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Abstract

A train travels from one station to the next along a level track. The journey must be
completed within a given time and it is desirable to minimise the energy required to
drive the train. It has been shown with an appropriate formulation of the problem
that an optimal strategy exists and that this strategy must satisfy a Pontryagin type
criterion. In this paper the Pontryagin principle will be used to find the nature of
the optimal strategy and this information will then be used to determine the precise
optimal strategy.

1. Introduction

In 1977-78 Milroy [6] considered the problem of driving a train from one
station to the next along a level track within a given allowable time in such
a way that energy consumption is minimised. He formulated the problem as
follows: Minimise the energy consumption

T
H(u,v) = / u, ()2 dt
0
subject to the differential equation

V(1) = u(t) - rlv(1)]

with boundary conditions v(0) = v(T) = 0 and subject to the equality con-
straint

T
/ v(t)dt=L
0
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and the inequality constraint |u(¢)] < 1. In this formulation T is the given
time allowed for the journel and L is the distance between the two stations,
u(t) is the acceleration applied to the train, v(¢) is the velocity and r[v(?)] is
the frictional resistance. It is assumed that a maximum applied acceleration
is specified and that only positive acceleration consumes energy. Thus the
cost functional contains the term

us(t) = [u(®) + [u(1))/2

which is the positive part of u(¢). By applying the Pontryagin maximum
principle Milroy obtained a basic velocity profile which he has suggested as
an optimal strategy. This conjecture has been supported by more recent work
of Tyler [7] and Kautsky et al [4] and by subsequent practical tests. However
because he did not specify vector spaces for the various functions involved
it was not possible for Milroy to justify his solution. In two previous papers
Howlett [2] and [3] it was shown that when the problem is formulated in an
appropriate function space an optimal strategy exists and the strategy does
indeed satisfy a Pontryagin type criterion. The books by Yosida [8] and Lu-
enberger [5] are suggested as useful references for the underlying functional
analysis in these two papers and the methods of Craven [1] form a basis for
the derivation of necessary conditions on an optimal strategy. In this paper
the Pontryagin principle will be used to find the nature of the optimal strat-
egy and this information will then be used to determine the precise optimal
strategy. The problem will then be reformulated using only control strategies
of optimal type and the simplified problem will be solved to show that each
possible strategy is determined by a single real number parameter. A precise
optimal strategy can now be found. In his original paper Milroy did not
obtain a complete determination of the solution. Finally it should be noted
that the cost functional used in this paper is more general than the cost func-
tional used in the original formulation and consequently the optimal strategy
is more complex.

2. Formulation of the train control problem

Let & denote the set of all real valued Borel measurable functions on
the interval [0, T). We consider two basic subsets of % and the associated
Banach spaces. Z is the subset of all essentially bounded functions. If we
define a norm on this subset by the formula

[[4]lco = €sS. sup |u(?)]
t€l0,T}
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then U = (Z,|| - lo) = L°°([0, T']) is a Banach space. 7" is the subset of
all essentially Lipschitz functions and for these functions a suitable norm is
given by [|[v]| = J|vlleo + [|v’lleo. In this case ¥V = (7, - {|) = CON[0, T)) is
also a Banach space. It is convenient to introduce the subset

7o = {v|v e 7 with v(0) = v(T) = 0}

and the subspace Vo = (24, - ||) which is again a Banach space. We will
define a real valued cost functional J on % x 7~ by the formula

T
J(u,v) = /0 plu(t)lalv(H)]dt

where p: R — R and ¢: R — R are functions with the following properties.
The function p is convex and piecewise linear and such that p(u) = 0 when
u <0 and p(u) > 0 when u > 0. More precisely we will assume that there
exist points 0 = ) < uy < --- < u, = 1 such that

0 (<0
p(u)=1 ajlu—uj)+b; (uj<u<ujy)
where 0 < g, < @ < -+ < ap, by = 0 and bj,y = a;(ujs1 — u;) + b; for
j=1,2,...,n—1. The function g is continuously differentiable with g(0) = 0
and g(v) strictly increasing when v > 0. We will need some additional
assumptions on p and q and these will be introduced in the next section. For

the moment we observe that we wish to minimise J(u,v) over all u € # and
v € 7, subject to certain constraints. The first has the form

T
/ v(O)dt =L
0
and the second has the form

v'(8) = u(?) — r{v(t)]

where the resistance function 7: R — R is a function with r(0) = 0, r(v)
strictly increasing for v > 0 and with r(v) | rg > 0 when v | 0. We will also
assume that there is a continuously differentiable function 7: R — R with
7(v) = r(v) when v > 0. There are also two inequality constraints which
must be observed. Firstly we need |u(¢)] < 1 and secondly v(¢) > 0. It is now
possible to specify the problem precisely. Minimise the cost functional

T
J(u,v) = /0 plu(t)glv (0] dt
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over all (¥,v) € Z x % subject to the equality constraints v'(f) = u(t)—r[v(¢)]
and foTv(t) dt = L and the inequality constraints |u(t)] < 1 and v(¢) > 0.

3. The nature of the optimal strategy

We mentioned earlier that additional assumptions on p and ¢ would be
introduced. To this purpose we define functions p;: R — R for each j =
1,2,...,n by setting p;(v) = aj[r(v) — u;] + b; and if we use the notation
(pjq)(v) to denote the product p;(v)q(v) then we will assume that (p,q)(v)
and (p,q)(v) are strictly convex. It is now easy to establish that (p;q)(v) is
strictly convex for each j = 1,2,...,n. With these additional assumptions
we can now show that the adjoint differential equation

&'(2) ~ r'[vo(D)E(t) = tolue(t)ld'[vo()] + 0 — w'(2) (1)
and the Hamiltonian function
h(u, t) = tp(u)qlvo(t)] + avo(?) + S(){rlvo(£)] — u} (2)

can be used to determine the nature of the optimal journey. In this context
T €R and o € R are adjoint variables and w: R — R and ¢: R — R are func-
tions used for the representation of adjoint variables by appropriate integrals.
The function vy(t) is the optimal velocity of the train and the function ug(¢)
is the optimal applied acceleration.

From the previous paper [3] we know that the optimal acceleration uy can
be obtained by minimising A(u,t) over all u € I = [—1, 1]. We must therefore
obtain one of the following basic situations.

(Ty1): taj—19[vo(8)] — &(¢) < 0 and ta;q[ve(t)] — &(t) > 0, in which case

h(uj, t) = mei}lh(u, 1.
u
(T2): ajq[vo(t)] - &(¢) = 0, in which case
h(u*,t) = rzg;lh(u, t),
for all u*e[u;,u;.1].
(T3): &(¢) =0, in which case
h(u®, 1) = glel;lh(u, 1),
for all u*e[-1,0].
(T4): &(1) <0, in which case
h(-1,1) = Tel?h(u, t).
We will now state several results which allow us to develop the overall

structure of the optimal journey. For convenience we will state them as a
sequence of lemmas with only brief notes about the method of proof.
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LEMMA 3.1. Ifve(t) > O for allt € (t,,t;) then w(t) is constant in this interval.

PRroOOF. From the Fritz-John conditions (FJ) in [3] we know that v*(vg) = 0,
i.e. fIO,Tl vo(t)w(dt) = 0 where w(t) is increasing and where the integral is a
Radon integral (see Howlett [3] and Yosida [8]). This condition derives from
the requirement vo(¢) > 0. Now it follows that

0= f vo(tyw(dt)
[0,T})

> /U gy TOW(ED
> e[w(tz — 8) — w(ty + 0)]

(some ¢ > 0). Since w(¢) is increasing it must be constant.

LEMMA 3.2. If ta;_1q[vo(t)] - &(t) < O and tajqve(t)) — &(t) > O for all
t € (t1,t2) and if ug(ty) = uj > r{ve(ty)] then uo(t) = uj > r{vo(t)] for all
t e, )

PROOF. Suppose there is some value ¢3 € (¢, £2] with u; = r[ve(t3)]. For each
t € (4),t3) we have

vo(1)
t=t1+/ {1/[uj — r(v)]} dv.

o(f1)
But from the mean value theorem we can find ¢, with v < ¢, < vo(t3) such
that r[ve(23)] — r(v) = r'(cy)[ve(3) — v] and hence

vo(?)
t>t1+s/0 {1/[vo(t3) — v} dv,

o(t1)
where ¢ > 0 is a lower bound for 1/r/(v) on the interval [vo(t;), vo(t3)]
Clearly the RHS approaches infinity as ¢ T #3. Thus ¢3 cannot be finite.

LeEMMA 3.3. If tajqvo(t)]1—&(t) = 0 for all t € (t),t) then vy(t) = vo(2,) and
uo(t) = r{vo(ty)] for all such t. This situation can only arise if u; < r[vg(t;)] <
uj+].
Proor. Since 1a;q[vo(2)] — &(t) = 0 it follows that
ta;q’[vo(t)uo(2) — &' (1) = 0.
Using the adjoint equation and Lemma 3.1 this condition becomes
©(p;q)'[vo()] + 0 = 0,

and since (p;q)(v) is strictly convex there is at most one value (say V) such
that 1(p;q)'(V)+ o = 0. Thus vo(¢t) = V for all ¢ € (1), £2).

https://doi.org/10.1017/50334270000006780 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000006780

(6] An optimal strategy for the control of a train 459

LEMMA 3.4. If taj_1q[vo(t)] — &(2) < 0 and ta;q[vg(t)] — &(t) > 0 for all t €
(t1,t2) and if ug(t) = u; > r{ve(t1)] then it is not possible to have ta;q[vo(t)] —
E(t)y=0forallt € (ty,13).

PrROOF. Suppose the contrary. From Lemma 3.2 we have u; > r[vo(f;)] and
from Lemma 3.3 we have u; < r[vg(¢2)] which is a contradiction.

LEMMA 3.5. If ta;j_1q[vo(2)] — &(t) < O and ta;qlve(t)} — &(¢) > O for all
t € (4, t2) and if ug(t) = u; > r{ve(t1)] on this interval then it is not possible
to have ta;q[vo(t)] — £(t) < 0 and aj 19[vo(2)] — &(t) > O for all t € (1, t3).

ProoOF. Suppose the contrary. From Lemma 3.2 it is clear that u; > r{vy(22)]
and since u;;+; > u; > r[vp(f2)] it is also clear that u;., > r[vp(t3)). Thus
vo(?) increases on (¢, t3). We also know that ta;q[vo(?)] — £(¢) is positive on
(21, t2) and negative on (¢, ¢3). Thus for all ¢ € (¢,,¢3) we have

ta;q'[vo(8)]vg(t) — &'(1) < (=1){z(p;q) [vo(t)] + o}
< (=D){z(pjq)'[vo(t2)] + o}
= 1a;q'[vo(t2)vp(t2) — &' (t2),

since ta;q[vo(t2)] —&(22) = 0. Now we know that ta;g[vo(¢)]—&(¢) is decreas-
ing at t = f; and hence

ta;q'[vo(t2)]vo(t2) ~ &'(12) < 0.

Thus we have shown that 7a;q[vo(?)] — £(¢) is negative and decreasing
throughout the interval (z;,#3). Let us suppose that the optimal strategy
changes at ¢ = t3. From Lemma 3.4 we can see that it is not possible to
have za;,q[vo(2)] — &(f) = O for all ¢t € (#3,44) and so the only possible
change would require ta;,g[vo(?)] — £(f) < O on (¢3,24). A continuation of
this argument will show that such a journey can never terminate.

Although the above results do not constitute a complete determination of
the overall structure of the optimal journey they do indicate the methods that
must be used. For example Lemma 3.2 shows us that when condition (T1)
is valid on a time interval [¢, #;] and if the optimal acceleration uy(t) = u;
exceeds the frictional resistance r[vg(¢)] at the beginning of the time interval
then it exceeds the frictional resistance at the end of the time interval as well.
Lemma 3.4 shows us that such a situation can only terminate (at ¢ = #;) with
the condition 7a;_;q[vo(t;)] — £(¢2) = 0. Thus on a subsequent time interval
(22, t3) we must have either ta;_g[vo(t)] — €(¢) = O or else we have both
ta;_1q[ve(t)] - &(f) < 0 and 7a;q[ve(1)] —&(¢) > O throughout the interval. In
the former case condition (T2) holds and we can apply Lemma 3.2 (with j
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replaced by j —1) to see that a constant acceleration uy(¢) = rlvp(£)] = r(V) <
u; is applied throughout the interval. In the latter case condition (T1) again
applies (but with j replaced by j — 1 and) with acceleration ug(¢) = u;—,
throughout the interval. Lemma 3.5 shows that it is not possible for the level
of acceleration to be given by uo(¢) = u; on a particular time interval and then
to be given by uo(f) = uj+1 on an immediately subsequent time interval. In
summary the level of optimal acceleration must progressively decrease with
the passage of time.

Thus the optimal journey must consist of an acceleration phase (during
which time ug(f) = 1 — ug(t) = up—1 — up(t) = Up—y — - — up(t) =
u,—i+1) followed by a speed holding phase (when uy(#) = r[vo(¢)]) and a sub-
sequent coasting phase (during which time uo(f) = u,_ — Uo(t) = Up_4_1 —

- — uo(t) = 0 and the velocity decreases “gradually”). Finally there is a
braking phase (with ¥g(f) = —1). It is possible to have an optimal journey in
which certain stages are omitted.

4. The complete solution

We will consider an optimal journey with the acceleration phase defined

by
i i+1
uo(t) =u,—; forte (Z a,,Za,)

r=0 r=0
andeach i =0,1,2,...,k — 1. We will define the velocities 0 = V5 < V] <

--- < Vi by the formulae
i
Vi = v (z )

r=0
foreach i =0,1,2,...,k. We will take ag = 0 with a, > 0 for the remaining

values of r. The speedholding phase will be given by

k k
uo(t)=r(¥;) forte <z a,,za, + ﬂ)

r=0 r=0
where # > 0. The coasting phase is specified by

k j k Jj+1
o) = nesyy for 1€ (2: NEPTE ST Sy zn)

r=0 s=0 r=0 s=0
and each j =0,1,2,...,n— k- 1. We define the velocities V, > V;, > --- >
V. 2 0 by the formulae

k J
Vk+j = (Zar+ﬂ+2)’3)
s=0

r=0
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for each j = 0,1,2,...,n — k. We will assume y; = 0 with y; > 0 for the
remaining values of s. Finally the braking phase is defined by

up(t)=—-1 forze (Za,+ﬂ+2ys,2a,+ﬂ+2}’s+5)

r=0 s=0 r=0
where the final velocity ¥,,; = 0 is defined by

k n—k
Vas1 = Vo (Ea,+ﬂ+zys+6).
r=0 s=0
The actual functions used in the synthesis of vy(t) are defined in the fol-
lowing way. For each i =0,1,2,...,k — 1 we define ¢;: [0, V;*) — [0, 00) by
the formula

i) = | (1 ltns — r(w)]} dw,

where V;* is the unique point with r(¥;*) = u,_;. We can choose a constant
r; such that u,_; — r(w) < ri(V;* —w) for all w € [0,V;*). Thus t;(v) >
(1/r)In[1 = (v/V;*)] and hence ¢;(v) 1 oo as v 1 ¥;*. Now if we define
[v/]: [0,00) — [0, ¥;*) as the inverse function of ¢; then it is easy to see that
[v:1(8) = up—i —r{[v})(t)}. Furthermore it is clear that [v/)(¢) t V;* as ¢ T co.
Since 0 < V; < V;* we can define the acceleration phase of the optimal journey
by the formulae

i i+1
vo(t) = [v]] (t—Za,+t,~[V,—]) forte (Za,,ia,)

r=0 r=0 r=0

and each i =0,1,2,...,k — 1. Incidentally it is clear that V;,; = [v}](a;s1 +
t;{Vi]). For the speedholding phase of the optimal journal it is clear that

k k
r=0 r=0
Now for each j =0,1,2,...,n — k — 2 we define #;,;: (V" erj» Vel = [0, co] by
the formula

Vi
b (V) = / (/1r(w) — thp_g_,1} dw,

where V7, ; is the unique point with r(V?, i) = Un—k—j- (It is necessary to
assume at thls stage that u, > rg i.e. the lowest non zero level of acceleration
is assumed sufficient to overcome the initial resistance to motion.) We can
choose a constant 7 so that r(w)—u,_x_; < r(w- Vivs) forallw € (V7 ., Vk]
and so

+?

tetj (V) 2 (1/r) In[(Vee — Vi, )/ (v = Vi),
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and hence ¢, j(v) oo asv | Viyj- Now we define [vg,;1: [0,00) = (W, ;» Vil
as the inverse function of #;,; and it is easy to see that

[vI:+j],(t) = un—k—j - r{[vI:+j](t)}'

Furthermore it is clear that [v; +J](t) LV jast1oo. Since Vi > Viyj > Vk‘;j

we can define all stages except the final stage for the coasting phase of the
optimal jiourney bv the formulae

k J
vo(t) = ['Ul:+j] (t - [Zar + B+ Z)’sl + tk+j[Vk+j])

r=0 s=0

+1
forte (Zar+ﬂ+27s, Ear+ﬂ+127s)

r=0 r=0 s=0

foreach j =0,1,2,...,n—k—2. For the final stage of the coasting phase we
begin by defining ¢,_: [0, V;] — [0, z,—(0)] by the formula

Vi
tn1(v) = / {1/r(w)} dw.

Since r(w) > ro > 0 it follows that ¢,_;(v) < (V; — v)/ro. Now the inverse
function [v;_,]: [0, £,-1(0)] — [0, V,] satisfies the differential equation

a1 (@) = (=D)r{lv;_,)(0)},

and since V; > V,_; > 0 we can define the final stage of the coasting phase
by the formula

n—k—1
’Uo(t)—[’U,, 1] (t_[zar'*'ﬁ'*' Z Y.\'l"'tn 1[Va- l])

r=0 s=0

n—k-1
forte(z:a,+ﬂ+ Z Ys,zar+ﬂ+2}’s)-

r=0 5s=0 r=0 s=0

Incidentally we can now see that for all j =0,1,2,...,n -k — 1 we have
Viejst = [V£,;J(?j1 + tesjlVisj]). For the braking phase of the optimal
journey we can begin by defining ¢,: [0, V;] — [0, £,(0)] by the formula

Ve
t,,(v)=/v {1/[r(w) + 1]dw.

Since r(w)+ 1 > rg+ 1 > 0 it follows that ¢,(v) < (Vx —v)/(r0+ 1). Now the
inverse function [v;]: [0, t,(0)] — [0, Vi] satisfies the differential equation

[wa(0) = (=1) - r{[vz1(O)},
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and since V; > ¥, > 0 we can define the braking phase of the optimal journey
by the formula

k n—k
vo(t) = [v,] (t - lz a+B+) Ysl + t,.[Vn])

r=0 s=0

k n—k k n—k
for t € (Ea,+,8+zys,2a,+ﬂ+2ys+5),

r=0 s=0 r=0 s=0
where J is chosen so that V;,,; = [v;1(d +t.[V,]) = 0. Hence d = t,(0)—t,(V;)
depends on a, § and y.
Now that we can describe the basic format of the optimal journey it is
possible to formulate the problem in a more amenable form. The cost of the
optimal journal is given by

k-1 A4}
Jo(a ) =3 /0 p(tn-)a{[w? )z + LIV} dt + p{r(Vi)}a (Vi) B
i=0

n—k—1

V541
+ ;) /0 P(Un—ic— )@V, )T + s j Vi D} d,

and the distance travelled during the optimal journal is given by

k=1 Q)
do )= / [v7)( + 6IVi]) d + Vi
i=0 /0
n—k—1 Y+l
+ 3 / [V, 17 + tes Wiea D} d
=0 70
tn(o)-'n(yn)
+ / [02)(z + tal Vi) d.
0

Therefore we can now consider the original problem in the following form.
Minimise Jo(a, B, 7) subject to the (equality) constraint d(«a, 8,y) = L and
the (inequality) constraintsa >0, £ > 0, y > 0 and Ef= ar+p+ ;';0" ys+
tn(0) = tn(Va) < T.

Thus we form a Langrangean function

.]o(a, ﬂ: J’;l,#sl’: "’f) = JO(a’ﬂ’ 7) +A’[L - d(a’ ﬂ’ }')]

. k n—k
- [E/‘rar +vB+ Z: 'ISJ’S]
r=1 s=1

k n—k
+¢ I:Z:ar'f'ﬂ'f'z:%+tn(0)‘tn(V;z)—T] .
r=1 s=1
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The necessary conditions for optimality are now the Kuhn-Tucker equa-
tions viz,

8.%/8a,=0, 8%5/08=0, 85%/dys=0,

with A[L - d(a,8,7)]1 =0, gy, =0, vB =0, 5,9, =0, and

k n—k
< Zar+ﬂ+2rs+tn(0)—t,,(V,,)-T] =0
r=1 s=1

with 4, >0,y >0,7,>0and & > 0.
In order to calculate the above derivatives efficiently we must first establish
some convenient formulae. When m < r + 1 we have

aVr+l

dam

= 5?61;{[”;]((1’+1 + tr[Vr])]}
v,

= [’l);]'(a,_H + tr[Vr])t;(Vr)a
Qm
Up—r — r(Vr+l) aVr

Un—r —r(V;) dap’

while we also have

% = %{[U;—l](am + tm—-1[Vm-11)}

= ['U;x—lll(am + tm—1[Vin-1])

= Un—m+1 — (V).

Hence by induction we obtain the general formula

ovi _ T Un—r+1 — F(V}) -
da, rl;[nm[un-m - r(Vil

whenever m < i. We can extend this result by noting that

0 Vk+s+1
day,

= azm {[VE4sd(Vse1 + tias[ViewsD)}

* oV
= [Vgys) (Ps+1 + tk+3[Vk+S])t;c+s(Vk+s)ﬁ
m

— Un—k—s — r(nc+s+l) anﬂs
Un—k—s =~ T(Viss) Oom’
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from which it follows by induction that

-1
% =] Un_k—s — T(Virs+1) OV
dam $=0 Un_k—s — T(Viss) Oam

for each j =1,2,...,n — k. Now the previous result can be used to give

Vs _ 7 Unmks = T(Vicwse1) T Ynzrer = r(¥;)
—_—= Uy —-r(V;
dam ]'_:([) Up—k—s — N(Viys) ,.1__,[,, Un—r —r(V;) [#n—ics1 ()

k+j—1
=ﬁ£'i’ﬁ’r_)

Up_t—jr1 — T (Vi )]
11 un—r_r(Vr) [ n—k—j+1 ( k+])]

In similar fashion when / < s + 1 we can see that

vV, 9 (i
LS

c oV
= [’Uk+s]'(J’S+1 + tk+“[V;‘+S])t;(+s(I/k+s) a;c;s
_ Un—k=s = T(Visss1) OViers

Un—k—s — r( Vk+s) 371 )

Since it is also clear that

aV;c+I =

0 .
i B_)q{[vk”_l](y’ + teri—1Vir1-11)}

= (Vg1 V(1 + tieri=1[Viri-1])
= Up_k—1+1 = "(Vics1)

we can again use induction to obtain the general formula

j—1
aVk+j - Jl‘[ Un—k—s+1 — r(V;(H)

671 =l Un—k—s — r(V;c+s)

[Un—k—jr1 = r(Vis )]

whenever / < j. By applying these formulae in the calculation of the ap-
propriate partial derivatives we obtain a suitable form for the Kuhn-Tucker
equations.
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In fact we have
a'f()/aam = p(un—m+l)q{[vr‘n—-1](am + tm—l[V —l])}

k-1 Qpy |
£y /0 P(un—i)a' {[v7 )7 + L{ViD)}

i=m

x (T +1; Wm'mj i

3Vk

dt

Apm

+{P'Ir(VY (Vi)a(Vie) + plr(Vi)ld' Vg,

+ Z% /0f+'p(un—k—j)q’{[v,:+j](t+tk+j[Vk+j])}
Jj=

av,
X 0841 (2 + e Wi i Dl Fier)) 5 ot * dt

— Mlvp— 1 am + tm_1[Vin-1])

+Z/ [v; ]’(r+t,[V])t'(V) ’d +gV:

n—k—1 6Vk+1
+ 2 / (07 1+t Dty Vi) 2L

av,
U A LA A ALY [ AL ] o,
This equation can now be rewritten in the simplified form (E}) below

P(tn-m+1)q(Vm) + Zp Un—i)[q(Vie1) — a(V)] H un_:“_ r(r%r)

i=m

Un—r+1 — r(Vr)

+ (Pn- kq)(Vk)H i) ek — (VI

r=m

-4 { Vin + Z[V.H -V 1'[ uZ;'f'__erV))

r=m

+ 1‘[ e r(Vk)lﬂ}

Un—rs1 — (V7))
—u,+E{1 = _— = | =0,
m +¢ [ 13, un—r — (V) ]
for each m with 1 < m < k. A much less complicated calculation now gives

%d;;' —p{r(Vk)}q(Vk) AVk -V +§ 0
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from which we obtain the equation (E;) in the form
Dr—k@) (Vi) = AV —v + £ =0.
Finally we calculate

%{ P(Un—k—141)q{ V11— Y1 + tesi— 1 [Views—1 1)}

n—k-1 P+t

+ Z / Dm0 (T + b Vews)

allk'f-] d

['Uk.H] (t+ tk+j[V;(+]])tk+J(V;€+j)

-4 {['Ul:+l—1](71 + tesi-1[Vies1-1])

nk]yll

oV
+ Z / [0 15 + e Vi D Vi) gl d
Jj=

- [v;](tn[nl)t;(m";—'y’j}

-m+e[1-n0052] <o,

and note that this equation can be rewritten in the form (E3) given below:
n—k—1

P(Un—k—141)4(Viwt) + Z P(un—k—j)[Q(Vk+j+1) = q(Visj)]
j=l

xH“n —k—s+1 = "(Vkss)
Un_k—s — T (Viss)

— Up_k—s — T (Vicss)

n—k
Up—j—s+1 — H(Vi
_)‘{Vk+l+Z[Vk+}+l—Vk+_,]H n—k—s+1 ( k+s)}

n—k
Up_k—s+1 — ’( Vk+s) —
"t é [1 E Up_k—s — r(Vk+s) } 0’
for each / with 1 </ < n — k. For convenience in the above formulae we
have used the notation uy = —1 wherever necessary. In order to solve the
equations given by the Kuhn-Tucker conditions we assume to begin with that
a, B and y are positive. Thus we must have 4 =0, v =0 and 7 = 0. If we
take (E3) with / = n — k it follows that & = AV,
Thus ¢ = 0 only if A = 0 or V, = 0 and from (E;) it is clear that A = 0 is
not possible. If we put / = n— k — 1 in (E;) we obtain

P19)(Va=1) = MVa-1 = Va} =0,
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and if we subsequently use an inductive argument on (Ej3), then it follows
that

(Pj@)(Va=j) = AlVa-j — Va] =0,
foreach j=1,2,...,n— k — 1. From equation (E;) we get
(Pn—k@) (Vi) — AV — Vul = 0.

If these results are used in conjunction with equation (E,;) in the case
m = k then it can be seen that

(Pn-ka)' (Vi) = A (3)
With m = k — 1 in equation (E;) we find that
Prn-k+19) (V1) = AVi—1 = Val = 0,

and once again an inductive argument, applied this time to equation (E;),
can be used to deduce that

(Pn—k+i@)(Vi=i) = AlVi—i = Val = 0,

for each i = 1,2,...,k — 1. These results can be written collectively in the

form
P10 Vo ju1) = @;)Va—j) _ 4
Vaej+1 = Va-j

4

foreach j =1,2,...,n—1. Inthis form (4) compares in nature with (3). If we
have either o, = O (for some m) or y; = 0 (for some /) then the corresponding
stages are simply omitted. The fundamental nature of the results is however
the same and the same formulae apply. The notation must be adjusted to
allow for a re-numbering of the appropriate stages but if we imagine that the
whole problem is simply reworked with the null stages omitted it is easy to
see that the same analysis will again apply. Similar comments can be made
when g = 0 and the speedholding phase is omitted. This time however the
results are changed to the extent that equation (3) will be deleted.

In the case of a journey that contains a speedholding phase it can now
be seen that the maximum velocity V* achieved (during the speedholding
phase) on the journey is sufficient to determine the parameter A and the
velocities V;, V3,...,V,. For each such type of optimal journey (i.e. for
each selected configuration of null stages) and a given maximum velocity V*
the time allowed for the speedholding phase can be adjusted to achieve the
appropriate value of d(V*, #) viz. d(V*, 8*) = L. Of course this may not be
possible for all types of optimal journey and in cases where it is possible there
may be a violation of the time constraint. When both the distance and time
constraints can be satisfied the optimal type journey is feasible and the cost
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v
N
V'=V1
. ~
0 o o+ P x+p+o T 7t

FIGURE 1. A simple trajectory involving maximum acceleration, with speedholding and
maximum braking. The length of the speedholding phase is not specified.

A
V=V1
V2
Y
0 o o+ x+Y+y T 7t

FIGURE 2. A simple trajectory involving maximum acceleration, zero acceleration (coasting)
and maximum braking but with no speedholding. The velocity at which braking begins is not
specified.

can be calculated. The first diagram shows an optimal type velocity pro-
file and shows how the distance travelled, represented by the area under
the curve, can be adjusted by varying the time allowed for the speedhold-
ing phase. In the case of a journey that contains no speedholding phase the
value of the parameter 4 is no longer specified by the value V* of the maxi-
mum velocity. For each such optimal journey the value of the parameter 1
determines the velocities V1, V3, ..., V, from V* and consequently determines
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the distance travelled. Thus we must now choose 4 so that d(V*,A) = L. Al-
ternatively we can see that determination of any one value ¥; (other than
the value ¥V, = V'*) will determine A and hence determine all other values
V;. Provided that the time constraint is satisfied, this journey will be feasible
and can then be costed. The second diagram shows an optimal type velocity
profile with no speed holding phase and shows that selection of the velocity
at which braking begins will dctcrmine the compieie journey.

We can now calculate the cost of each feasible type of optimal journey and
so determine the minimum cost journey.

5. Conclusions

This paper provides a clear answer to the type of strategy that must be
adopted to achieve a minimum cost journey. The optimal strategy involves
successive levels of constant applied acceleration with each subsequent level
less than the preceding one and with the allowable levels restricted to the
points at which the slope of the piecewise linear function p(u) changes. If
the maximum velocity of the optimal journey is given, then this paper shows
that a single real number parameter determines the complete journey. The
appropriate value of this parameter can be determined by satisfying the dis-
tance requirement and the journey will then be regarded as feasible if the time
constraint is not violated. No specific method is suggested for the parame-
ter determination and further work could be done to develop an efficient
numerical procedure. In the case of the more general problem where the
function p(u) is not piecewise linear it seems reasonable to assume that an
approximate optimal journey could be obtained by using a piecewise linear
approximation to p(u).
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