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Abstract. Let M be an n-dimensional closed hypersurface with constant mean
curvature H satisfying |H| ≤ ε(n) in a unit sphere Sn+1, n ≤ 7, and S the square of
the length of the second fundamental form of M. There exists a constant δ(n, H) > 0,
which depends only on n and H, such that if S0 ≤ S ≤ S0 + δ(n, H), then S ≡ S0 and
M is isometric to a Clifford hypersurface, where ε(n) is a sufficiently small constant
depending on n and S0 = n + n3

2(n−1) H
2 + n(n−2)

2(n−1)

√
n2H4 + 4(n − 1)H2.
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1. Introduction. Let M be an n-dimensional closed hypersurface with constant
mean curvature H in an (n+1)-dimensional unit sphere Sn+1. Denote by S and R the
squared length of the second fundamental form and scalar curvature of M, respectively.

When H ≡ 0, a famous rigidity theorem due to Simons [11], Lawson [5], Chern,
do Carmo and Kobayashi [4] says that if S ≤ n, then S ≡ 0, or S ≡ n. That is, M is

isometric to a totally geodesic sphere Sn or a Clifford torus Sk(
√

k
n ) × Sn−k(

√
n−k

n ).
These two kinds of hypersurfaces are the so-called isoparametric ones of types 1
and 2, respectively, where a hypersurface of Sn is called isoparametric of type g if it
has g distinct constant principal curvatures of constant multiplicities. The following
conjecture is proposed by Chern, we can find it in Yau [13]:

CHERN CONJECTURE. For any n ≥ 3, the set Rn of all the real numbers each of
which can be realised as the constant scalar curvature of a closed minimally immersed
hypersurface in Sn+1 is discrete.
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There have been some works related to the Chern conjecture. In [9], Peng and
Terng proved that if the scalar curvature of M is a constant, then there exists a
positive constant δ(n) depending only on n such that if n ≤ S ≤ n + δ(n), then S = n.
Furthermore, Cheng and Yang [3] improved the pinching constant δ(n) to n/3.

Without the assumption of constant scalar curvature, Peng and Terng [10] obtained
the following important pinching theorem.

THEOREM 1.1 ([10]). Let M be an n-dimensional closed minimal hypersurface in
Sn+1, n ≤ 5. Then there exists a positive constant δ(n) depending only on n such that if n ≤
S ≤ n + δ(n), then S ≡ n and M is isometric to a Clifford torus Sk(

√
k
n ) × Sn−k(

√
n−k

n ).

Further, they proposed the following attractive problem:

OPEN PROBLEM. Let M be an n-dimensional closed minimal hypersurface in
Sn+1, n ≥ 6. Does there exist a positive constant δ(n) depending only on n such that

if n ≤ S ≤ n + δ(n), then S ≡ n and M is isometric to a Clifford torus Sk(
√

k
n ) ×

Sn−k(
√

n−k
n )?

In [2], Cheng and Ishikawa have solved the above problem under a condition on
Ricci curvature. Recently, Wei and Xu [12] have solved the open problem for n = 6, 7
through the following theorem.

THEOREM 1.2 ([12]). Let M be an n-dimensional closed minimal hypersurface in
Sn+1, n = 6, 7. Then there exists a positive constant δ(n) depending only on n such

that if n ≤ S ≤ n + δ(n), then S ≡ n and M is isometric to a Clifford torus Sk(
√

k
n ) ×

Sn−k(
√

n−k
n ).

When H is constant, that is, M is a hypersurface with constant mean curvature, a
third author [7] extended Theorem 1.1 of Peng and Terng [10] for minimal hypersurfaces
to the case of hypersurfaces with constant mean curvature H.

THEOREM 1.3 ([7]). Let M be an n-dimensional closed hypersurface with constant
mean curvature H satisfying |H| ≤ ε(n) in a unit sphere Sn+1, n ≤ 5, and S the square of
the length of the second fundamental form of M. Then there exists a constant δ(n, H) > 0,
which depends only on n and H, such that if S0 ≤ S ≤ S0 + δ(n, H), then S ≡ S0 and

M is isometric to a Clifford torus Sk(
√

k
n ) × Sn−k(

√
n−k

n ) if H = 0; M is isometric to a
Clifford hypersurface

C1,n−1 = S1
(

1√
1 + λ2

)
× Sn−1

(
λ√

1 + λ2

)

if H �= 0, where λ = nH+
√

n2H2+4(n−1)
2 and ε(n) is a sufficiently small constant depending

on n,

S0 = n + n3

2(n − 1)
H2 + n(n − 2)

2(n − 1)

√
n2H4 + 4(n − 1)H2. (1.1)

In this paper, we study the case of n = 6, 7. We prove the following theorem.
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THEOREM 1.4. Let M be an n-dimensional closed hypersurface with constant mean
curvature H satisfying |H| ≤ ε(n) in a unit sphere Sn+1, n ≤ 7, and S the squared length
of the second fundamental form of M. There exists a constant δ(n, H) > 0, which depends
only on n and H, such that if S0 ≤ S ≤ S0 + δ(n, H), then S ≡ S0 and M is isometric to a

Clifford torus Sk(
√

k
n ) × Sn−k(

√
n−k

n ) if H = 0; M is isometric to a Clifford hypersurface

C1,n−1 = S1
(

1√
1 + λ2

)
× Sn−1

(
λ√

1 + λ2

)

if H �= 0.

REMARK 1.1. When H ≡ 0, Theorem 1.3 reduces to Theorem 1.1 and Theorem 1.4
reduces to Theorem 1.2.

2. Preliminaries. Let M be a closed hypersurface with constant mean curvature
H in Sn+1, and e1, . . . , en, en+1 a local orthonormal frame field of Sn+1 along M, such
that e1, . . . , en are tangent to M. Let ω1, . . . , ωn be the dual coframe field of e1, . . . , en.
We shall make use of the following convention on the range of indices:

1 ≤ i, j, k, . . . ≤ n.

We have the structure equation of M:

dx = ∑
i ωiei,

dei = ∑
j ωijej + ∑

j hijen+1 − ωix,

den+1 = −∑
ij hijωjei,

dωij = ∑
k ωik ∧ ωkj − 1

2

∑
kl Rijklωk ∧ ωl,

(2.1)

where hij = hji and Rijkl = −Rijlk.
We have the Gauss equation (see, for example, [1])

Rijkl = δikδjl − δilδjk + hikhjl − hilhjk. (2.2)

Let R and h be the scalar curvature and the second fundamental form of M
respectively. Denote by S the squared length of h and H the mean curvature of M.
Then we have the following formulas:

h =
∑

ij

hijωi ⊗ ωj, S =
∑

ij

h2
ij, H = 1

n

∑
i

hii. (2.3)

From the Gauss equations, we have

R = n(n − 1) + n2H2 − S. (2.4)

Denote by hijk, hijkl and hijklm components of the first, second and third covariant
derivatives of the second fundamental form, respectively. Then (see [6])

∇h =
∑
ijk

hijkωi ⊗ ωj ⊗ ωk, hijk = hikj, (2.5)

∇2h =
∑
ijkl

hijklωi ⊗ ωj ⊗ ωk ⊗ ωl, (2.6)
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hijkl = hijlk +
∑

m

hmjRmikl +
∑

m

himRmjkl, (2.7)

hijklm = hijkml +
∑

r

hrjkRrilm +
∑

r

hirkRrjlm +
∑

r

hijrRrklm. (2.8)

For an arbitrary fixed point p ∈ M, we take orthonormal frames such that hij = λiδij

at p, for all i, j. Then at the point p, we have∑
i

λi = nH,
∑

i

λ2
i = S. (2.9)

We define f3, f4 to be

f3 =
∑
ijk

hijhjkhki, f4 =
∑
ijkl

hijhjkhklhli. (2.10)

Then, at the point p, we have

f3 =
∑

i

λ3
i , f4 =

∑
i

λ4
i . (2.11)

We define A, B, μi, Ã, B̃ by

A =
∑
ijk

h2
ijkλ

2
i , B =

∑
ijk

h2
ijkλiλj, (2.12)

μi = λi + nH, Ã =
∑

ijk

h2
ijkμ

2
i , B̃ =

∑
ijk

h2
ijkμiμj. (2.13)

Then ∑
i

μ2
i = S + n2(n + 2)H2. (2.14)

Since H = constant, using (2.2), (2.5), (2.7) and (2.8), we easily get

1
2
S = S(n − S) − n2H2 + nHf3 + |∇h|2 (2.15)

and

1
2
(|∇h|2) = (2n + 3 − S)|∇h|2 − 3

2
(A − 2B) − 3

2
(Ã − 2B̃)

− 3
2

n2H2|∇h|2 + 3
2
|∇S|2 + |∇2h|2. (2.16)

Further, the following formulas can be found in [7]:

LEMMA 2.1 ([7]). Let M be a closed hypersurface with constant mean curvature H
in Sn+1. Then

|∇2h|2 ≥ 3
2

[S f4 − f 2
3 − S2 − S(S − n) − n2H2 + 2nHf3], (2.17)
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M

A − 2B =
∫

M
S f4 − f 2

3 − S2 + nHf3 − |∇S|2
4

, (2.18)

3(Ã − 2B̃) ≤
√

17 + 1
2

(S + n2(n + 2)H2)|∇h|2. (2.19)

Proof. From (2.7) and the Gauss equation (2.2) we have

hijij − hjiji = (λi − λj)(1 + λiλj). (2.20)

Thus,

|∇2h|2 ≥
∑

i

h2
iiii + 3

∑
i �=j

h2
ijij

=
∑

i

h2
iiii + 3

4

∑
i �=j

(h2
ijij + hjiji)2 + 3

4

∑
i �=j

(hijij − hjiji)2

≥ 3
4

∑
ij

(λi − λj)2(1 + λiλj)2

= 3
2

[S f4 − f 2
3 − S2 − S(S − n) − n2H2 + 2nHf3].

This proves (2.17).
Consider the smooth function

∑
ij hij(f3)ij. Since M is closed and H is constant,

from Stokes’ theorem, ∫
M

∑
ij

hij(f3)ij = −
∫

M

∑
ij

hijj(f3)i = 0. (2.21)

Also,

1
3

∑
ij

hij(f3)ij

= 1
3

∑
k

λk(f3)kk

=
∑

k

λk

⎛
⎝∑

i

hiikkλ
2
i + 2

∑
ij

h2
ijkλi

⎞
⎠

=
∑

ik

hiikkλkλ
2
i + 2

∑
ijk

h2
ijkλiλk

=
∑

ik

[hkkii + (λi − λk)(1 + λiλk)]λkλ
2
i + 2B

=
∑

i

⎛
⎝Sii

2
−

∑
jk

h2
ijk

⎞
⎠ λ2

i +
∑

ik

(λi − λk)(1 + λiλk)λkλ
2
i + 2B

= 1
2

∑
ijk

hikhkjSij + Sf4 − f 2
3 − S2 + nHf3 − (A − 2B).
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Integrating both sides and using (2.21) yields

∫
M

(A − 2B) =
∫

M

⎡
⎣1

2

∑
ijk

hikhkjSij + Sf4 − f 2
3 − S2 + nHf3

⎤
⎦

=
∫

M

⎡
⎣−1

2

∑
ijk

(hikhkj)jSi + Sf4 − f 2
3 − S2 + nHf3

⎤
⎦

=
∫

M

⎡
⎣−1

2

∑
ijk

hikjhkjSi + Sf4 − f 2
3 − S2 + nHf3

⎤
⎦

=
∫

M

[
−|∇S|2

4
+ Sf4 − f 2

3 − S2 + nHf3

]
.

This proves (2.18).
From (2.13), we have

3(Ã − 2B̃)

=
∑
ijk

h2
ijk(μ2

i + μ2
j + μ2

k − 2μiμj − 2μiμk − 2μjμk)

=
∑

i �=j,i �=k,j �=k

h2
ijk[2(μ2

i + μ2
j + μ2

k) − (μi + μj + μk)2]

+ 3
∑
i �=k

h2
iik(μ2

k − 4μiμk) +
∑

i

h2
iii(−3μ2

i )

≤ 2
∑

l

μ2
l

∑
i �=j,i �=k,j �=k

h2
ijk +

√
17 + 1

2

∑
l

μ2
l

∑
ik

h2
iik, (2.22)

where we have used

μ2
k − 4μiμk ≤ μ2

k +
√

17 − 1
2

μ2
k +

√
17 + 1

2
μ2

i

=
√

17 + 1
2

(μ2
i + μ2

k)

≤
√

17 + 1
2

∑
l

μ2
l .

Inequality (2.19) follows from (2.14) and (2.22). �

3. Proof of Theorem 1.4. In order to prove our Theorem 1.4, the following lemma
(Lemma 3.1) plays an important role.
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If n = 6 or 7, we know that t = 2.428 and s = 1.62 satisfy the following inequalities:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

t − s
n − 1

+ t >

√
17 + 1

2
,

3s > 2t,

s > 2 − t
2

+ 4

√
2 − t

2

√
1 − 2t√

17 + 1
.

(3.1)

We define �(i, k) by

�(i, k) =
{

μ2
k − 4μiμk, k �= i,

s(S + n2(n + 2)H2), k = i.
(3.2)

LEMMA 3.1. Let M be an n-dimensional closed hypersurface with constant mean
curvature H in Sn+1, for n = 6, 7. Then∑

i

h2
iik�(i, k) ≤ t(S + n2(n + 2)H2)

∑
i

h2
iik, 1 ≤ k ≤ n. (3.3)

Proof. Without loss of generality, we can assume k = 1. If �(i, 1) ≤ t(S + n2(n +
2)H2) for any i, it is obvious that (3.3) holds. Otherwise, if there exists an i such
that �(i, 1) > t(S + n2(n + 2)H2), without loss of generality, we can suppose �(2, 1) >

t(S + n2(n + 2)H2); then, according to

√
17 + 1

2
(μ2

1 + μ2
2) ≥ μ2

1 − 4μ1μ2 = �(2, 1) > t(S + n2(n + 2)H2),

we have

�(2, 1) ≤
√

17 + 1
2

(S + n2(n + 2)H2) (3.4)

and, for 3 ≤ m ≤ n,

μ2
m ≤ S + n2(n + 2)H2 − (μ2

1 + μ2
2) <

(
1 − 2t√

17 + 1

)
(S + n2(n + 2)H2). (3.5)

On the other hand, since

μ2
1 + (μ2

1 + 4μ2
2) ≥ μ2

1 − 4μ1μ2 > t(S + n2(n + 2)H2), (3.6)

we infer

μ2
1 ≤ (S + n2(n + 2)H2) − μ2

2

< (S + n2(n + 2)H2) − t(S+n2(n+2)H2)
2 + (μ2

1 + μ2
2)

≤ (2 − t
2 )(S + n2(n + 2)H2).

(3.7)

From (3.5) and (3.7), we have

�(m, 1) = μ2
1 − 4μ1μm < s(S + n2(n + 2)H2). (3.8)
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Since
∑

i hii =constant, we have

∑
i �=2

h2
ii1 ≥ h2

221

n − 1
. (3.9)

From (3.4), (3.8) and (3.9), we obtain

t(S + n2(n + 2)H2)
∑

i

h2
ii1

= t(S + n2(n + 2)H2){h2
221 +

∑
i �=2

h2
ii1}

≥ t(S + n2(n + 2)H2)h2
221 +

∑
i �=2

h2
ii1�(i, 1)

+ (t − s)(S + n2(n + 2)H2)
h2

221

n − 1

≥
∑

i

h2
ii1�(i, 1), (3.10)

since t and s satisfy (3.1). This finishes the proof of Lemma 3.1. �

Proof of Theorem 1.4. For n ≤ 5 or H = 0, Theorem 1.4 has been proved in [7] and
[12]. Thus, we only consider the case of |H| > 0 and n = 6, 7.

Integrating equation (2.15), S×(2.15) and (2.16) gives

∫
M

S(n − S) =
∫

M
n2H2 − nHf3 − |∇h|2, (3.11)

∫
M

1
2
|∇S|2 =

∫
M

S2(S − n) + n2H2S − nHSf3 − S|∇h|2, (3.12)

∫
M

|∇2h|2 =
∫

M
(S − 2n − 3 + 3

2
n2H2)|∇h|2 + 3

2
(A − 2B)

+ 3
2

(Ã − 2B̃) + 3
2
|∇S|2. (3.13)

From (2.17) and (3.11), we derive

∫
M

|∇2h|2 ≥
∫

M

3
2

(Sf4 − f 2
3 − S2 + nHf3 − |∇h|2). (3.14)

From (2.18) and (3.12), we infer

∫
M

{
3
2

(A − 2B) + 3
2
|∇S|2

}
=

∫
M

{
3
2

(Sf4 − f 2
3 − S2 + nHf3 − |∇h|2)

+9
4

[
S2(S − n) + n2H2S − nHSf3 − S|∇h|2

]
+3

2
|∇h|2

}
. (3.15)
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Substituting (3.15) into (3.13) and using (3.14), we obtain

∫
M

{
(S − 2n − 3

2
+ 3

2
n2H2)|∇h|2 + 3

2
(Ã − 2B̃)

+ 9
4

[
S
(

S(S − n) + n2H2 − nHf3

)
−S|∇h|2

]}
≥ 0. (3.16)

It is not difficult to prove the following elementary inequality (cf. [8]):∣∣∣∣∣
∑

i

(λi − H)3

∣∣∣∣∣ ≤ n − 2√
n(n − 1)

(S − nH2)
3
2 .

Since S ≥ S0 and S ≥ S0 is equivalent to

√
n + n3H2

4(n − 1)
−

√
S − nH2 + n(n − 2)|H|

2
√

n(n − 1)
≤ 0,

where S0 is defined by (1.1), we have

S(S − n) + n2H2 − nHf3

= −(S − nH2){n + nH2 − (S − nH2)} − nH
∑

i

(λi − H)3

≥ −(S − nH2)
{

n + nH2 − (S − nH2) + n(n − 2)√
n(n − 1)

|H|
√

S − nH2

}

= −(S − nH2)

⎡
⎣

√
n + n3H2

4(n − 1)
+

√
S − nH2 − n(n − 2)|H|

2
√

n(n − 1)

⎤
⎦

×
⎡
⎣

√
n + n3H2

4(n − 1)
−

√
S − nH2 + n(n − 2)|H|

2
√

n(n − 1)

⎤
⎦

≥ 0. (3.17)

According to S0 ≤ S ≤ S0 + δ(n, H), we derive, from (3.11) and (3.17),

∫
M

S
[

S(S − n) + n2H2 − nHf3

]

≤ (S0 + δ(n, H))
∫

M
S(S − n) + n2H2 − nHf3

= (S0 + δ(n, H))
∫

M
|∇h|2. (3.18)

From (3.16) and (3.18), we obtain

∫
M

{(S − 2n − 3
2

+ 3
2

n2H2)|∇h|2 + 3
2

(Ã − 2B̃) + 9
4

[S0 + δ(n, H) − S]|∇h|2} ≥ 0.

(3.19)
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On the other hand, since t and s satisfy (3.1), we have, from Lemma 3.1,

3
∑
i �=k

h2
iik(μ2

k − 4μiμk) +
∑

i

h2
iii(−3μ2

i )

= 3
∑

k

∑
i

h2
iik�(i, k) − 3

∑
k

h2
kkks(S + n2(n + 2)H2) +

∑
i

h2
iii(−3μ2

i )

≤ t(S + n2(n + 2)H2)
∑

ik

3h2
iik − t(S + n2(n + 2)H2)

∑
i

2h2
iii

= t(S + n2(n + 2)H2)

⎛
⎝∑

i �=k

3h2
iik +

∑
i

h2
iii

⎞
⎠ . (3.20)

Hence, we infer

3(Ã − 2B̃)

=
∑

i �=j,j �=k,k�=i

h2
ijk(2(μ2

i + μ2
j + μ2

k) − (μi + μj + μk)2)

+ 3
∑
i �=k

h2
iik(μ2

k − 4μiμk) +
∑

i

h2
iii(−3μ2

i )

≤ 2(S + n2(n + 2)H2)
∑

i �=j,j �=k,k�=i

h2
ijk

+ t(S + n2(n + 2)H2)

⎛
⎝3

∑
i �=k

hiik +
∑

i

h2
iii

⎞
⎠

≤ t(S + n2(n + 2)H2)|∇h|2. (3.21)

From (3.19) and (3.21), we have

∫
M

[
2t − 5

4
S − 2n − 3

2
+ 3

2
n2H2 + t

2
n2(n + 2)H2 + 9

4
(S0 + δ(n, H))

]
|∇h|2 ≥ 0.

Since S0 ≤ S ≤ S0 + δ(n, H), we have

∫
M

[
2t + 4

4
S0 − 2n − 3

2
+ 3

2
n2H2 + t

2
n2(n + 2)H2 + 9

4
δ(n, H)

]
|∇h|2 ≥ 0. (3.22)

From Definition (1.1) of S0, we have

2t + 4
4

S0 − 2n − 3
2

+ 3
2

n2H2 + t
2

n2(n + 2)H2 + 9
4
δ(n, H)

= nt
2

− n − 3
2

+
{

n(t + 2)
4(n − 1)

+ (n + 2)t(n)
2

+ 3
2

}
n2H2

+ n(n − 2)(t + 2)
4(n − 1)

√
n2H4 + 4(n − 1)H2 + 9

4
δ(n, H).
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Since nt
2 − n − 3

2 < 0 and |H| ≤ ε(n), if ε(n) is small enough, we can choose δ(n, H) > 0
such that

2t + 4
4

S0 − 2n − 3
2

+ 3
2

n2H2 + t
2

n2(n + 2)H2 + 9
4
δ(n, H) < 0. (3.23)

According to (3.22) and the above inequality, we infer |∇h| ≡ 0. Hence, all of the above
inequalities are equalities. From (3.17), we have S ≡ S0 and M is isometric to a Clifford
hypersurface. This completes the proof of Theorem 1.4. �
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