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The Convolution Sum
Zm<n/16 o(m)o(n — 16m)

Ayse Alaca, Saban Alaca, and Kenneth S. Williams

Abstract. The convolutionsum ), . /16 o(m)o(n — 16m) is evaluated for all n € N. This evaluation

is used to determine the number of representations of by the quadratic form x? + x% + x% +x2+4x2+
4xé +4x2 + 4x§.
1 Introduction

Let N denote the set of natural numbers and let Ny = N U {0}. Let Z denote the set
of all integers. For n € N and k € N we set

ox(n) = d,

dln

where d runs through the positive integers dividing n. If n ¢ N, we set o¢(n) = 0.
We write o(n) for o1(n). Let R and C denote the fields of real and complex numbers
respectively. In [10] the third author showed that

(1.1) m%:/sa(m)a(n—slﬂ):lé—zas(n)+6i403(g)+1—160—3( )

ol3) (- e+ (- 3)o(3) - s

where ¢g(n) (n € N) are integers defined by

A~

(o ] o0
(1.2) a[J-a)' (1 -a")" = amq’, qeClq <1.
n=1 n=1

We note that ¢g(1) = 1 and ¢g(2n) = 0, n € N. In this paper we evaluate the
convolution sum
Z o(m)o(n — 16m)

m<n/16
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for all n € N. In order to do this, it is convenient to define, for k € {1,

andge G |q| < 1,

(1.3) Ai(q) H(l + g0 — i - q4"_2)16_2k.
It is easy to show that
(1.4) Ar(—q) = Ag_(q).
Next we define rational numbers ci4(n) (n € N) by
(15) ) as(n)g" = —Al(q) * Az(q) +5 Aa(q)
n=1
1 3
— 354500 — {5 46(@) —

so that c16(1) = 1, ¢16(2) = 12/7, ¢16(3) = 4/7, c16(4) = 0, c16(5) =

—48/7, etc. In Section 2 we show that
(1.6) 7ci6(n) €Z, n €N,

and prove the following result.

Theorem 1.1 For alln € N we have

Z o(m)o(n — 16m) =

m<n/16

720 + 3503 (3) + g5 (5)
e Lo (™ Lo ("
73 2567°\2) T6a?\ 4

*590(56) * (3= a) o+ (- 3)o()

768

2,3,4,5,6,7}

7(@)

=2, c16(6) =

1 n
()
16 8

- L cig(n).

256

As an application of Theorem 1.1, we prove the following result in Section 3.

Theorem 1.2 For all n € N the number N(n) of (x1,...,xs
n :xf +x§ +x§ +x?l +4x§ +4x§ +4x§ +4x§

is given by

) € 78 such that

N(n) = 03(n)+303<§> —6803(2) +4803(§) +256a3<%) + 7er6(n).
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2 Proof of Theorem 1.1
For z € Cwith |z| < 1 we set

© (1 1 n
(2.1) W(Z)ZZFI(%,%;BZ) :Z (2)(;1)(2)11%7
n=0 n .

where , F) is the Gaussian hypergeometric function and (a),, is the Pochhammer sym-
bol, see for example [4, p. 247], [8, p. 45]. Clearly w(0) = 1. The infinite series (2.1)
diverges at z = 1 [4, p. 249], so that w(1) = +o00. Forx € Rwith 0 < x < 1, we have

oo
2n?
w(x) =1+ Z atagn ™ =1
n=1 """

so that
(2.2) w(x) 20,0 <x< 1.

The derivative with respect to x of the function

(1 —x)

y(x) == ﬂ-Ww(x) , 0<x<1,

is [1, p. 87]

(2.3) y'(x) = m 0<x<1.

Thus, by (2.2) and (2.3), we have y’(x) < 0, 0 < x < 1. Hence, as x increases from
0 to 1, y(x) strictly decreases from y(0) = W% =4ooto y(1) = 71'% = 0. Now
restrict g so thatg € Rand 0 < g < 1. Thus 0 < —logq < +o0o. Hence there is
a unique value of x between 0 and 1 such that y(x) = —loggq. The Eisenstein series

L(g) and M(q) are defined by

(2.4) L(q):=1-24) o(n)q",
n=1

(2.5) M(q) =1+ 240203(n)q”.
n=1

The discriminant function A(q) is defined by

A(q) == qH(l — q”)“.

n=1
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It is proved in [2] that

(2.6) L(g) = (1 — 50)w* + 12x(1 — x)wd—w,
dx
(2.7) M(q) = (1 + 14x + x*)w?,

x(1 — x)*w!?
(2.8) Alg = 2
Applying the duplication principle [2, p. 125],

2 (1—\/1—x)2 w (1+\/1—x)w
— — | —— — | —
q q7 1+ /1_x Y )

2

to (2.6), (2.7) and (2.8), we obtain
) ) dw
(2.9) L(g") = (1 — 2x)w” + 6x(1 — x)wg,

(2.10) M(qz) =(1- x+x2)w4,

x2(1 _ x)ZWIZ

(2.11) Alg) = ——;

Formulae (2.9) and (2.10) are given in [2, p. 122, p. 126]. Applying the duplication
principle to (2.9), (2.10) and (2.11), we obtain

(2.12) L(q") = (1 - —x) w? 4 3x(1 — x)wjz:
(2.13) M(q (1—x+—x)w47

1— 12
(2.14) Algh == A S Gx)w

Applying the duplication principle to (2.12) and (2.13), we have

5 11 3 3 d
(2.15) L(qs) = (g - Ex+§ l—x) w2+—x(1—x)wd—:,
(2.16) M( s)_(ﬂ_ﬂ F e oAz ——x\/l—x)
' =52 "32"" 256" "
Applying the duplication principle again, this time to (2.15) and (2.16), we obtain
11 23 9 3
2.17 L16:(——— +—V1—x+—(1—x)
217) W=\ " V! !

dw

30 3/4) 2230 — o™
+16(1 x) W+4x(1 x)wdx,
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137 137 1 135
218) M@ = (g~ et e e VI
512 512 ' 4096 | 512
135 15 105
_ VI x+ (1= = 2x(1 — x4
1024 sl =¥ 51270~

15 15
+ (1 —x)* — ——x(1 — x)3/4> wh
64 512
From (2.7), (2.10) and (2.13) we obtain

16

1 2

2.19 Y= _M(g) — =M(q4? M(q*

(2.19) wh= 1oM(q) — =M(q) + o M(q),
1 1

2.20 A= —M(g) — —M(g?

(2.20) w' = (9) T (q),
16 16

2.21 2wt = =M(q%) — —=M(q").

(2.21) W= oo (q7) T (q%)

Next, for k € {1,2,3,4,5,6,7}, we see from (2.8), (2.11) and (2.14) that
AT AT Ag) T = (1 - 0Mwt = Alwt,
where for convenience we have set
(2.22) A=(1-x)""
Note that x = 1 — A*. Further

20—3k

Alg) T AP T AlgHT

_ H(l o qn)4k716(1 . q2n)4076k(1 . q4n)2k716
n=1

— H(l _ qn)4k—16(1 _ q2n)24—4k(1 _ q4n—2)16—2k
n=1

— ﬁ(l _ qn)4k716(1 o qn)2474k(1 + qn)2474k(1 o q4n72)1672k

n=1

_ 10_0[(1 +qn)24—4k(1 _ qn)S(l _ q4n—2)16—2k.
n=1

Hence
(229 Axl) = Ahw' = Alg)'T AT AGH T

From (2.6) and (2.17) we obtain

9 3 9
(2.24) L(q) — 16L(¢") = (_E +ix—3A— AT 3A3) w?,
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Squaring (2.24), we obtain

117 9 45
(2.25) (L(q) — 16L(g"%))* = 3 —wh — 455wt + 1—6x wh+ 7Aw
+ EAZW‘} 99A3 4 @AS 4 63A6 4 2A7W4.
4 2 2 2
Appealing to (2.19), (2.20), (2.21) and (2.25), we obtain
9 21 309 45
(2:26) (L(q) = 16L(q")* = ;5M(g) = = M(q") + —=M(q") + —-Aw'
171 99 63 63 9
+ AW+ AW AW AW+ ZATw
4 2 2 4 2
From (2.16), (2.19), (2.20), (2.21) and (2.22), we deduce
15
(2.27) M(qs):——M(q) M(q )+ g A2 AW
From (2.18), (2.19), (2.20), (2.21), (2.22), (2.23) we obtain
9 15 135
228) M(Q') = ———M(q%) + - M(q") + > Aw* + 2 p2y8
( ) (q ) 512 (q ) 256 (q ) 512 W 1024
105 105 135 15
+ — At AW+ At —— ATt
512 512 1024 512
From (1.5) and (2.23) we have
> 1 3 1
2.29 "= —Awt + A%t — AW
(2:29) ;C“(")q T It Y Tt
— iASW4 — iA6W4 — LA7W4.
32 112 224
Then, from (2.27), (2.28) and (2.29), we deduce
24 1152
(230) TM(g) — —=-M(q") - 5042 ci6(n)q"
> n=1
45 171 99 63 63 9
— AW+ APt AW AW AW ZAT W
2 4 2 2 4 2

We see from (2.26) and (2.30) that
(231) (L)~ 16L(g")° = ~M(q) — T M(q") + >3 M(g")

24 1152 >
+ ?M(qg) — TM(qlﬁ) — 504; ce(n)q".
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Then
576 Y oltmo(n—16myq" = (243 o(Dq') (243 o (mq")
n=1 m<n/16 =1 m=1
=1-L(g) — L(¢"°) + L(q)L(q"),
so that
> 1
2. — n_ -~ - 16
(232) Y > olmoln—16m4q" = — = —L@) = L")
n=1 m<n/16
2y 1642 161) 2
—18432 L(q)* + 2L(q )~ a3 (L(q) — 16L(q"%))".
The following result is classical
(2.33) L(g) =1+ (24005(n) — 288n0(n))q",
n=1

see for example [5,6]. Letting ¢ — ¢'® in (2.4) and (2.33), we obtain

o0
2.34 Lg% =124 (ﬁ) "
(234) (4") Zl (1)1
2.35 Lg% =1 (240 (ﬁ)—ls (”))
(2.35) (@) =1+ ; 75 ( ¢ no(¢))d"
Putting (2.4), (2.31), (2.33) and (2.34) into (2.32), we obtain, on equating the coeffi-
cients of ", the asserted formula of Theorem 1.1. ]

By Theorem 1.1 we have

1 n n n 256 n
7C16(1’Z): 503(”)4’0’3(5) +4O’3(4) +160’3(§) TO’3(E)

(2 an)ots (2 - oan)o( )

— 256 Z o(m)o(n — 16m)
m<n/16
! 1 n 1 n q1
= 503(71) a(n) + 303( 16) — go(ﬁ) (mod 1).

As 03(k) = o(k) (mod 3), k € N, we deduce (1.6). Replacing n by 2n in Theo-
rem 1.1, and making use of the elementary identities

(2.36) o (2k) = 30(k) — 20( g) . keN,

(2.37) o3(2k) = 905 (k) — 803(%) . keN,
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we obtain

(2.38) Z o(m)o(2n — 16m)

m<n/8
9 () 5 (n)+l (n)+1 (n)
= —03(n) — —o3( = —o3| — —o3( =
7687 768 °\2) " 64 °\4) " 16\ 38
1 n 1 3n
+—0'3(—) +(———)U(n)
3 16 8 32
1 n n 1 n n 7
(5 2)e(2) + (- DelE) - o
12 16 2 24 2 8 256
Next, by (2.36) we have

Z oc(m)o(2n — 16m) =3 Z o(m)o(n — 8m) — 2 Z a(m)a(g — 4m) .

m<n/8 m<n/8 m<n/8

By [7, Theorem 4], we have

(2.39) m;:/4a(m)a(n — 4m) = 4—1803(;1) + (i - 1) o(n)

1 n 1 n 1 n n
el i)+ Ge- o)
16 2 3 4 24 4 4

Appealing to (1.1), (1.2), and (2.39) with n replaced by /2, we obtain

(2.40)
5 etmton = tem) = o+ o (5) + o () 5 (§)

(53270 (5~ 1) ()
3

Equating (2.38) and (2.40), we obtain

Corollary 2.1  c15(2n) = 2¢5(n), n € N.

By Corollary 2.1, we see that ¢j¢(4n) = 1—72c8(2n) = 0, n € N. Appealing to (1.4)
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and (1.5), we obtain

> csn)g” = —( Z cig(mg" +Y cle(n)(—q)”)
n=1 n=1 n=1
= (0@ + 1540 + 55450
1 3 1
- 3—2A5(11) - EAG(q) - ﬂAﬂQ)

SA@)+ 7A@ + 5 As(a)

1 3 1
- 554 — 540 - 357419

= ﬁ(A 1(q) — As(q) — As(q) + A7 (q)).

Hence, by Corollary 2.1, we have

(2.41) Al(g) — As(q) — As(q) + Ar(q) = 128 cs(m)g™.

n=1
Using (1.2) and (1.3) in (2.41), we obtain the following identity.
Corollary 2.2

H(l +q”)20(1 _ qn)S(l _ q4n72)14 _ H(l _I_qn)lZ(l _ qn)S(l _ q4n72)10

n=1 n=1

~TTa+av'a-g*a-g= +T[a+g)*a—g)*a —g" 2’

O n 4 n 4
=128¢ [Ja—q") (1 —¢")"
n=1
From [7, Lemma] we have

Z o(m)o(n — 16m) = — i@(n) + 103(£) + io(n) B Eo( n )

4 16 24 4 16
m<n/16
X ae Y w
— a — ao.
4 4
(a,bx,y)EN* (a,b.x,y)EN*
ax+by=n ax+by=n
x=—y (mod 16) x=y (mod 16)

https://doi.org/10.4153/CMB-2008-001-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2008-001-1

12 A. Alaca, S. Alaca, and K. S. Williams

Combining this result with Theorem 1.1, we obtain the following finite formula
for ci6(n) (n € N).

Corollary 2.3
() 11 ()+1 (n)+4 (n)+16 (n)+64 (n)
cs(n) = —o3(n) + —o3| = —o3( — —o3| = —o3| —
10 7°° 7°\2) " 77°\4) " 77\s) " 21 °\16
4 32 n 64 64
- = +—0| —) — — b— — b.
7o) 210(16) 7 >, 7 >, @
(a,bx,y)EN* (a,bx,y)EN*
ax+by=n ax+by=n
x=—y (mod 16) x=y (mod 16)

3 Proof of Theorem 1.2

For | € Ny we set r4(I) = card{(x;,x;,x3,%4) € Z* | x} + x3 + x5 + x; = I}, so that
r4(0) = 1. It is a classical result of Jacobi (see for example [9]) that

n
3.1 =85 " d=80(n) — 32 (—) €N.
(3.1) ra(n) dZ o(n) =320( 1), n
44d
Then the number N(#) of representations of n € N by the quadratic form
XT 40 x5+ xg + 42+ 4xg + 4o + dxg

is given by

N = 37 ralram) = r(m +ra( 5) + D7 ratmra(n — 4m).
g L’ZE/NA];

Appealing to (3.1), we obtain

N(n) = 80(m) —320( %) +80(5) —320( 1)

Y (80(m)—320(%)) (SU(n—4m)—3zU(Z —m))

m<n/4

Thus

N(n)—(Sa(n) — 240(2) _ 320(%))
—64 Y o(m)aln—dm)—256 Y a(%) o(n — 4m)

m<n/4 m<n/4

— 256 Z o(m)o(g—m) +1024 Z o(%)o(g—m).

m<n/4 m<n/4
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The value of the first sum is given in (2.39). The second sum is

Z 0( %) o(ln—4m) = Z o(m)o(n — 16m),
m<n/4 m<n/16
whose value is given in Theorem 1.1. The third sum is

> atmo(§=m) = 5on(5) + (55 - 5) ().

m<n/4

see [3,7]. The fourth sum is (by (2.39))

5 o(2)o(5m) = 5 conn(} -am)

m<n/4 m<n/16

1 n 1 n 1 n
=357(3) *%7(5) *59(5%)
48 4 16 8 3 16
1 n n 1 n n
(22 G ()
24 64 4 24 16 16
Putting these results together we obtain the assertion of Theorem 1.2. [ |

The values of N(n) forn = 1,2, ..., 20 are given in the following table.

n | N(n) | o3(n) | cig(n) o3(n) + 305(n/2) — 6803(n/4)
+4803(n/8) + 25603(n/16) + 7c16(n)
1 8 1 1 8
2 24 9 12/7 24
3 32 28 4/7 32
4 32 73 0 32
5 112 126 -2 112
6 288 252 —48/7 288
7 320 344 —24/7 320
8 240 585 0 240
9 680 757 —11 680
10 | 1488 1134 —24/7 1488
11 | 1376 1332 44/7 1376
12 896 2044 0 896
13 | 2352 | 2198 22 2352
14 | 4416 | 3096 288/7 4416
15 | 3520 | 3528 —8/7 3520
16 | 2160 | 4681 0 2160
17 | 5264 | 4914 50 5264
18 | 8952 | 6813 —132/7 8952
19 | 6816 | 6860 —44/7 6816
20 | 4032 | 9198 0 4032

We conclude by remarking that the table suggests that c;6(4k + 1) € Z for k € Np.
We have verified this for 0 < k < 100.
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