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1. Dieudonnd (4) has constructed an example of a Banach space X and a
complete Boolean algebra B of projections on X such that B has uniform
multiplicity two, but for no choice of xu x2 in X and non-zero E in B is EX
the direct sum of the cyclic subspaces elm {Ext:EeB} and elm {Ex2:Ee B}.
Tzafriri observed that it could be deduced from Corollary 4 (9, p. 221) that the
commutant B' of B is equal to A(B), the algebra of operators generated by B
in the uniform operator topology. A study of (3) suggested the direct proof
of the second property given in this note. From this there follows a simple
proof that B has the first property.

In this connection, the author has shown in (5) that if B is a complete
Boolean algebra of projections on X, then when A' is a Hilbert space B' = A{B)
if and only if B has uniform multiplicity one, while if A' is a Banach space
uniform multiplicity one implies that B' = A(B). Therefore in general the
reverse implication fails in a Banach space.

2. The reader is referred to (1) and (2) for terminology used in this paper.
Next we recall the definition and properties of a class of Banach spaces studied
by Halperin (6) and Lorentz (7), (8).

Let K be a compact interval of the form [0, y] where y>0. Two non-
negative measurable functions/t,/2 on K are said to be equimeasurable if and
only if for every k ^ 0

m{x e K: f%(x) ^ k} = m{x e K: f2(x) ̂  A:},

where m( •) denotes Lebesgue measure on R. For each non-negative measur-
able function/on K, which is finite a.e., the decreasing rearrangement off is
the function/* defined by

/*(0)=ess .sup | /W|
xeK

/*(*) = sup {k ^ 0: m{y: f(y)^k}^x} xeK,x* 0.

/ * is continuous on the left. Also/and/* are equimeasurable by construction.
Now let w be a positive function which is decreasing and integrable over K.
The set of equivalence classes of complex measurable functions on K such that
w | / | * is integrable forms a Banach space [}w under the norm
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If m>0, denote by/m the function equal t o / i f \f(x)\ ^ m and denned by

If /eL 1 , , | | / - / m L-»0 as w->oo. It follows that the set £(/Q of bounded
Borel measurable functions on K is norm dense in l}w. Now B(K) is a Banach
algebra under the supremum norm || ||. For / in B(K) and g in l}w, we have
fgel}w and \\fg ||w g | | / | | || <7 ||w. It follows that the map 7> : 0^/0 is a
bounded linear operator on I}w such that || Tf || ^ || / 1 | . Moreover the map
f-*Tf is a continuous algebra homomorphism of B{K) into an algebra of
bounded linear operators on I}w.

3. Dieudonne (4, p. 10) constructed a compact interval K = [0, y] and
functions w1} w2, w3 decreasing and integrable over K such that

WiO) = w2(y) = w3(y) = 1;

Cy . C> (V
Wi^x = Wjdx = vv^dx = + 00;

Jo Jo Jo
(V p fy

w1w2dx< 00; w2w3dx<oo; w3w1dx< 00.
Jo Jo Jo

Let X be the complex Banach space L1
Wl©L ,̂2©L1

W3 under the norm

where fte l}Wl, i = 1, 2, 3. Let X be the closed subspace of X consisting of
elements (/i , /2 , /3) for which

If T e Zx, the Borel subsets of K, then the map

E(T): (JU fi,h)-*ixJu xJi, Xrfi)
defines a projection on X and the family {E(-c): x e SK} forms a cr-complete
Boolean algebra B of projections on the separable Banach space X. Hence
B is a complete countably decomposable Boolean algebra of projections on
X. B has uniform multiplicity two (4, pp. 7-8).

4. Now let TeB' and let T(l, 0, -1 ) = (w, v, -u-v). We shall show that
v is 0 a.e. If not, then since v is integrable over K, there would exist a compact
subset 8 of K with w(5)>0 in which v is continuous and non-zero. The hypo-
thesis TeB' implies that for each function / i n B(K)

Tif, 0, - / ) = (fu,fv, -fit-fa)-
Since T is continuous, the map A of the subspace {(/, 0, —/) : fe B(K)} under
the X-norm into LX

W2 defined by

A: (f,6,-f)^fv '
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is continuous. We shall show that this gives a contradiction.
For every x in d, define

-f
Jo
io

g{x) = w2(fc(x)).

Put g(x) = 0 for x in £\(5. It follows that g is equimeasurable to the restriction
of w2 to an interval [0, / ] where / = m(d). Hence g e Ll

Wl and g e L1
Wi but

gf £ I}W2. Since | w | is bounded below in 5 by a positive number c, we have
| gv |* ^ eg* and so gru ^L1^. Now the sequence {(gm, 0, -gm)}, m = 1, 2, 3, ...
converges to (#, 0, — g) in A'and so by the continuity of the map A the sequence
{gmv: m = 1, 2, 3, ...} ought to converge to a limit in l}W2. However

| 9m» |* ^ eg*.

This gives a contradiction since the norm of g*, in L1^ becomes arbitrarily
large with m.

Hence v = 0. It is now easy to see that u is essentially bounded. If not
then for every m > 0 there would be a measurable set T £ T̂ with W ( T ) > 0

where | u(x)\ ^ m. Now

|| T(xr, 0, -xx)\\ t m \\(xx, 0, -x,)\\
and this contradicts the continuity of T. It follows that there is a bounded
Borel measurable function ut such that

7X1,0, - 1 ) = (M1S 0, - I /O .

Similarly there are bounded Borel measurable functions u2 and u3 such that

r(0, 1, - 1 ) = (0, u2, -u2),

T{\, - 1 , 0 ) = (u3, -u3, 0).

By the linearity of T, «j = w2 = M2 a.e. It follows that 5 ' = A(B).

Finally, suppose there is F # 0 in B and xu x2 in A1 such that FX is the
direct sum of the cyclic subspaces

M(xi) = elm {Ext: EG B} and M(x2) = elm {Ex2: EeB}.

Then jcl5 x2 e FX, x t ^ 0, and x2 # 0, since B has uniform multiplicity two.
It follows readily that there is a projection P in B' with range Af(xt). However,
from above every projection in B' lies in B. This contradicts the fact that B
has uniform multiplicity two.

5. It is possible to construct a similar counterexample in which Zis uniformly
convex. It suffices to take in Section 3

X = L
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under the norm defined by

and in Section 4 to define g(x) = (w2(A(x)))* for x in 5.
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