( S E 5») 

where <£(a) = 0. 
We also know from part (i) of Theorem (2.1) that g is holomorphic 

in Bn. 
Now suppose h is a holomorphic function on Bn for which (23) holds. 

Then h(z) y^ 0, so g/h is a holomorphic function on Bn which satisfies 

(24) = i (* e #.). to 
\h(z)\ 

Hence, by the maximum principle, g — 6h for some unimodular complex 
number 6. This completes the proof of Theorem (3.2). 

We shall now consider the case where our domain is the polydisc Un. 
If $ G Aut(£/»), then (recall (17)) 

$ ( z i , . . . , 0„) = (</>i(z*i), • • • , 4>B(z»„))-

Define g( = gm) on [/* by 

(25) g{zu...,zn) M ^ y . . . ^ ) ] ' » 

where 

(26) ^ ( f ) = { ( i l ^ ) g } 8 (f G £/, 1 ^ * ^ ») 

and (9 G C, \6\ = 1, $(<*i, • . . , an) = 0. 
A slight modification of the proof of Theorem (3.2) yields: 

3.3. THEOREM. / / one replaces Bn by Un in Theorem (3.2), then the 
resulting statement is true when g is related to <ï> by (25). 

4. The proof of theorem (2.1). 

4.1. As remarked earlier our proof utilizes the concepts developed in 
[2], [3], [6], [8] and [9]. The following lemma is due to Schneider [9], but 
the argument given in [6, Lemma 2] is clearer. 

4.2. LEMMA. IfO^ft H(Q) (recall Definition (1.2)), and ifh:Q-*C 
satisfies 

(27) fh* £ H(Q) 

for k = 1, 2, . . . , then h e H(Q). 

4.3. The proof of Theorem 2.1. Let 12 be a bounded Runge domain, let 
T be a linear isometry of BP(Q) (0 < p < oo , p 9* 2) and set g = Tl. De-
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fine the measure v on 12 by dv = \g\p dm^. F o r / £ Bœ(Çl) define 

(28) Af = Tf/g. 

Since 0 ̂  g £ Bp(tt), g(z) ^ 0 a.e.[wQ]. Thus (28) is well defined. It 
follows (as in [8, p. 226]) that A is a multiplicative linear map of Bœ(Q) 
into Lœ(v) = L°°(mn) which preserves sup norms. Moreover, if/ G Z3°°(12), 
then 

(29) g (4H* = ^ ( / * ) - H / * ) ^ ( 1 2 ) 

for all k = 1, 2, . . . . Hence, by Lemma (4.2), Af € £°°(12). 
Thus i is a multiplicative linear sup norm isometry of Bœ(Çl) into 

£œ(12) w i t h a l = 1. 
Let ut(z) = 2, (the i-th coordinate function). Define $: 12 —* Cw by 

(30) $ = (4W l , . . . ,Aun). 

It follows (as in [8]) that 

(31) v^E) = mn(£) 

for every Borel set E C Cw. This gives (5). 
We shall first show that $(12) is a dense subset of 12. If we set X = 

$~1(^), then (31) gives 

(32) 1 = mQ[Q] = v(X). 

Our definition of v implies *>(12) = 1 and ran « v. Hence, by (32) 

(33) v(Sl\X) = 0 = wQ(Q\Z). 

Since $ is continuous, (33) implies that X is a dense open subset of 12. 
It now follows from the definition of X that 

(34) $(12) C Î2. 

Finally, setting E = $(12) in (31) shows 

(35) ra^[$(12)] = v(Q) = 1. 

It follows from (34) and (35) that $(12) is dense in 12. 
L e t / Ç BP{Q) be given and fixed. Since 12 is a bounded Runge domain 

we may choose a sequence of polynomials, Pn, such that PTO —>/ (and so 
TPn—> Tf ) in the 1/(12) norm. Since point evaluations (i.e., the maps 
f —>f(z), z G 12) are bounded linear functionals on Bp(ti), we find 

(36) (TPn){z)^{Tf){z) (z€fl). 

Now the multiplicativity of A combined with the definition of $, 
shows that (4) holds for all polynomials and all z in X. Hence, by (36), 

(37) (r/)(z) = g( 2 ) - ( /o*)( z ) (zex). 
It remains to be shown that X = 12. If g(z) ^ 0, choose {zn) <Z_X 
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such that zn —> z. Then 

(38) ( / o *)(zn) = (Tf)(zn)/g(zn) -> (Tf)(z)/g(z) 

and it follows that (4) holds. Moreover, since 12 is a domain of holo-
morphy, (38) shows that <£(s) Ç 12. 

Finally, suppose there is a z0 G {g = 0} such that <£(so) G d!2. Choose 
a small disc Â C 12 with Â H {g = 0} = {so}• Then <£(dA) is a compact 
subset of 12, $(zo) G d!2, and since 12 is Runge, there exists a polynomial 
P satisfying 

(39) |P(S(so))| > SuPl0€*(aA) {|P(w)|}. 

Consider T(Pn) = g- (Pn o $). If w is sufficiently large, the function 
g. (pw o 3>) will not obey the maximum principle on Â near s0. The con
tradiction completes the proof of part (i). 

The proof of part (ii) is trivial. 
To prove (iii) suppose T is onto. By (i) its inverse is given by T~\f = 

h(f o ¥ ) , with h = T-1 1. If/ G 5P(12), then 

(40) / == r r - 1 / = g ( i o $ ) ( / o ^ o $ ) = / o * o $. 

Similarly, / = T ^ r / = / o $ o * and so $ £ Aut(12) with ¥ - «I?-1. 
To prove (6), l e t /be continuous on 12. Setting h = f o <$_1 in (5) shows 

(4!) I f\g\Pdmn = I / o <$>~ldmv = I f\J^\dmi} 

where J$ is the Jacobian of $. Since (41) holds for all continuous / , we 
find |g|p = | /$ | a.e. [ra$], and (6) follows from the continuity of g and J$. 

The proof of the converse in (iii) is straightforward. This completes 
the proof of Theorem (2.1). 

I would like to thank Professors John Fornaess and Robert Gunning 
for their aid in showing $(12) C Œ. 
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