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— Twisted group rings

and a problem of Faith

John H. Cozzens

A homological characterization is given of when a twisted group

ring relative to an automorphism of an arbitrary field has all

of its simple right modules injective (= a right ^-ring). This

answers a question raised by Osofsky. A "Hilbert Theorem 90"

type theorem determines the cardinality of the isomorphism

classes of one-dimensional simple modules.

The question of the existence of integral domains, not fields, having

the property that every simple right module is injective was first raised

by Faith [3, Problem IT, p. 130]. Any ring with the property that all

simple right modules are injective is called a right V-ring. The first

examples of Cozzens [J] of such right K-domains were differential

polynomial rings over (Kolchin) universal differential fields, and

analogous examples were certain twisted polynomial rings with respect to

certain automorphisms over fields. All these domains (including those of

Cozzens and Johnson [2]) possessed, however, a unique simple right

/?-module, and the question naturally arose whether or not there existed

right ^-domains with a specified number of simple right modules. This

question remains open even today, although Osofsky [7] showed that there

exist right K-domains with infinitely many'simple right modules. Inasmuch

as these examples were twisted polynomial rings over fields of finite

characteristic (where one might expect some pathology), the question arises

to what extent such examples are generally possible.

The main theorem generalizes Osofsky's examples to fields of arbitrary
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12 John H. Cozzens

characteristic, and, moreover, for more general types of automorphisms

(dispensing with the requirement of Osofsky that the automorphism a be

Frobenius in the sense that a(.a) = <r for all a ). Moreover, by-

developing certain rather obvious functorial isomorphisms for the modules

over the twisted group ring (which are trivial generalizations of those for

ordinary group rings), we are able to obtain our examples conceptually, and

co-incidentally, much more briefly than heretofore.

In doing this we completely solve a question raised by Osofsky [7]:

In the case of differential polynomials, Cozzens in his thesis

characterizes the situation when all simple modules are

infective and isomorphic. It seems much more difficult to get a

nice description for tuisted polynomials. The problem is that

We completely solve this problem, as we stated, functorially, (Theorem

l ) , and, moreover, (Theorem 2) determine the cardinality of isomorphism

classes of one-dimensional simple modules over the twisted group ring:

(the twisted analog of Hilbert's "Theorem 90").

1. The ring LQ(R)

Let R be a ring and G a group acting on R . Recall that the

twisted group ring LAR) over R can be defined as follows:

where R(G) is the ordinary group ring. Multiplication in £/?(^) is

induced by the relations

aa = a(a)a , a (. G , a € R ;

(here a(a) represents the group action of a (. G on a € R J .

It is well known that for G = ( p > (the infinite cyclic group

generated by p ), LA.R) = L (R) is a simple pli-(pri-Jdomain whenever

R is a field and p is an automorphism of if having infinite period

, p. 38 and [5] p. 211). Moreover, in this case, each left (right)
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ideal of £_(#) c a n b e generated by an element a € L (R) having the form

a = \ a .p . Since a fixed R and G will be assumed during the
i=0 %

ensuing discussion, we shall replace the symbol LAR) with L .

Let M f L-mod , the category of a l l unital left L-modules and let R

be commutative. Note that if we denote the L action of O on m i M by

o(m) , we obtain for each a (. G an additive homomorphism of M

satisfying a(am) = o(a)o(m) for a l l m € M , a f R . Using these

observations, i t is quite easy to define an L action on homn(Af, N) and
n

M ®D N whenever M, N f £-mod .
n

homjM, N) : for / € homjM, N) , I a a € L , define

}; aoo ° /(m) = I a0o(f(o~1(m))) , m S M .
0 0

M 1^ N : for [ m ^ S n ^ e A / ^ i V , £ a a 0 € L , def ine
i 0

£ a 0 o I m ® „ = I aa{a{mi) ® o [ n . ) ) .
a i a,i

One readily verifies that the above definitions actually endow

hom,,(W, iV) and M ®_ N with the structure of an L-module. Moreover,
n ti

this L action induces an L action on ext?(W, N) and tor {M, N) for
H p

al l p > 0 .

DEFINITION. For M € I-mod , the set

I(M) = {m i M \ o(m) = m, a € G} will be called the G-invariant subset of

M . Other notation, M .

REMARK. In general, I(M) is not an L-submodule of M , merely an

I(L) submodule of M .

The proofs of the following propositions are, for the most part,

routine, and will therefore be omitted.

PROPOSITION 1. Let M, N (. L-mod . Then
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l[homR{M, N)) = homL(M, N) .

R is naturally a left L-module, the L action the obvious one,

namely, for all a = £ a a € L , r i R ,
a

a ° r = 1 a o(r) .
a

We sha l l always denote th i s L-module by Ji .

COROLLARY 1 . For M € i-mod , I{M) = homAR, M) .

Thus J is a left exact functor and i ts p-th right derived functor

R^I is given by

[lfl)M = extP
L(R, M) .

PROPOSITION 2. For all M, N, P € L-mod , the natural isomorphism

homR[M®E N, P) % homR{M, homff(iV, P))

is L-linear.

COROLLARY 2. hom^M®^ N, P) % homL[M, homi?(^/, P)) .

COROLLARY 3 . If M € L-mod is left R-flat, and N € L-mod is L

injective, then hom^(M, N) is L-injeetive.

PROPOSITION 3. For M i L-mod , M R-reflexive, the natural

isomorphism

M % honiff(homff(W, R), R] = M**

is in fact an isomorphism of L-modules. ty is of course defined by

*(m)[f] = f(m) for all f i homR{M, R) , m d M .

2. v-rings

Throughout this section, we shall assume that R = k is a field, p

is an automorphism of k having infinite period, and G = <p> . By a

linear difference equation in p over k we mean an equation of the form
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(•) I a.pz(x) = b , a., b I k .
i=0 v

If (*) contains at least two terms and b = 0 , the equation i s said

to be homogeneous.

DEFINITION. A ring R i s said to be a ( le f t ) V-ring in case each

simple l e f t i?-module is inject ive.

THEOREM 1 . The following are equivalent:

(1) L is a V-ring;

(2) Tk is injective;

(3) each linear difference equation in p over k has a

solution in k .

Moreover, L has a unique simple L module iff each homogeneous

linear difference equation has a non-trivial solution in k .

Proof ( l ) =* (2). This i s clear since Tk is obviously simple.
Li

n
(2) *** (3). Let I a.p (x) = b be an arbitrary linear-difference

i=0

equation and set a = \ a.p . The map f : La •* k defined by a •* b
i=0 %

is obviously L-linear. By injectivity of rk , f extends to L . f(l)
Li

is the desired solution.

(3) ** ( l ) . We shal l show that each M € L-mod satisfying dimJtf < °°
K.

is injective which clearly implies the desired result. By Proposition 3,

M ^ M** as L modules. Since ,M* is clearly flat and jk injective,

horn, {M*, k) = M** is injective in L-mod .

To show that Tk is unique, it suffices to show that
L

homAL/Ld, k) t 0u

n
for a l l d i L , d = \ a-p , s i nce each l e f t i d e a l of L can be

t=0 V
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generated by an element of this form. Consider the homogeneous difference
equation

I a.pi(x) = 0
i=0 v

and let a be a non-trivial solution. Clearly, the map

/ : L/Ld + k

defined by l+Ld •*• I'd is L-linear and nonzero.

n
Conversely, if J< is unique and J a .p (x) =0 is an arbitrary

i=0

n
homogeneous d i f f e r e n c e e q u a t i o n , s e t d = Y a . p and l e t

i=0 %

f : L/Ld + k

be nonzero (/ exists since Ji is necessarily an injective oogenerator).

If f(l+Ld) = a t 0 , d(a) = 0 and hence, we have found the desired non-

trivial solution to d(x) = 0 .

REMARK I. We have actually shown that each cyclic L-module, not

isomorphic to L , is injective since these are all clearly finite-

dimensional over k .

REMARK 2. It is interesting to note that Johnson has established

identical theorems for the ring of linear differential operators, thus

attesting to the similarity of these rings at the homological level ([7],

[2], and [6]).

3. The one-dimensional case

For s implici ty , we s h a l l continue to assume throughout th i s section

that B = k i s a f ie ld , p is an automorphism of k and that G = (p > .

Let S(l) denote the se t of a l l isomorphism classes of one-

dimensional (k-dimension, that i s ) , L-modules. If M is one-

dimensional, (M) w i l l denote the class of M in S(l) . For M, M' and

M" a l l one-dimensional, M <3V M' i s an L-module, and clearly

dim, [M ®J, M'j = 1 . Moreover, i t i s quite easy to show that
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M<&M'%M'®M and (M ® M') ® M" % M ® {M' ® M") a s L-modules ( o f

course the L-actlon i s t ha t defined in Section 1 ) .

Since (k) £ S( l ) and k ®, M % M in L-mod , the operat ion

(M) o (M1) = [M ®J, M') on S( l ) is commutative, a s s o c i a t i v e , and has

i d e n t i t y {k) . Thus, ( S ( l ) , o) i s a commutative monoid. More can be

sa id :

PROPOSITION 4. For M (. i-mod „ M* = homfc(W, k) 3

M* ®, M % horn, {M, M) as L-modules where <f> i s defined by

<j>(/® m)[m'] = f{m')m

for all f d M* , m, m' i M .

It follows immediately from Proposition h that (S(l) , o) is in fact,

a group if (W)"1 is defined to be (M*) .

THEOREM 2. Let k* be the multiplicative group of units of the

field k and define 4> : k* •* k* by <j>(a) = a" p(a) . Then

Proof. Let (M) € S(l) and m £ M . Then p(m) = a(m)m for a

unique a(m) € k . Since M = km for some m t M ,

= p(g)p(m) = p(B)a(m)m .

Thus, a(8m) = a(m) mod im(f> . Hence, the correspondence (M) •—»• a(m)im({i

i s a map I|I : S ( l ) -»• k*/im($> . The v e r i f i c a t i o n s t h a t 4> i s a su r j ec t ive

group homomorphism are rout ine and w i l l be l e f t t o the reader .

In j ec t i v i t y of iji . Suppose (A/) (. S ( l ) , M = km and

a(m)im<j> = ^((Af)) = C p(C) for some £ € k . By the above, for each

m t M , a(m ) = g~ p(6) for some 6 € k . Since p(m) can be wr i t t en

in the form BpCB)"1^ (B = C"1) , we see tha t the map M •* k defined by

B"? '—*• 1 i s an £ - l i nea r isomorphism, implying tha t (W) = (k) .

4. Applications

Let k be a field of characteris t ic p and p : k •* k be defined by
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18 John H. Cozzens

p(a) = oP for a l l a € k .

Set G = < p > and L = £/j(&) • In this context, l inear difference

equations are polynomials of the form

n i
(xx) I a.1F , a. Z k .

i=0 v v

By Theorem 1, i f each polynomial of the form

n i
I a.F = b , a.rb ik ,

t=0 v

has a root in k , then L i s a K-ring. This i s precisely Proposition 9

of [7] which of course implies Proposition 8 of the same paper. Moreover,

in order to have a unique simple £-module, each polynomial of type (xx)

containing at l eas t two terms must have a non-tr ivial root in k . Osofsky

[7] exhibited a f ie ld k where (l) of Theorem 1 is sa t is f ied but where Ji

i s not unique.
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