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Abstract

This paper is concerned with the finiteness and large-time behaviour of moments of
the overshoot and undershoot of a high level, and of their moment generating functions
(MGFs), for a Lévy process which drifts to −∞ almost surely. This provides information
relevant to quantities associated with the ruin of an insurance risk process. Results
of Klüppelberg, Kyprianou, and Maller (2004) and Doney and Kyprianou (2006)
for asymptotic overshoot and undershoot distributions in the class of Lévy processes
with convolution equivalent canonical measures are shown to have moment and MGF
convergence extensions.
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1. Introduction

Suppose that X = {Xt : t ≥ 0}, X0 = 0, is a Lévy process defined on (�, F , P) with triplet
(γ, σ 2, �X), �X being the Lévy measure of X. Thus, the characteristic function of X is given
by the Lévy–Khintchine representation, E[exp{iθXt }] = et�(θ), where

�(θ) = iθγ − σ 2θ2

2
+

∫
R\{0}

(eiθx − 1 − iθx 1{|x|<1})�X(dx) for θ ∈ R, t ≥ 0.

We will consider limiting distributions and limits of moments of the overshoot and undershoot
of the process above a high level, and the undershoot from the previous maximum, viz.
the quantities Xτ(u) − u, u − Xτ(u)−, and u − Xτ(u)−, conditional on τ(u) < ∞, where
Xt = sup0<s≤t Xs and τ(u) is the first passage time above level u:

τ(u) = inf{t ≥ 0 : Xt > u}, u > 0.

Throughout, we assume that the process drifts to −∞ almost surely (a.s.). This corresponds
to an insurance risk model with premiums and other income producing a downward drift in
X, while claims are represented by positive jumps. Thus, ‘ruin’ occurs at a positive level u if
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Moments and MGF convergence of overshoots and undershoots 717

this level is reached by X. We wish to analyse the asymptotic behaviour of distributions and
moments of the overshoot and undershoot, conditional on first passage occurring in a finite
time, as the reserve level u is increased to ∞.

In this analysis, throughout, we will follow the notation of Klüppelberg et al. [9] for the
most part. Thus, (Ht )t≥0 will define the ascending ladder height subordinator of X, which
is defective under the assumption that limt→∞ Xt = −∞ a.s. (which we will always assume
in this paper), taking the value +∞ once X exceeds its all-time maximum. The (proper)
descending ladder height subordinator is denoted by (Ĥt )t≥0 (taking positive values; we depart
from the notation of [9] here, in favour of the setup in Doney and Kyprianou [3]).

Continuing, we define the following renewal measure of the (defective, when limt→∞ Xt =
−∞ a.s.) process H :

V (dx) =
∫

(0,∞)

P(Ht ∈ dx) dt =
∫

(0,∞)

P(Ht ∈ dx)e−qt dt for x ≥ 0, (1.1)

where H is a nondefective process and H is obtained from H by exponential killing with rate
q > 0. Here V (x) is finite for each x ≥ 0, as is the renewal measure V̂ of the downward ladder
height process Ĥ , satisfying

V̂ (dx) =
∫

(0,∞)

P(Ĥt ∈ dx) dt for x ≥ 0. (1.2)

We denote the Lévy measure of H by �H , and similarly for Ĥ . The tails of �X are

�
+
X(x) = �X{(x, ∞)}, �

−
X(x) = �X{(−∞, −x)},

and
�X(x) = �

+
X(x) + �

−
X(x), x > 0,

with similar �H (x) and �
Ĥ

(x) notation for H and Ĥ . From [9, Corollary 2.9] we have the
following convolution identity:

P(Xτ(u) − u > x, τ(u) < ∞) =
∫

(0,u]
�H (x + u − y) dV (y), x > 0, u > 0. (1.3)

A natural case to investigate is when the positive tail of the Lévy measure of X (or of the
ascending ladder height measure) is subexponential (or, more generally, convolution equivalent
in the sense defined below). We only briefly introduce the main ideas here; background,
rationale for these assumptions, and examples are given in [9]. We say that a distribution F on
[0, ∞) with tail F belongs to the class L(α), α ≥ 0, if

lim
u→∞

F(u − x)

F (u)
= eαx for x ∈ (−∞, ∞).

Tail functions F such that F(log u) is regularly varying with index −α, α ≥ 0, as u → ∞, are
in L(α). With ‘∗’denoting the convolution, a distribution F is said to be convolution equivalent,
i.e. in the class S(α), α ≥ 0, if F ∈ L(α) and, in addition,

lim
x→∞

F 2∗(x)

F (x)
= 2δα(F ) < ∞, (1.4)
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718 H. S. PARK AND R. MALLER

where δα(F ) := ∫
(0,∞)

eαxF (dx). The parameter α is referred to as the index of the class.
When α = 0, S := S(0) is the class of subexponential distributions. The subexponential or,
more generally, the convolution equivalent distributions are used in modelling heavy-tailed data,
such as occur in insurance applications; we refer the reader to [5], [6], [10], and the references
therein for discussion and properties. Distributions in the class S(α) for α ≥ 0 are ‘near to
exponential’ in the sense that their tails are only slightly modified exponential. An important
class of distributions which are convolution equivalent or subexponential for some values of
the parameters is the generalised inverse Gaussian distributions; see [8].

We can take the tail of any Lévy canonical measure, assumed nonzero on some interval
contained in (0, ∞), to be the tail of a distribution function on [0, ∞), after renormalisation.
With this convention, we then say that the measure is in L(α) or S(α) if this is true for the
distribution with the corresponding (renormalised) tail. As in Klüppelberg et al. [9], we will
restrict ourselves to the nonlattice case, with the understanding that the alternative can be
handled by obvious modifications.

In what follows, we set out results for the overshoot in Section 2 and for the undershoots
in Section 3. Each section gives conditions for finiteness of moments and of the MGF of the
respective quantity, as well as asymptotic results for these as the level u tends to ∞. All proofs
are collected in Section 4.

2. Finiteness and limit behaviour of moments of the overshoot

Throughout, we will assume that limt→∞ Xt = −∞ a.s. Doney and Maller [4] showed that
this is the case if and only if E[X1] < 0 when E[|X1|] < ∞, or, when E[|X1|] = ∞,∫

(1,∞)

y

A−(y)
�X(dy) < ∞, (2.1)

where

A−(x) := 1 +
∫ x

1
�

−
X(y) dy, x ≥ 1.

Our first result shows how this is modified to obtain finiteness of moments of the overshoot.
Note that we allow the possibility of E[X−

1 ] = ∞ in most of our results. Assuming that
E[X−

1 ] < ∞ would undesirably limit the growth of the ‘income’ side of X in the risk process.
However, we do need (2.1). In Theorem 2.1, below, part (a) is proved in [4] (with a sign change).

Theorem 2.1. Assume that limt→∞ Xt = −∞ a.s.

(a) Take β > 0. Then we have, for each u > 0,

E[(Xτ(u) − u)β | τ(u) < ∞] < ∞ if and only if
∫

(1,∞)

xβ+1

A−(x)
�X(dx) < ∞.

(2.2)

(b) Take θ > 0. Then we have, for each u > 0,

E[exp{θ(Xτ(u) − u)} | τ(u) < ∞] < ∞ if and only if
∫

(1,∞)

eθx�X(dx) < ∞.

(2.3)

Remarks. (i) Equivalences for convergence of integrals such as (2.2) and (2.3) in terms of the
marginal distribution of X1 can be written directly from [11, p. 159].
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(ii) Of course, since u is fixed in Theorem 2.1, the convergence of the integrals in (2.2) and (2.3)
are also necessary and sufficient for finiteness of

E[Xβ

τ(u) | τ(u) < ∞] and E[exp{θXτ(u)} | τ(u) < ∞].
But it is convenient to work in terms of the overshoot; cf. Theorem 2.2, below.

(iii) Convergence of the integral in (2.2) is equivalent to that of
∫ ∞

1 (xβ�
+
(x)/A−(x)) dx, when

β > 0, as can be shown by integrating by parts. This form clearly shows that the convergences
in (2.2) occur when the negative tail of � dominates the positive tail appropriately, and may be
slightly more convenient in applications.

(iv) It is surprising that no denominator A−(x) is needed in (2.3), as might be expected in view
of (2.1) and (2.2). When E[|X1|] < ∞, then A−(∞) < ∞, and A−(x) can simply be omitted
in (2.2) also, leaving an integral equivalent to E[(X+

1 )β+1]. Convergence of the integral in (2.3)
is of course equivalent to E[exp{θX+

1 }] < ∞.

For our next result, we are interested in the behaviour of the moments and MGF of the
overshoot as u → ∞. At this stage, we bring in the subexponential/convolution equivalent
assumptions. For α ≥ 0, we assume the same conditions as in [9], namely, that

lim
t→∞ Xt = −∞ a.s., �

+
X(0) > 0,

�H ∈ S(α), and e−qδα(H) < 1.

(2.4)

(Recall that q > 0 is defined in (1.1).) The case in which �X is concentrated on (−∞, 0), i.e.
X is spectrally negative, is rather easy to handle, so we exclude it, while the assumption that
�H ∈ S(α) means that δα(H) := E[exp{αH1}] is finite; cf. (1.4). Keeping e−qδα(H) < 1
means that we are in the non-Cramér case. The asymptotic behaviour of τ(u) and associated
quantities in the Cramér case is quite different; see [9, Remarks 4.6 and 5.2] and also [7].

Under (2.4), we have, from [9, Proposition 2.5 and Lemma 3.5], for α ≥ 0,

lim
u→∞

V (u)

�H (u)
= δ2

α(V ) and lim
u→∞

P(τ (u) < ∞)

�H (u)
= qδ2

α(V ), (2.5)

where V (u) := V (∞)−V (u) = 1/q −V (u) and δα(V ) = ∫
(0,∞)

eαxV (dx), while, for α > 0
(see [9, Proposition 5.3]),

lim
u→∞

�
+
X(u)

�H (u)
= κ̂(−iα), (2.6)

where κ̂(θ) := log E[exp{iθĤ1}] for θ ∈ R. The following identity, due to Vigon [12], will
also be very useful:

�H (u) =
∫

(0,∞)

�
+
X(u + y)V̂ (dy), u > 0. (2.7)

When �H ∈ S(α) for an α > 0, we can define a distribution function G on [0, ∞) in terms
of its tail by

G(x) = e−αx

q

(
q − log δα(H) +

∫
(x,∞)

(eαy − eαx)�H (dy)

)
, x ≥ 0. (2.8)
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The function G is then a proper cumulative distribution function (total mass 1). When α = 0,
we take G(x) = 0, i.e. G is improper with all its mass at +∞. From Klüppelberg et al.
[9, Theorem 4.2], the G thus defined is the limiting distribution of Xτ(u) − u, conditional on
τ(u) < ∞, as u → ∞, when (2.4) obtains and α ≥ 0.

Given all this setup, we can prove the following theorem.

Theorem 2.2. Assume that (2.4) holds for an α > 0.

(a) Fix β > 0. Then we have

lim
u→∞ E[(Xτ(u) − u)β | τ(u) < ∞] =

∫
(0,∞)

xβG(dx). (2.9)

(b) Fix 0 < θ < α. Then we have

lim
u→∞ E[exp{θ(Xτ(u) − u)} | τ(u) < ∞] =

∫
(0,∞)

eθxG(dx). (2.10)

Remarks. (i) When (2.4) holds and α = 0, the limits in (2.9) and (2.10) are +∞ for any β > 0
and θ > 0. This is easily proved by Fatou’s lemma, since limu→∞ P(Xτ(u) − u > x | τ(u) <

∞) = 1 for all x > 0 in the case in which α = 0. We will not consider this case further in the
present paper.

(ii) Note that the integrals in (2.9) and (2.10) are finite, under (2.4), when α > 0. In fact, it is
easy to check from (2.8) that G(x) = O(e−αx) as x → ∞.

(iii) Given that the limiting distribution, as derived in [9, Theorem 4.2], is G, as in (2.8),
establishing (2.9) and (2.10) is essentially a matter of taking a limit under an integral. This is not
a trivial matter in the present context, because, although uniform bounds on certain quantities are
available from regularly varying theory (cf. (4.5) and (4.6), below), straightforward application
of the dominated convergence theorem is not possible. The uniform bound contains an arbitrary
ε > 0 in the exponent, and a distribution function F in the class S(α) is heavy tailed in the sense
that the integral

∫
(0,∞)

e(α+ε)xF (dx) is infinite for any ε > 0 (see [9]). The claimed moment
convergences have to be shown by careful analysis relying strongly on the special properties of
convolution equivalent distributions.

(iv) The results in Theorem 2.2 are very general. Drift of X to −∞ does not require a finite mean
for X, only (2.1). Assumption (2.4) allows for a wide class of ‘claim’ processes, represented
by the positive tail of X, but (2.4) for α > 0 requires integrability of �+

X(dx) against eαx . Note
that we assume no more than (2.4), even for the moment convergences.

The rather abstract quantities, δα(H), �H (y), etc., appearing in (2.8) and elsewhere can
be given quite concrete values in special cases, especially in the case in which X is spectrally
positive. A number of applications examples, which generalise many results in the previous
literature, are given in [3] and [9]. Using our results, expressions for limiting moments of the
overshoot and undershoot are easily read off from these, so we will not go into the details here.

3. Convergence of distributions and moments of the undershoot

Now we consider quantities related to the undershoots. A very recent ‘quintuple law’ of
Doney and Kyprianou [3, Theorem 3] gives the following result, when translated to our notation:

https://doi.org/10.1239/aap/1222868183 Published online by Cambridge University Press

https://doi.org/10.1239/aap/1222868183


Moments and MGF convergence of overshoots and undershoots 721

for γ > 0, v > 0, 0 < y ≤ u ∧ v, g ≥ 0, and h ≥ 0,

P(τ (u) − Gτ(u)− ∈ dg, Gτ(u)− ∈ dh, Xτ(u) − u∈ dγ, u − Xτ(u)− ∈ dv, u − Xτ(u)− ∈ dy)

= |V (u − dy, dh)|V̂ (dv − y, dg)�X(dγ + v), (3.1)

where, recall, Xt = sup0<s≤t Xs and Gt = sup{s ≤ t : Xs = Xs}. Here V (·, ·) and V̂ (·, ·) are
the bivariate renewal functions of the ascending and descending ladder height and inverse local
time subordinators. Equation (3.1) plays a crucial role in our calculations. Integrating out the
variables gives

P(u − Xτ(u)− ∈ dv, τ (u) < ∞)

= −
∫

g≥0

∫
h≥0

∫
γ>0

∫
y∈(0,u∧v]

V (u − dy, dh)V̂ (dv − y, dg)�X(dγ + v)

= −�
+
X(v)

∫
y∈(0,u∧v]

dyV (u − y) dvV̂ (v − y), u > 0, v > 0, (3.2)

where dyV (x − y) := V (x − dy) and dvV̂ (v − y) := V̂ (dv − y), with V and V̂ as defined
in (1.1) and (1.2). We can use (3.2) to check finiteness and convergence of moments of the
undershoot.

Theorem 3.1. Assume that limt→∞ Xt = −∞ a.s.

(a) Fix β > 0 and u > 0. Then we have

E[(u − Xτ(u)−)β | τ(u) < ∞] < ∞ if
∫ ∞

1

xβ+1

A−(x)
�X(dx) < ∞. (3.3)

The converse is true if, in addition, we assume that E[|X1|] < ∞.

(b) Fix θ > 0 and u > 0. Then we have

E[exp{θ(u − Xτ(u)−)} | τ(u) < ∞] < ∞ if
∫ ∞

1

xeθx

A−(x)
�X(dx) < ∞. (3.4)

Remarks. Finding a general necessary and sufficient condition for the finiteness of the
expectations in (3.3) and (3.4), instead of the partial solution given in Theorem 3.1, seems
rather elusive, depending on some fine structure properties of the renewal function of the
negative ladder height process, V̂ (x). Note that in (3.4) we have to include a factor of x/A−(x)

in the integral, whereas this was not needed in (2.3).

The next theorem gives the limiting (improper) distribution of the undershoot and limits of
its pseudomoments as u → ∞.

Theorem 3.2. Assume that (2.4) holds for an α > 0. Then,

(a) for all x > 0, we have

lim
u→∞ P(u − Xτ(u)− > x | τ(u) < ∞)

= 1

qδα(V )
+ 1

q

∫
(x,∞)

(eαy − 1)�H (dy)

− 1

q

∫
y∈(0,x)

∫
v∈(x−y,∞)

�
+
X(v + y)V̂ (dv) d(eαy); (3.5)
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(b) for β > 0, we have

lim
u→∞ u−β E[(u − Xτ(u)−)β | τ(u) < ∞] = 1

qδα(V )
; (3.6)

(c) for 0 < θ < α, we have

lim
u→∞ e−θu E[exp{θ(u − Xτ(u)−)} | τ(u) < ∞] = κ̂(−iα)δα−θ (V )

qκ̂(−iα + iθ)δ2
α(V )

. (3.7)

Remark. The limiting function on the right-hand side of (3.5) is an improper distribution with
mass 1/qδα(V ) at ∞. In a way this captures the intuition already expounded in [3] that ruin
may occur by a very large jump at a finite time or by an accumulation of smaller jumps over a
longer period of time.

While Doney and Kyprianou [3] gave in their Theorems 10 and 11 expressions for the limit
of the joint distribution of the overshoot and undershoot in the sense of vague convergence, this
does not give the limiting distribution (or the limiting improper distribution in the case of the
undershoot) because there is still the problem of taking the limit through the integrals in their
expressions. As shown in our proofs, this is a delicate exercise, and the more so in the case of
convergence of moments or MGFs.

Compared with Theorem 2.2, we see quite a different behaviour for the pseudomoments of
the undershoots; they grow with level u at an algebraic or exponential rate, as shown in (3.6)
and (3.7). A similar phenomenon occurs for the undershoot from the previous maximum, as
we show next. Integration of (3.1) and use of (2.7) gives its distribution in the form

P(u − Xτ(u)− ∈ dy, τ (u) < ∞) = �H (y) dyV (u − y), 0 ≤ y ≤ u. (3.8)

Of course, this undershoot lies between 0 and u, so it has finite moments of all orders for finite u.
We examine the limiting behaviour of its distribution and moments in the next theorem.

Theorem 3.3. Assume that (2.4) holds for an α > 0. Then,

(a) for x > 0, we have

lim
u→∞ P(u − Xτ(u)− ≤ x | τ(u) < ∞) = α

q

∫ x

0
eαy�H (y) dy; (3.9)

(b) for β > 0, we have

lim
u→∞ u−β E[(u − Xτ(u)−)β | τ(u) < ∞] = 1

qδα(V )
; (3.10)

(c) for 0 < θ < α, we have

lim
u→∞ e−θu E[exp{θ(u − Xτ(u)−)} | τ(u) < ∞] = δα−θ (V )

qδ2
α(V )

. (3.11)

Remark. The distribution on the right-hand side of (3.9) has mass 1 − δα(H)/q = 1/qδα(V )

at ∞, like that in (3.5), though they are quite different distributions. Equations (3.6) and (3.10)
give the same limit for the β-moments of the undershoot; but, (3.7), which reflects the influence
of V̂ in (3.2), is quite different to (3.11). Generally speaking, the undershoots have heavier-
tailed limiting distributions than the overshoot, reflecting the possibility of large jumps across
the boundary as a result of the heavy-tailed convolution-equivalent assumption.
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4. Proofs

Proof of Theorem 2.1. Part (a) follows from Theorem 5 of [4] after making a sign reversal,
i.e. replacing X by −X. (Note that the A(x) used in [4] can be replaced by an integral concerning
the positive tail of � (see [4, Equation (1.19)]), which becomes A−(x) in our present notation,
after a sign reversal.)

To prove part (b), use (1.3) to obtain, for u > 0 and θ > 0,

∫ ∞

1
eθx P(Xτ(u) − u > x, τ(u) < ∞) dx =

∫
y∈(0,u]

∫ ∞

u−y+1
eθ(x−u+y)�H (x) dxV (dy).

(4.1)

Let Â(x) := ∫ x

0 �
Ĥ

(y) dy. From [9, Equation 7.21], there are constants c± ∈ (0, ∞) such
that

c−
∫

(x,∞)

z − x

Â(z − x)
�X(dz) ≤ �H (x) ≤ c+

∫
(x,∞)

z − x

Â(z − x)
�X(dz),

whenever x is greater than or equal to some η > 0. To use this in (4.1), consider

∫ ∞

u−y+1
eθ(x−u+y)

∫
z∈(x,∞)

z − x

Â(z − x)
�X(dz) dx

=
∫

z∈(u−y+1,∞)

∫ z

u−y+1
eθ(x−u+y) z − x

Â(z − x)
dx�X(dz)

=
∫

(u−y+1,∞)

eθ(z−u+y)

∫ z−u+y−1

0
e−θx x

Â(x)
dx�X(dz). (4.2)

Here we give x/Â(x) its limiting value at 0, at 0, namely,

(
lim
x↓0

x−1
∫ x

0
�

Ĥ
(y) dy

)−1

= (�
Ĥ

(0+))−1,

which is in [0, ∞) since X drifts to −∞ a.s. and Ĥ is not trivial. The inner integral in (4.2) is
bounded above by

cθ :=
∫ ∞

0
e−θx x

Â(x)
dx,

and this is finite because Â(∞) = ∫ ∞
0 �

Ĥ
(y) dy > 0. Thus, the right-hand side of (4.1) is

bounded above by

c+cθ

∫
(0,u]

e−θ(u−y)

∫
z∈(u−y+1,∞)

eθz�X(dz)V (dy)

≤ c+cθ

∫
(0,u]

e−θ(u−y)V (dy)

∫
z∈(1,∞)

eθz�X(dz).

The right-hand side of this is finite when the integral in (2.3) is finite, so the expectation in (2.3)
is finite.
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Conversely, suppose that the expectation in (2.3) is finite. Using (4.1) and (4.2), we obtain∫ ∞

1
eθx P(Xτ(u) − u > x, τ(u) < ∞) dx

≥ c−
∫

(0,u/2]
e−θ(u−y)

∫
(2(u−y+1),∞)

eθz�X(dz)

∫ u−y+1

0
e−θx x

Â(x)
dxV (dy)

≥ c−e−θu

∫
(2(u+1),∞)

eθz�X(dz)

∫
(0,u/2]

eθy

∫ u/2

0
e−θx x

Â(x)
dxV (dy),

from which we see that the integral in (2.3) is finite.

Proof of Theorem 2.2. Assume that (2.4) holds for an α > 0. It suffices to prove part (b), as
part (a) then follows by standard methods.

Take θ ∈ (0, α), u > 0, and y ∈ (0, u]. Define

I (u, y) :=
∫ ∞

1
�H (θ−1 log x + u − y) dx. (4.3)

Then by (1.3) we have

1

�H (u)
E[exp{θ(Xτ(u) − u)} − 1; τ(u) < ∞]

= 1

�H (u)

∫ ∞

1

∫
(0,u]

�H (θ−1 log x + u − y) dxV (dy)

= 1

�H (u)

∫
(0,u]

I (u, y)V (dy)

=
∫

(0,u]

(
I (u, y)

�H (u)
− I (y)

)
V (dy) +

∫
(0,u]

I (y)V (dy), (4.4)

where

I (y) := eαy

∫ ∞

1
x−α/θ dx = θeαy

α − θ
.

We need some bounds for ratios like the one in (4.4). Let F(x) := �H (log x), which is
well defined and positive for x > 1. The class S(α) is contained in the class L(α) for which
F(x) is regularly varying of index −α as x → ∞. So, we have

�H (u − y)

�H (u)
= F(eu−y)

F (eu)
→ eαy as u → ∞ for each y > 0.

By [2, Theorem 1.5.6(ii)] we have the following Potter bound: for any given ε ∈ (0, α), there
exists a constant A(ε) > 1 such that, for all r ≥ 1 and s ≥ 1,

F(s)

F (r)
≤ A(ε) max

((
s

r

)−α+ε

,

(
s

r

)−α−ε)
.

Choose ε ∈ (0, α), take λ > 1, and set r = λs then s = λr in this bound, to obtain

1

A(ε)
λ−α−ε ≤ F(λr)

F (r)
≤ A(ε)λ−α+ε for all r ≥ 1 and all λ > 1.
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Since �H ∈ S(α), we thus have

�H (θ−1 log x + u − y)

�H (u − y)
≤ A(ε)x−(α−ε)/θ for all x > 1 and u > y ≥ 0. (4.5)

Thus, furthermore, for all x ≥ 1 and 0 ≤ y < u,

�H (θ−1 log x + u − y)

�H (u)
≤ A2(ε)e(α+ε)yx−(α−ε)/θ . (4.6)

Using (4.6) and dominated convergence, we obtain, from (4.3),

lim
u→∞

I (u, y)

�H (u)
= eαy

∫ ∞

1
x−α/θ dx = I (y) for each y > 0. (4.7)

Then, for each a > 0 and u > a, write
∫

(0,u]

(
I (u, y)

�H (u)
− I (y)

)
V (dy) =

[∫
(0,a]

+
∫

(a,u]

](
I (u, y)

�H (u)
− I (y)

)
V (dy). (4.8)

Again, using (4.6) in (4.3) gives

I (u, y)

�H (u)
≤ A2(ε)e(α+ε)y

∫ ∞

1
x−(α−ε)/θ dx

≤ θA2(ε)e(α+ε)y

α − θ
for all u > y ≥ 0.

By dominated convergence, the first integral on the right-hand side of (4.8) tends to 0 as u → ∞,
for each a > 0. Since I (y) = θeαy/(α − θ) and δα(V ) = ∫ ∞

0 eαyV (dy) is finite, the term∫
(a,u] I (y)V (dy) in (4.8) tends to 0 as u → ∞ and then a → ∞.

This leaves us to deal in (4.8) with
∫

(a,u]
I (u, y)V (dy) =

∫ u

a

V (y)g(u, y) dy + V (a)I (u, a) − V (u)I (u, u), (4.9)

where we set

g(u, y) = ∂

∂y
I (u, y)

= ∂

∂y

∫ ∞

u−y

θe(z−u+y)�H (z) dz

= θ�H (u − y) + θ2
∫ ∞

u−y

eθ(z−u+y)�H (z) dz

=
∫

(u−y,∞)

θeθ(z−u+y)�H (dz). (4.10)

(Differentiating under the integral is valid here since
∫ ∞

1 eαz�H (z) dz < ∞ and θ < α.) We
have to divide through by �H (u), u > a, in (4.9), and let u → ∞ and then a → ∞. We have,
by (4.7),

lim
u→∞

V (a)I (u, a)

�H (u)
≤ θeαaV (a)

α − θ
,
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and eαaV (a) → 0 as a → ∞, since δα(V ) < ∞, so the term in V (a)I (u, a) in (4.9) presents
no problem. Write the remainder of (4.9) as

∫ u

a

V (y)g(u, y) dy − V (u)I (u, u)

=
∫ u

a

(V (y) − V (u))g(u, y) dy − V (u)I (u, a)

=
∫ u−a

0
(V (u − y) − V (u))g(u, u − y) dy + o(�H (u)) as u → ∞, (4.11)

where the ‘o’ term follows from (4.7) and V (u) → 0 as u → ∞. Now, by (4.10),

g(u, u − y) = θ�H (y) + θ2
∫ ∞

y

eθ(z−y)�H (z) dz

= θ

∫
(y,∞)

eθ(z−y)�H (dz)

=: h(y), say. (4.12)

Decompose the integral in (4.11) into components over (0, a] and (a, u − a], where a < u/2,
and divide by V (u). Since V (u) ∼ δ2

α(V )�H (u) as u → ∞, by (2.5), the same bounds in (4.5)
and (4.6) hold with V in place of �H , and V (u − y)/V (u) → eαy as u → ∞ for each y ≥ 0.
Then, by dominated convergence, for each a > 0,

lim
u→∞

∫ a

0

(
V (u − y)

V (u)
− 1

)
h(y) dy =

∫ a

0
(eαy − 1)h(y) dy,

and this tends to
∫ ∞

0 (eαy − 1)h(y) dy as a → ∞.
So it remains to deal with

0 ≤ 1

V (u)

∫ u−a

a

(V (u − y) − V (u))h(y) dy

≤ 1

V (u)

∫ u−a

a

V (u − y)h(y) dy

≤ c+
c−�H (u)

∫ u−a

a

�H (u − y)h(y) dy, (4.13)

where we note from (4.12) that h(y) ≥ 0. Here c−�H (z) ≤ V (z) ≤ c+�H (z) for some
0 < c− ≤ c+ < ∞ and all z ≥ a, once a is large enough, by (2.5). Now note that, as y → ∞,
by dominated convergence, and using the Potter bound,

h(y)

�H (y)
= θ + θ2

∫ ∞

0
eθz �H (z + y)

�H (y)
dz

→ θ + θ2
∫ ∞

0
e−(α−θ)z dz

= αθ

α − θ
.
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Thus, for large a, we can upper bound the right-hand side of (4.13) by a multiple of

1

�H (u)

∫ u−a

a

�H (u − y)�H (y) dy,

which we write as

1

�H (u)

∫ u−a

a

�H (u − y)(−dg(y)) dy, (4.14)

where g(y) := ∫ ∞
y

�H (z) dz is, apart from a possible scale factor, the tail of a cumulative
distribution function on y ≥ a. Furthermore,

g(y)

�H (y)
=

∫ ∞

0

�H (z + y)

�H (y)
dz →

∫ ∞

0
e−αz dz as y → ∞,

by dominated convergence, and using (4.6) again. Integration by parts in (4.14) gives

g(a)�H (u − a)

�H (u)
− g(u − a)�H (a)

�H (u − a)

�H (u − a)

�H (u)
+ 1

�H (u)

∫
(a,u−a]

g(u − y)�H (dy),

in which the first two terms tend to 0 as u → ∞ and then a → ∞, because g(u) = O(�H (u))

as u → ∞ and eαa�H (a) → 0 as a → ∞. Replacing g(u − y) by a multiple of �H (u − y)

in the last term, as we may, finally leaves a multiple of

∫
(a,u−a]

�H (u − y)

�H (u)
�H (dy).

This tends to 0 as u → ∞ and then a → ∞ by [9, Lemma 7.1]. (This is where special
properties of the class S(α) are used crucially.)

Putting the pieces together, we have arrived at

lim
u→∞ E[exp{θ(Xτ(u) − u)} − 1 | τ(u) < ∞]

= lim
u→∞

�H (u)

P(τ (u) < ∞)

∫
(0,u]

I (u, y)

�H (u)
V (dy)

= 1

qδ2
α(V )

(
θδα(V )

α − θ
+ δ2

α(V )

∫ ∞

0
(eαy − 1)h(y) dy

)

= θ

q(α − θ)δα(V )
+ θ

q

∫ ∞

0

∫ y

0
eθx(eα(y−x) − 1) dx�H (dy).

To complete the proof, we show that the right-hand side equals
∫
(0,∞)

(eθx − 1)G(dx).
Of course, this must follow by uniqueness of Laplace transforms. But the formulae are not
obviously the same. To check, recall (2.8) and write

∫ ∞

1
G(θ−1 log x) dx := I1 + I2,

where

I1 = q − log δα(H)

q

∫ ∞

1
x−α/θ dx = θ

q(α − θ)δα(V )
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(because q − log δα(H) = 1/δα(V ); see [9, Proposition 5.1]) and

I2 = 1

q

∫ ∞

1
e−α log x/θ

∫
(log x/θ,∞)

(eαy − eα log x/θ )�H (dy) dx

= θ

q

∫ ∞

0

∫ y

0
eθx(eα(y−x) − 1) dx�H (dy).

Thus, (2.10) is proved.

Proof of Theorem 3.1. Assume that limt→∞ Xt = −∞ a.s.
(a) From (3.2) we obtain, for u > 0 and β > 0,∫

(u,∞)

vβ P(u − Xτ(u)− ∈ dv, τ (u) < ∞)

= −
∫

(0,u]

∫
v∈(u,∞)

vβ�
+
X(v) dvV̂ (v − y) dyV (u − y)

=
∫

(0,u]

∫
v∈(u,∞)

vβ�
+
X(v) dvV̂ (v − u + y)V (dy)

=
∫

(0,u]

∫
v∈(y,∞)

(v + u − y)β�
+
X(v + u − y)V̂ (dv)V (dy)

=
∫

(0,u]

[∫
v∈(y,u]

+
∫

v∈(u,∞)

]
(v + u − y)β�

+
X(v + u − y)V̂ (dv)V (dy). (4.15)

The second component in (4.15) does not exceed

2βV (u)

∫
(u,∞)

vβ�
+
X(v)V̂ (dv)

and, on the other hand, is not smaller than

V (u)

∫
(2u,∞)

vβ�
+
X

(
3v

2

)
V̂ (dv).

Bertoin [1, p. 74] gave V̂ (x) 
 x/Â(x) for all x ≥ 0, where Â(x) = ∫ x

0 �
Ĥ

(y) dy is finite
and nonzero for all x > 0. Assuming only that limt→∞ Xt = −∞ a.s., Klüppelberg et al.
[9], in the proof of their Proposition 5.4, showed that Â(x) 
 ∫ x

1 �
−
X(y) dy 
 A−(x). Also,

A−(λx) 
 A−(x) for all λ > 0. The renewal measure V̂ (x) grows at most linearly with x, while
limx→∞ xβ+1�

+
X(x)/A−(x) = 0 when the integral in (3.3) converges, as is easily checked

since xβ+1/A−(x) is increasing in x. Thus, I (v) := ∫ v

0 yβV̂ (dy) ≤ vβV̂ (v) 
 vβ+1/A−(v).
Integrating by parts gives

∫ ∞

η

vβ�
+
X(λv)V̂ (dv) ≤

∫ ∞

η

I (v)�X(λ dv)

≤
∫ ∞

η

vβV̂ (v)�X(λ dv)



∫ ∞

1

vβ+1

A−(v)
�X(dv). (4.16)

Then we get finiteness of the βth moment of the undershoot from (4.15).
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Conversely, assume that E[|X1|] < ∞ in addition to the finiteness of the expectation
in (3.3). Then, since X drifts to −∞, we have E[Ĥ1] < ∞, and, by the renewal theorem,
V̂ (x)/x → c ∈ (0, ∞) for a constant c > 0 as x → ∞. Thus, we see that I (x) ∼ c′xβ+1 as
x → ∞ for a constant c′ ∈ (0, ∞), and then the convergence of

∫
(2u,∞)

vβ�
+
X(3v/2)V̂ (dv)

implies the convergence of the integral in (3.3) (in which we can now delete the denominator
function A−(x), since A−(∞) < ∞ now).

(b) The proof of part (b) is similar to that of part (a).

Proof of Theorem 3.2. Assume that �H ∈ S(α) for an α > 0.
(a) Some calculations from (3.2), and invoking Vigon’s identity, (2.7), give, for 0 < x < u,

P(u − Xτ(u)− > x, τ(u) < ∞)

=
∫

(0,u)

�H (u − y)V (dy)

−
∫

y∈(u−x,u)

∫
v∈[0,x−u+y]

�
+
X(v + u − y)V̂ (dv)V (dy). (4.17)

Now

lim
u→∞

∫
(0,u)

�H (u − y)

�H (u)
V (dy) = δα(V ) + δ2

α(V )

∫
(0,∞)

(eαy − 1)�H (dy). (4.18)

To prove this, consider, for 0 < a < u,
∫

(0,u)

�H (u − y)

�H (u)
V (dy) =

[∫
(0,a]

+
∫

(a,u)

]
�H (u − y)

�H (u)
V (dy),

in which the first integral tends to
∫
(a,u] eαyV (dy) as u → ∞ by dominated convergence, and

this tends to
∫
(0,∞)

eαyV (dy) = δα(V ), finite, as a → ∞. This leaves us to deal with
∫

(a,u)

�H (u − y)

�H (u)
|d(V (y) − V (u))|

= �H (u − a)

�H (u)
(V (a) − V (u)) +

∫
(a,u)

(V (y) − V (u))

�H (u)
dy�H (u − y).

The first term tends to eαaV (a) as u → ∞, then to 0 as a → ∞. By (2.5), the second term is
asymptotic to

δ2
α(V )

∫
(0,u−a)

(
V (u − y)

V (u)
− 1

)
�H (dy)

= δ2
α(V )

[∫
(0,a]

+
∫

(a,u−a]

](
V (u − y)

V (u)
− 1

)
�H (dy),

in which the first component on the right-hand side tends to δ2
α(V )

∫
(0,a](e

αy − 1)�H (dy) as
u → ∞, and this tends to δ2

α(V )
∫
(0,∞)

(eαy − 1)�H (dy) as a → ∞. The second component
on the right-hand side is nonnegative and not greater than

δ2
α(V )

V (u)

∫
(a,u−a]

V (u − y)�H (dy) ≤ c

∫
(a,u−a]

�H (u − y)

�H (u)
�H (dy)

for some c > 0 and all large a. This tends to 0 as u → ∞ and then a → ∞ by [9, Lemma 7.1].
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Going back to (4.17), we have to deal with∫
y∈(u−x,u)

∫
v∈[0,x−u+y]

�
+
X(v + u − y)V̂ (dv)V (dy)

= −
∫

y∈(0,x)

∫
v∈[0,x−y]

�
+
X(v + y)V̂ (dv) dyV (u − y)

= −
∫

(0,x)

gx(y) dyV (u − y),

where

gx(y) :=
∫

[0,x−y]
�

+
X(v + y)V̂ (dv).

Integrate by parts to obtain∫
(0,x)

gx(y) dyV (u − y) = −gx(x)V (u − x) + gx(0)V (u) +
∫

(0,x)

V (u − y)gx(dy)

=
∫

(0,x)

(V (u − y) − V (u))gx(dy) − gx(x)(V (u − x) − V (u))

∼ V (u)

(∫
(0,x)

(eαy − 1)gx(dy) − gx(x)(eαx − 1)

)
as u → ∞

= −V (u)

∫ x

0
gx(y) d(eαy),

by dominated convergence, and using the uniform bounds in (4.6), applied to V , as we may.
Adjusting the constants gives (3.5).

(b) Take β > 0. A calculation from (3.2) gives∫ ∞

0
xβ P(u − Xτ(u)− ∈ dx, τ (u) < ∞) =

∫
(0,u]

g(u − y)V (dy), (4.19)

where, for z > 0,

g(z) :=
∫

(0,∞)

(x + z)β�
+
X(x + z)V̂ (dx).

For x > 0, u > 0, and 0 < ε < α,

(x + u)β

uβ

�
+
X(x + u)

�
+
X(u)

≤ 2βA2(ε)(1{x≤u} +xβ 1{x>u})e(−α+ε)x,

by the Potter bound, (4.6). Since V̂ (x) 
 x/Â(x) as x → ∞, the integral
∫
(0,∞)

e(−α+ε)xV̂ (dx)

is finite. Note that, by (2.6) and (2.7),

ĉα :=
∫

(0,∞)

e−αxV̂ (dx) = 1

κ̂(−iα)
.

Thus, by dominated convergence, g(u) ∼ ĉαuβ�
+
X(u) ∼ uβ�H (u) as u → ∞.

Now we want to normalise and take the limit as u → ∞ in (4.19). Use the asymptotic for
g(u) to obtain

lim
u→∞ u−β

∫
(0,a]

g(u − y)

�H (u)
V (dy) =

∫
(0,a]

eαyV (dy).
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This tends to δα(V ) as a → ∞. Next, consider
∫
(u−a,u] g(u − y)V (dy), where 1 < a < u.

For 0 < z ≤ a,

g(z) =
[∫

(0,a)

+
∫

(a,∞)

]
(x + z)β�

+
X(x + z)V̂ (dx)

≤ (2a)β
∫

(0,∞)

�
+
X(x + z)V̂ (dx) + 2β

∫
(1,∞)

xβ�
+
X(x)V̂ (dx)

≤ (2a)β�H (z) + O(1).

In the last inequality we used (2.7), (4.16), and the fact that
∫
(1,∞)

eαx�+
X(dx) is finite by (2.6).

Hence,

u−β

∫
(u−a,u]

g(u − y)V (dy)

≤ u−β

(
(2a)β

∫
(u−a,u]

�H (u − y)V (dy) + O(V (u − a) − V (u))

)

≤ u−β

(
(2a)β

∫
(u−a,u]

�H (u − y)V (dy) + eαaO(V (u))

)
.

Note that the integral on the right-hand side is finite; in fact, it does not exceed 1, by (1.3). This
integral equals

∫
(u−a,u]

�H (u − y) d(V (y) − V (u)) = �H (a)(V (u − a) − V (u))

+
∫

(0,a]
(V (u − y) − V (u))�H (dy).

As u → ∞, this is asymptotic to

V (u)

(
�H (a)eαa +

∫
(0,a]

(eαy − 1)�H (dy)

)
= O(V (u)) = o(uβV (u)).

Thus, we obtain, for each a > 0,

lim
u→∞ u−β

∫
(u−a,u]

g(u − y)

�H (u)
V (dy) = 0.

Finally, choose a so large that g(z) ≤ 2zβ�H (z) when z ≥ a. Then

1

uβ�H (u)

∫
(a,u−a]

g(u − y)V (dy) ≤ 2

uβ�H (u)

∫
(a,u−a]

(u − y)β�H (u − y)V (dy)

≤ 2

�H (u)

∫
(a,u−a]

�H (u − y)V (dy)

∼ constant
∫

(a,u−a]
V (u − y)

V (u)
V (dy) as u → ∞.

The last expression tends to 0 as u → ∞ and then a → ∞ by [9, Lemma 7.1]. Collecting the
terms together we obtain (3.6). Quite similar calculations give (3.7), proving part (c).
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Proof of Theorem 3.3. (a) For 0 ≤ x ≤ u, u > 0, we obtain, from (3.8),

P(u − Xτ(u)− ≤ x, τ (u) < ∞)

=
∫

(0,x]
�H (y) dyV (u − y)

= (V (u − x) − V (u))�H (x) +
∫

(0,x]
(V (u − y) − V (u))�H (dy).

Dividing by V (u) and letting u → ∞ gives, on the right-hand side,

(eαx − 1)�H (x) +
∫

(0,x]
(eαy − 1)�H (dy) = α

∫ x

0
�H (y)eαy dy.

Then using (2.5) gives (3.9).
(b) From (3.8) we obtain, for u > 0 and β > 0,

E[(u − Xτ(u)−)β, τ (u) < ∞] =
∫ u

0
yβ�H (y) dyV (u − y) =

∫ u

0
(u − y)β�H (u − y)V (dy).

Dividing by uβ�H (u), this equals

∫ u

0

(
1 − y

u

)β
�H (u − y)

�H (u)
V (dy),

and a proof just like that of (4.18) shows that this tends to δα(V ) as u → ∞ (there is no extra
term as in (4.18) because the factor of (1 − y/u)β cancels the contribution near u). Thus, we
obtain (3.10).

(c) From (3.8) we obtain, for u > 0 and θ > 0,

e−θu E[exp{θ(u − Xτ(u)−)}, τ (u) < ∞]
�H (u)

=
∫ u

0
e−θy �H (u − y)

�H (u)
V (dy).

The right-hand side converges to
∫
(0,∞)

e(α−θ)yV (dy) as u → ∞, using dominated conver-
gence, because, by the Potter bound in (4.5),

e−θy �H (u − y)

�H (u)
1{0≤y≤u} ≤ A(ε)e−θye(α+ε)y

is integrable with respect to V (dy) on (0, ∞), once ε < θ . Thus, we obtain (3.11).
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