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CLOSED STRUCTURES ON THE CATEGORY
OF TOPOLOGICAL SPACES
DETERMINED BY SYSTEMS OF FILTERS

MArIA CRISTINA PEDICCHIO

We give a characterization of monoidal closed structures,
“"determined by systems of filters" on the category of topological
spaces and continuous maps. The method we use to introduce
suitable topologies on the product set X X Y of spaces X and
Y , and on the set of all continuous maps from X to Y , is

essentially that of Wilker.

Introduction

The following paper deals with monoidal closed structures

(Top, -O -, [-, -], 1, », 1, a) on Top (in the sense of [6]).

Many authors drew their attention to the study of such structures, not
only in these last years, but even before category theory became relevant

(see for instance [11, [41, [21, [5]).

It is known [9], that any such structures must necessarily have, as
underlying set of I , XO Y and [Y, Z] , the canonical one, that is,
{*}, X x ¥ (product set) and hom(Y, Z) respectively. So, to construct
monoidal closed structures on TOp , it suffices to provide the product set
and the set of continuous functions with suitable topologies and to study

when such spaces are related by an exponential law.

In this direction, we follow the approach of Wilker [11], in
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topologizing the above-mentioned sets by families of filters (see §1). In
§2 we give a characterization of those particular systems of filters, that

generate monoidal closed structures on Top .

All the examples given by Booth and Tillotson in [Z2], and by Greve in
[7], are of this kind.

Furthermore they seem to be all the examples known in literature on

the matter.

Notation

We shall always use the following notations: X, Y, Z denote
topological spaces; X X Y indicates the product set of X and Y while
hom(X, Y) denotes the set of continuous functions from X to Y . {#}
stands for a singleton space and S for a Sierpinski space, that is, a
space consisting of two points O, 1 , with ¢, {1}, {0, 1} as its open

sets.

For any topological space Y , Op Y denotes the set of open sets of
Y and ¢ the natural identification of Op Y with hom(Y, S) . & is
defined by &(U) = @, U €Op Y, where ¢, : Y+ S is the
characteristic map of U (@U(y) =1 if y €U, &, y) =0 if y ¢ U).
If X®Y and (Y, Z) are arbitrary topological spaces on the product set
X x Y and the set hom(Y, Z2) , respectively, then, by an exponential law

Py , we mean the bijection

¥

Y : hom(X ® ¥, Z) » hom(X, (¥, 2))
defined by

V(A (2 y) = flz, y) ,

v g (z, y)

gl=z)(y) ,
for any f: X®Y+ 2 and g : X~> (Y, Z) continuous maps.

The symbol (K) with Kc Y and Y € Top , denotes the filter of
open sets generated by K , that is,

(KY = {U, UDK | Uopen set of Y} < Op Y .
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1.

Let Y be a topological space, and F a family of filters F on
OpY (that is, each F € F is a subset of the set Op Y ). It is
possible to define a topology on OpyY, by requiring these sets F to
form an open subbase. Op Y with this topology will be denoted by TY .
(It F is the empty family, then TY is an indiscrete topological
space.)

DEFINITION 1.1. For any Z € Top , we denote by [¥Y, Z] the set
hom(Y, Z2) with the initial topology with respect to all the functions of

the form

A, @ hom(¥, 2) > TY

with U ¢ 0p Z and XU(f) = f’l(U) , for any f € hom(Y, 2)

The family of all the sets W(F, U) = {f, f € hom(Y, 2) | frl(U) € F},
UelOpZ, FeF , is an open subbase of [Y, Z] . It is easy to see
that, defining [Y, k] = hom(ly, n) . (¥, 21> [Y, 2'] , for any

h:2+2", [Y, -] becomes a functor TOp + Top . Furthermore
TY 22 [Y, S] by & and ), = [x, <1>U] .
Consider now the product set X X Y . For any AC X x Y , and
x € X , ve use the symbol A to denote the set {y,y €Y | (x, y) € A} .

DEFINITION 1.2. A subset A of X XY is an F-open set if and
only if

(i) Ax €0pY, forany x € X,

(ii) u: X~->7v , u(x) = Ax , is a continuous map.
A family F of filters on Op Y is called an adjoining system, in

the sense of Wilker {11}, if and only if the two following conditions are

satisfied:
(i) each P € F is a compact filter (that is, if UUi €F,
1 €I, Ui € Op Y , then there is a finite subset J C I

such that UUi €F, 1 €d);
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(ii) for any pair Ul’ U2 €0pY and for any F € F , if

Ul v U2 € F , then there are filters Fl, F2 , finite
intersections of filters of F , such that Ul € Fl s

U2€F2 and FlnF2EF.

Wilker proved in [17, p. 272, Theorem 2] that the F-open sets are the
open sets for a topology on X X Y , if and only if F is an adjoining

system.

We denote this topological space by XDO Y , andby -0y : Top - Top
the associated functor (where, forany h : X > X',

hOY=hx1l,: XOY>x'0Y).

LEMMA 1.3. If X®Y denotes an arbitrary topology on the product
set X X Y , then the exponential law

wx,y,z : hom(X ® Y, Z) » hom(x, [¥v, Zz1)

is a bijection for any X and Z in Top, if and only if Y is a
bijection for any X in Top and Z =S .

Proof. If Z2 =8 and ¥ : hom(X ® ¥, S) » hom(X, TY) is a

X,Y,S
bijection (where [Y, S] is identified with TY ), then the open sets of
X® Y are exactly the F-open sets and XQ® Y = X0 Y . It follows that

the inclusion map % : {x} x Y » XO Y is continuous, for any x € X .
To prove that th v.z is a bijection, for any X and 2 , it
> >
suffices to verify that, given f:X0OY~>2 , g: X~>[Y, 2], = €X,

the maps Y(f) : x> 10(¥,2), WWflz) : Y+ 2Z and w_l(g) : X0y ~»> 3
are continuous. Y(f)(z) = f(x, -) , by definition of Y , and

f(x,—)=f‘-ix;i'g{x}xy-»x[1y+z

for any x € X , so it is continuous.

For the universal property of initial topology, ¥(f) : X + [Y, Z] is

continuous if and only if the composite

X—w—(j_.—)-r[Y, Z]T;TY
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is continuous, for any U € Op Z , being wX yg @ bijection, such
3 ?

composite is continuous if and only if

_1 - - -
Uiy sy W) s x0y s

is continuous.

Since this map is the characteristic map ?A , associated to the open
set A = frl(U) €0p XOY | the result follows.

If g : X > [¥, 2] , let § denote the function Y *(g) : XOY > Z .
Since g 1is continuous, the composite

X — [¥Y, 2] = TY
g Ay
is continuous, for any U € Op Z ; applying w}ly g We obtain a
b ?

continuous map of XO Y in S , which is exactly the characteristic map

associated to the set §_l(U) . Since §-l(U) is an open set for any

U €0p Z, the continuity of g follows. 0

PROPOSITION 1.4. There is an adjunction (-0Y, (¥, -1, V) if and

only i1f F s an adjoining system for Y .

Proof. This is a consequence of [171, p. 272, Theorem 2] and of Lemma

1.3, where ¢ 1is - of course - natural in X and 2 . 0

Suppose now we have an adjoining system of filters, F(Y) , for any
YeTop. -0Y and [Y, -] are the partial functors of the bifunctors
-0-: Top x Top > Top and [-, -] : Top® x Top + Top , if and only if
[-, 8] : Top® + Top defined by

[-, sHy) = lr,s8), v €eTop,

(-, s1r) = (1, ) = bom(n, 1) : [¥, 8]~ [¥', 5], n:Y >y,

is a contravariant functor.

In fact, by the universal property of initial topology and by the

following commutative diagram
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[y, 2] m [y', 2] T‘*T.Y’ >~ [y’, 5]
- Z [
(A, 5]
AU
TY = [¥Y, 5]

(where h : Y'*>Y , U€0pZ), each [-, 2], Z € Top is functorial.

Since [A, Z] = hom(h, lz) is continuous, and the diagram

hom(X O ¥, Z) = hom(X, [Y, Z])

hom(1, x 7, 1Z) hom(lX, [, 21)

hom(X O ¥’, Z) = nom(X, [Y', 2])
is commutative, then the function 1, X h:x0y">x0Y is continuous,
and each XO -, X € Top is a functor.

DEFINITION 1.5. A family of adjoining systems (F(Y)]YéTop is a
functorial adjoining system if and only if [-, S] : Top® » Top is a

functor.

For characterization of filters of a functorial adjoining system see

Wilker [11, p. 275-2761.

2.

In this section we give a characterization of those functorial
adjoining systems that determine a monoidal closed structure

(Top’ -0 ] [_a "], {*}) on Top .

A topology on the set Op Y , Y € Top , is called a topological
topology [81 if and only if it makes finite intersection and arbitrary

union continuous operations.

LEMMA 2.1. If F(Y) <s an adjoining system for Y , then TY is a
topological topology on Op Y . Conversely, if TY is a topological
topology on Op Y , and TY has a subbase F , whose elements are filters,

then F <s an adjoining system for Y .

Proof. If F(Y) is an adjoining system, then -0 Y — [Y, -]
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Since {*}D Y &Y , it follows by [10, p. 34, Theorem 4.1] or by [8], that
[Y, S] = TY is a topological topology.

Conversely, the pair (Y, TY) with TY topological topology on
Op Y , determines, again by [10, p. 34, Theorem 4.1], a pair of adjoint
functers H 4G , vhere H~-0OY and G= [Y, -] . From Proposition

1.4, F must be an adjoining system on Op Y . 0

Let [F(Y))YGTOP be a family of adjoining systems.

LEMMA 2.2, The exponential law

Vyy,z ¢ [XOY, 21> [x, [¥, 2]]

is a homeomorphism, for any X, Y, Z in Top , if and only if Y is a
homeomorphism for any X, Y in Top and 2 =35 .

Proof. Let be a continuous map for any X, Y € Top . For

l'JX,Y,S
the universal property of initial topology, to prove that wx v.7 is

3 b 4
continuous, we have just to show that the composite

[xOv, 2) — [X, [¥, 21] - X
v

wX Y,2
is continuous for any AV , V open set of [¥, 2], 2 ¢ Top . Let

=W(F, U}l , Fe€F(Y), UeOpZ ve a subbasic open set of (¥, Z]

It is easy to see that the characteristic map @W coincides with the
following composite map

@

y, Z]-———~———————* S

(2.2.1) [r, @\ /

[y, sl =1y

Let us consider now the diagram
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y My

lpX YA
(x Oy, 2] —=—== [x, (v, 2]] —> 1x ~ [X, 5]

Ap
(x0Y) (X, TY]
A1 a
(xOv, s) T [x, (¥, s1]
X,Y,S

It is commutative for the naturality of ¥ and for (2.2.1), recalling that
A, [x, &, Ay = x, ®] ana [x, 3] = x, [z, <I>U]] . It follows

that A, * U is a continuous map, for any X, Y, Z € Top . If V is
w " ¥x,v,z

a finite intersection of Wﬁ , that is, V= ﬂWj = ﬂW[Fj, Uj)

(d =12, ..., n), 53 € Fyy , 03 € 0p Z , we can consider the diagram

v A
(xovy, 21 —%LL, [x (v, 2)]] —Y— =[x, 5]

(2.2.2) Ai 4 n

n.[x0vy, z] ——— [, [¥, 2]] —— 07X =1_[X, 5]
J “j"’x,y,z J HjAWJ. J J

where A is the canonical diagonal map, and 11 denotes the topological

product.

The commutativity of such a diagram follows from the naturality of A

and the definition of ; .

Since the diagonal map and the intersection map are continuous (Lemma

2.1), it follows that Xa . wX y 7 1s continuous too, for any X, Y, Z in
E] *

Top .

Now, if V¥V is an arbitrary union of 55 . Ea = N¥ o
J

O o
(G" 1, ..., ) , Ve can prove the continuity of Ay with a

“VYxrov.z
diagram similar to (2.2.2), where the intersection map is replaced with the

union map. A similar proof applies to the inverse map w}ly 7 through
k] 3
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the following commutative diagram:

-1 A

1]
[x, (v, z1] =22, xovy, 2] — % #x0O )

[x., [, 2,1] (KO ¥, 3]

[x, [¥, s]] —g— [xD ¥, 5]
X,Y,8

velpZ., |

PROPOSITION 2.3. 4 finctorial adjoining system [F(Y))YETop

determines a monoidal closed structure (Top, -0 -, [-, -1, {*}, r, 1, a)

on Top <if and only if

(i) F({*}) induces on Op{*} a topological topology
T({*}) =25 ;
(ii) Yy 4y g (xov, sl=[x, (v, 5] is a homeomorphism for

any X, Y € Top .

Proof. Any adjoining functorial system (see Definition 1.5)
determines two bifunctors -0 - : Top x Top ~ Top and
[-, -1 : Top® x Top + Top such that, for any Y € Top , -OY—{y, -]

Let 7({*}) be homeomorphic to a Sierpinski space, and let u denote
such homeomorphisms; we have necessarily u({#}) =1 . Since [{*}, X]
is, up to bijection, the set X with the initial topology with respect to
the maps

Ayt L=}, K] > 2({x)) =5

with U € Op X , and since A;l({*}) , {*} € 7({*}) is exactly the open

set U , it follows that [{*}, X] = X , for any X € Top . We denote by
y Such a natural homeomorphism, defined by Ux(xo)(*) =z, xy €X .
Then, from Lemma 2.2 and from [6, p. 495, Theorem 5.10], it follows that

v

(Top, - 0O -, [-, -1, {#}, », 1, a) is a monoidal closed structure on
Top , where »r, 1, a are enrichments in Top of the canonical natural

isomorphisms of Set . O
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Suppose now we use the same symbol both for an open set of Y and for

its characteristic associated map.

The space [X, [y, S]] has the initial topology with respect to the

maps

Ay ¢ hom(X, [¥, §]) > TX

with U € TY .
1r ¢ : [xDvy, 8] =[x, [¥, S]] , it follows that the family
w}ly S[X;l(V)] , U€TY and V €TX , is an open subbase of [X DO Y, 5] ;

furthermore for properties of initial topology (see also diagram (2.2.2)),
it suffices to consider U € F(Y) , V € F(X)

Let us denote by H(F, G) , F € F(Y) , G € F(X) , the following sub-
set of Op(XOY) |that is, up to bijection, just the set

-1 -1
wx,Y,S[}‘F (G)] ]:
H(F, G) = {4, A ¢ Op(XOY) | QA={x,x€X|AxEF} € G} .
PROPOSITION 2.4. I1f F(Y) and F(X) are adjoining systems on 0Op Y

and Op X respectively, then the family {H(F, G) | F € F(¥), G € F(x)}

is an adjoining systemon Op XOY .

Proof. It is easily seen that H(F, G) is a filteron Op XOY ,
for any F € F(Y) and G € F(X) . To prove that H(F, G) is a compact
filter, suppose that UAi € H(F, G) , 1 €I and A, € OpXOY .

1f @ = {x, x ¢ X | U(Ai]m € F, 1 € I} , then, by definition of
H(F, G) , it follows that @ € G .

Since F 1is a compact filter, for any T € @ there is a finite sub-

set J= of I such that U(4.)= ¢ F, 1 €J=- .
X 1 X X

Iif QE = {z, x e x| U(Ai)x €F, 71 ¢ JE} , then ¢ UQE , x €4 .

Since G 1is a compact filter, it follows that there is a finite subset L

of & such that UQE €G, €L . If we define K = UJE , x €L , we

obtain a finite subset of I and UAi € H{(F, G) with 7 € K .

Now we are going to prove that the family
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[#(F, ¢) | F € F(Y), G € F(x)}

verifies condition (ii) of the definition of adjoining systems. If
Al v A2 € H(F, G) , with Al’ A2 € Op XOY | 1et us denote by § the set

[z, x ¢ x| (Al):cu(A:z)xEF}; then @ € G .

Since F is an adjoining system it follows that, for any % € @ ,
(Al]:;: € (Fl}-% and (AQ]E: € (FQ)E where (Fl).’-c and (F2)5 are finite

intersections of members of F(Y) and (Fl).?c n (FQ]E: cF .

If we define

Po={z, zex| (4], ¢ (Fl)

#

x

and

-1,

mfe s x| (8, < (1)

then it is easy to see that @ = U(P&-: n RE) , = €Q.

Since G 1is a compact filter, it follows that there is a finite sub-
set XK of @ such that U(P;; n RE) € G, x €K . As the general finite
case follows by induction, only two elements X and %, will suffice.

1 2
From (Px "R, ) v (P:c "R, ) € G, and property (ii) of the adjoining
1 1 2

2
system G , it follows that P, " R, € Gl and Px n Rx € 02 , where
1 1 2 2
G’l and 02 are finite intersections of filters belonging to F(X) and
n c
6, "G, SG .

Recall that, if F is a finite intersection of Fa , with Fa € F(Y)
and G is a finite intersection of GB with GB € F(X) , then
H(F, G) = MH(F,, G) .

Consider now the filters

H[(Fj)xi,c.) , =1,2, j=1,2;

it follows that 4, € d( (Fl]xl, G o H[(Fl)xQ, G,) and
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A, € H((F2)xl, Gl] n H([Fz]xz, G,) . To verify that

nH((Fj)xi, G)SHF, G , i=1,2, j=1,2,

let 4 be an open set of XOY and 4 € ﬂH((FJ-)x s Gi) . If L denotes
7

the set {a:, x € X A:x: € F}, we must prove that L € G .

Let us define the sets

Lj,i={x,x€X]Ax€(Fj):‘Ei}, i=1,2, J=1,2;

i .. . . N . <G, L = . -
it follows that L¢7 i € G, and Ll& Lz,z €6, t=1,2 Further

more, if we define L* = U(L. . nL .}, 1 =1,2 , then L* €G nG_,
“1,1 102

2,1
hence L* € G .

It suffices now to prove that L* < L . If x € L* , then
n n . € n .
x € Ll,l L2,l or x € Ll,2 L2’2 Suppose x Ll,l L2,l ; then,
. n - D
since 4, € (Fl)xl (Fg]xl , it follows A, €F and x €L .

The topological space on Op X O Y | having the family
{#(F, G), F € F(Y), G € F(X)} , as an open subbase, will be denoted by
(X, Y . Then condition (i) of Proposition 2.3 can be replaced by

(ii)' T(xD0Oy) =<{x, v)
for any X, Y € Top .,

It is interesting to observe that it is possible to give a
characterization of all monoidal closed structures on TOP , generalizing
Proposition 2.3 to the case of arbitrary topological topology TY (not
given by filters), and recalling the theorem of Isbell on the

characterization of adjoint functors in TOp [&],

3.

For any family F(Y) of filters on Op Y | let us denote by F’(Y¥)
the system of all filters which can be written as finite intersection of
filters belonging to F(Y) . Of course F(Y) is an adjoining system if

and only if F'(Y) is an adjoining system.
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All the examples of monoidal closed structures on Top , given by
Booth and Tillotson in [2], and by Greve in [7] are determined by filters.
In such examples, if A is the opportune class of spaces used to define
the structure, then the associated functorial adjoining system is given by

families of generated filters of the form

{Ff A | A A, Ff:a~ Y}YeTop .

In particular, the canonical symmetric monoidal closed structure (topology
of separate continuity on X X Y , and pointwise convergence on
hom(Y, Z) ) is determined by the functorial adjoining system

Ky) | y €1} of all principal ultrafilters of open sets. Moreover

YeTop
Ky | y € Y}' = E(Y) , where E(Y) is the minimal adjoining system of
[(113.

Consider now the trivial functorial adjoining system
J(J(Y) = @, for any Y € Top] and the maximal functorial adjoining system
M of (17]. Condition (Z) of Proposition 2.3 is satisfied by M , but not
by J . Condition (ZZ) is satisfied by J ; as for M , the only result
we can get is, by Proposition 2.4, T(x0O Y) =2(X, Y) , for any
X, Y ¢ Top

If we assume all spaces to be Hausdorff, then M determines a

monoidal structure (Haus, - x , {*}] , where co denotes the

s = [ “leo
compact~open topology ([41). To prove this result it suffices to recall
that each compact filter F on Op Y , Y € Haus , is compactly generated
{8, p. 331]); then, by [17, p. 278, Theorem 7], it follows that the
topological space on hom(Y, Z) determined by M coincides with

[y, Z]co ,» for any Y, Z € Top .
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