
Can. J. Math. Vol. 50 (3), 1998 pp. 605–619.

HARDY SPACES OF CONJUGATE SYSTEMS
OF TEMPERATURES

MARTHA GUZMÁN-PARTIDA AND SALVADOR PÉREZ-ESTEVA

ABSTRACT. We define Hardy spaces of conjugate systems of temperature functions

on Rn+1
+ . We show that their boundary distributions are the same as the boundary

distributions of the usual Hardy spaces of conjugate systems of harmonic functions.

Introduction. In [4], C. Fefferman and E. M. Stein defined for (n� 1)Ûn Ú p Ú 1,
the Hp spaces in Rn+1

+ as (n + 1)-tuples of harmonic functions F = (u1Ò    Ò unÒ un+1) on
Rn+1

+ satisfying the equations of conjugacy

(CR)
(

Dxi uj = Dxj ui iÒ j = 1Ò    Ò n + 1Pn+1
j=1 Dxj uj = 0

and the condition

(G) sup
tÙ0

Z
Rn
jF(xÒ t)jp dx Ú 1

Every such F is determined by u = un+1 and finally by the boundary value f =
limt!0+ u(ÐÒ t) which exists as a temperate distribution. Then they gave a real-variable
characterization of the corresponding space of distributions in terms of maximal func-
tions constructed using any “nice” test function. In particular the Gaussian function
G(x) � 1

(2ô)nÛ2 e�jxj2Û2 can be used to characterize the Hp spaces as boundary values of
temperature functions (solutions of the heat equation). The purpose of this article is to
express these spaces in terms of (n + 1)-tuples of temperatures satisfying certain conju-
gacy equations and a condition like (CR). The equations introduced by Y. Sagher and
E. Kochneff in the case n = 1, involve Weyl fractional derivatives to decompose the
partial derivative Dt appearing in the heat operator. This paper is the extension to several
variables of previous work by one of the authors [7].

The paper will be organized as follows: In the first section we study temperature
functions on Rn+1

+ satisfying (G). We give growth estimates for these functions at the
boundary, based upon Lemma 1.1 which has interest of its own. These estimates will
lead to the existence of the fractional derivatives and boundary limits used in the second
section. In the second section we define Hardy spaces of (n + 1)-tuples of temperature
functions and the system of equations ruling them; as in the harmonic case their coordi-
nates are linked by the Riesz transforms. In the main theorem we prove that the boundary
values are exactly as the classical real Hp spaces.
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The following notation will be used throughout the paper. If f 2 L2(Rn), f̂ denotes the
Fourier transform of f based on the kernel e�2ôixÐò.

If g is a real-valued function which is sufficiently regular for t Ù 0, the Weyl’s
fractional derivative of order ã Ù 0 is defined by

Dãg(t) =
eiôã̃

Γ(ã̃)

Z 1
t

g(n)(s)(s � t)ã̃�1 dsÒ

where ã = n�ã̃, n 2 N, 0 Ú ã̃ � 1, and the Weyl’s fractional integral of order ã Ù 0 is

D�ãg(t) =
eiôã

Γ(ã)

Z 1
t

g(s)(s � t)ã�1 ds

The 1-dimensional Gauss-Weierstrass kernel will be denoted by k(xÒ t), that is,

k(xÒ t) =
1p
4ôt

e�x2Û4tÒ t Ù 0

and k(xÒ t) = 0 for t � 0. The n-dimensional Gauss-Weierstrass kernel is defined as

K(xÒ t) =
nY

i=1
k(xiÒ t) =

1

(4ôt)nÛ2
e�jxj

2Û4tÒ

and the theta function for t Ù 0 as

í(xÒ t) =
1X

n=�1
k(x + 2nÒ t)Ò

and í = 0 for t � 0.

1. Hardy spaces of temperature functions. We will denote by

H(Rn+1
+ ) =

²
u 2 C2(Rn+1

+ ) :
nX

j=1
D2

xj
u = Dtu

¦
Ò

Hp(Rn+1
+ ) = fu 2 H(Rn+1

+ ) : kukHp Ú 1gÒ
where

kukHp = sup
tÙ0

ku(ÐÒ t)kpÒ 0 Ú p Ú 1

We shall write H and Hp, respectively, if the context does not cause confusion. The
elements of H will be called temperature functions.

It is well known that the following representation holds for u 2 Hp when 1 Ú p Ú 1
(see [5, Theorem 5]): u 2 Hp if and only if u(xÒ t) = K(ÐÒ t) Ł f (x), where f 2 Lp(Rn),
1 Ú p Ú 1.

Moreover, we have the following estimates for x 2 Rn and t Ù 0 [5, Theorem 2(ii),
(iv) and (v)]

ju(xÒ t)j � Ckfkpt�nÛ2pÒ(1)

jDtu(xÒ t)j � Ckfkpt�1�nÛ2p(2)
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HARDY SPACES OF CONJUGATE SYSTEMS OF TEMPERATURES 607

As a consequenceof the above estimates, u and Dtu are bounded in each proper half-space
f(xÒ t) 2 Rn+1

+ : t ½ t0 Ù 0g.
The case 0 Ú p � 1 will be analyzed in Theorem 1.2 below, following the main ideas

of the harmonic case [6, p. 172] adapted to our situation. First, we need to state some
known facts and some notation.

Let Q = (0Ò 1)n+1 and Γ its parabolic boundary, that is, Γ is the union of the sets Γ0

and Γij, for i = 1Ò    Ò n and j = 0Ò 1 where Γ0 = f(òÒ 0) : ò 2 (0Ò 1)ng and Γij = f(òÒ ú) 2
Q̄ : 0 Ú ú Ú 1Ò òi = jg. ï will be the n-dimensional Lebesgue measure on Γ.

We define for x, ò 2 Rn and t, ú Ù 0

R(xÒ t; òÒ ú) =
nY

i=1
H(xiÒ òiÒ t � ú)Ò

where

H(xiÒ òiÒ t � ú) = í(xi � òiÒ t � ú) � í(xi + òiÒ t � ú)

We will consider the kernel K: Qð Γ ! R defined as follows:

K(xÒ t; òÒ 0) = R(xÒ t; òÒ 0)Ò
K(xÒ t; òÒ ú) = (�1)j+1Dxi R(xÒ t; òÒ ú)Ò ò 2 Γij

Every temperature function on Q and continuous on Q̄ can be written on Q as follows:

u(xÒ t) =
Z

Γ
K(xÒ t; òÒ ú)u(òÒ ú) dï(òÒ ú)

(Compare with the results in [1] and [3]).
We shall also consider for 0 Ú r Ú 1 the mapping Tr(xÒ t) = (xrÒ tr) where

xr = rx +
1 � r

2
(1Ò    Ò 1)

tr = r2t + (1 � r2)

Notice that Q = fTr(òÒ ú) : (òÒ ú) 2 Γ, 0 Ú r Ú 1g.

LEMMA 1.1. Let u be a temperature function on a (n + 1)-dimensional parallelepiped
P ² Rn+1

+ such that P = P0 ð (cÒ d), where P0 is a n-dimensional cuboid which satisfies
jP0j2Ûn = (d � c). Suppose also that u is continuous on P̄. If (xoÒ d) is the center of the
upper face of P, then for every p 2 (0Ò 1]

ju(x0Ò d)jp � Cp
1
jPj

Z
P
ju(òÒ ú)jp dò dúÒ

where Cp is a constant only depending on p, and jP0j, jPj denote the Lebesgue measure
of P0 and P, on Rn and Rn+1, respectively.
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PROOF. Without loss of generality we can suppose that P is the unit cuboid Q, since
the mapping Φ: Q ! P such that

Φ(òÒ ú) =
�
jP0j1Ûnò + aÒ (d � c)ú + c

�
Ò

where P0 = (a1Ò b1)ðÐ Ð Ð ð (anÒ bn), makes uŽΦ a temperature function. Notice also that
for 0 Ú r Ú 1, u Ž Tr is a temperature function on Q. For every r Ù 0 define

mp(r) =
�Z

Γ

þþþu�Tr(òÒ ú)
�þþþp dï(òÒ ú)

½1Ûp
Ò

and
m1(r) = sup

nþþþu�Tr(òÒ ú)
�þþþ : (òÒ ú) 2 Γ

o


We may assume that
R

Q ju(òÒ ú)jp dò dú = jQj and m1(r) ½ 1 for every r 2 (0Ò 1).
Let q Ù 1. We notice that

mq(r) � m1(r)(q�p)Ûqmp(r)pÛq(3)

We have the representation

u
�
Tr(xÒ t)

�
=
Z

Γ
K(xÒ t; òÒ ú)u

�
Tr(òÒ ú)

�
dï(òÒ ú)

If (xÒ t) 2 Qr = Tr(Q) then

u(xÒ t) =
Z

Γ
K
�
T�1

r (xÒ t); òÒ ú
�
u
�
Tr(òÒ ú)

�
dï(òÒ ú)Ò

and since Tr Ž Ts = Trs, then for (xÒ t) 2 Qs, 0 Ú s Ú r Ú 1,

u(xÒ t) =
Z

Γ
K
�
TsÛr(T

�1
s (xÒ t)

�
; òÒ ú)u

�
Tr(òÒ ú)

�
dï(òÒ ú)(4)

We need to estimate
R

Γ K
�
Tö(yÒ ë); òÒ ú

�
u
�
Tr(òÒ ú)

�
dï(òÒ ú) for (yÒ ë) 2 Q and ö 2 (0Ò 1).

First, we notice that (compare with [7, Lemma 1])
þþþþZ(0Ò1)n

R
�
Tö(yÒ ë); òÒ 0

�
u
�
Tr(òÒ 0)

�
dò
þþþþ � C(1 � ö)�2nmq(r)(5)

Next, we will analyze
Z

Γ10

K(yöÒ ëö; òÒ ú)u
�
Tr(òÒ ú)

�
dï(òÒ ú)(6)

This integral equals

Z ëö
0

Z
[0Ò1]n�1

2Dx1í(x1Ò ëö � ú)
nY

i=2
H(xiÒ òiÒ ëö � ú)u

�
Tr(0Ò ò2Ò    Ò ònÒ ú)

�
dò2 Ð Ð Ð dòn dúÒ

and its module is majorized by (see [7, Lemma 1])

C(1 � ö)�2mq(r)
�Z ëö

0

� nY
i=2

Z 1

0
H(xiÒ òiÒ ëö � ú)q0 dòi

�
dú
½1Ûq0
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where q0 is the conjugate exponent of q.
Since for every i = 1Ò    Ò n

Z 1

0
H(xiÒ òiÒ ëö � ú)q0 dò � C

1

(ëö � ú)(q0�1)Û2
Ò

if we choose q such that (n � 1)(q0 � 1)Û2 Ú 1, we can ensure that the expression (6) is
majorized by C(1 � ö)�2mq(r).

A similar argument shows that for every i = 1Ò    Ò n and j = 0Ò 1
þþþþZΓij

K(yöÒ ëö; òÒ ú)u
�
Tr(òÒ ú)

�
dï(òÒ ú)

þþþþ � C(1 � ö)�2mq(r)(7)

and from (4), (5) and (7) we get for ö = sÛr and (xÒ t) 2 Qs

m1(s) � C(1 � sÛr)�2nmq(r)(8)

If we choose s = ra with a Ù 1 we obtain from (3) and (8)

m1(ra) � C(1 � ra�1)�2nm1(r)(q�p)Ûqmp(r)pÛq

Taking logarithms, multiplying by 1Ûr and then integrating respect to r, we get

Z 1

1Û2
log m1(ra) drÛr � C +

(q � p)
q

Z 1

1Û2
log m1(r) drÛr +

1
q

Z 1

1Û2
log mp(r)p drÛr(9)

Now, we have

1 =
Z

Q
ju(òÒ ú)jp dò dú =

Z
Q0

ju(òÒ ú)jp dò dú +
X
iÒj

Z
Qij

ju(òÒ ú)jp dò dúÒ(10)

where Q0 and Qij are defined as follows:

Q0 = Ψ
�
Γ0 ð (0Ò 1)

�
Qij = Ψ

�
Γij ð (0Ò 1)

�
Ò

and Ψ: Γ ð (0Ò 1) ! Q sends
�
(òÒ ú)Ò r

�
! Tr(òÒ ú).

First, we see that

Z
Q0

ju(òÒ ú)jp dò dú =
Z 1

0

Z
(0Ò1)n

2rn+1
þþþu�Tr(òÒ 0)

�þþþp dò dr

=
Z 1

0

Z
Γ0

2rn+1
þþþu�Tr(òÒ ú)

�þþþp dï(òÒ ú) dr

Also, it is easy to see that

Z
Qij

ju(òÒ ú)jp dò dú =
Z 1

0

Z
Γij

rn+1

2

þþþu�Tr(òÒ ú)
�þþþp dï(òÒ ú) dr
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Hence, collecting all the above integrals, we obtain from (10)

Z 1

0
rn+1mp(r)p dr � C

Z 1

0

Z
Γ

þþþu�Tr(òÒ ú)
�þþþp dï(òÒ ú) dr

� C

Thus
1
q

Z 1

1Û2
log mp(r)p drÛr � C

Z 1

0
rn+1mp(r)p dr � C(11)

Using inequality (11), making a change of variable on the left hand side of (9) and
choosing a in a such way that 1

a � q�p
q Ù 0, we can conclude that

Z 1

1Û2a
log m1(r) drÛr � CpÒ

where Cp is a constant depending on p only. This inequality implies that there exists
r0 2 [1Û2aÒ 1] such that m1(r0) � Cp and from the maximum principle the proof
follows.

REMARK. Notice that Lemma 1.1 is also true for 1 Ú p Ú 1, since it is valid for
p = 1.

THEOREM 1.2. Let u 2 Hp, 0 Ú p � 1. Then, there exists a constant C depending
only on p such that for every (xÒ t) 2 Rn+1

+

ju(xÒ t)j � CkukHpt�nÛ2p(12)

In particular, u(xÒ t) is bounded in each proper half-space Ω0 = f(xÒ t) : t ½ t0 Ù 0g. In
fact, u(xÒ t) ! 0 if (xÒ t) !1 in Ω0.

PROOF. Let (xÒ t) 2 Rn+1
+ and R =

�Qn
i=1(xi �

p
tÛ2

p
2Ò xi +

p
tÛ2

p
2)
�
ð (tÛ2Ò t).

Using Lemma 1.1, the rest of the proof follows exactly as in the harmonic case (see [6,
p. 174]).

Now, we analyze the growth of Dtu for u 2 Hp, 0 Ú p � 1:
Let t Ù 0 and x 2 R. Fix t0 Ù 0 such that tÛ2 Ú t0 Ú t. Estimate (12) implies that

u(xÒ t) =
Z
Rn

K(x � yÒ t � t0)u(yÒ t0) dy

and using (a) in Lemma 2.3 below we obtain

jDtu(xÒ t)j � CkukHpt�nÛ2p
0

Z
Rn

min
(

1
jx � yjn+2

Ò 1

(t � t0)(n+2)Û2

)
dy

= CkukHpt�nÛ2p
0

Z
jy�xjn+2Ù(t�t0)(n+2)Û2

dy
jy � xjn+2

+ CkukHpt�nÛ2p
0

Z
jy�xjn+2Ú(t�t0)(n+2)Û2

dy

(t � t0)(n+2)Û2

� CkukHp(t � t0)�1�nÛ2p
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Letting t0 ! tÛ2 we obtain

jDtu(xÒ t)j � CkukHpt�1�nÛ2p(13)

Next, we examine the boundary behavior of u 2 Hp, 0 Ú p Ú 1. For 1 Ú p Ú 1,
u(ÐÒ t) ! f in the Lp norm as t ! 0, where u(ÐÒ t) = K(ÐÒ t) Ł f (x), f 2 Lp, therefore the
family

�
u(ÐÒ t)

�
tÙ0

converges in S 0 as t ! 0. If u 2 Hp, 0 Ú p � 1, Theorem 1.2 implies
that every u(ÐÒ t) is a bounded function, hence a tempered distribution. Moreover, as we
will state in the following theorem,

�
u(ÐÒ t)

�
tÙ0

converges in S 0.

THEOREM 1.3. Let u 2 Hp, 0 Ú p Ú 1. Then limt!0 u(ÐÒ t) � f exists in S0 and f
uniquely determines u.

PROOF. It remains to prove the case 0 Ú p � 1. Since estimate (12) holds, taking
a = b = 0 and c = nÛ2p in [5, Theorem 17], we get u(xÒ t) = K(ÐÒ t) Ł f (x) where f 2 S0.
Denoting FΨ � Ψ̂, we see that for every ß 2 S hu(ÐÒ t)Ò ßi = he�4ô2tjÐj2Ff ÒF�1ßi !
hf Ò ßi as t ! 0. It is clear that f uniquely determines u.

2. Hardy spaces of conjugate systems of temperature functions. Following the
idea of conjugacy introduced by Kochneff and Sagher in [9], we will define conjugate
systems of temperature functions on Rn+1

+ .

DEFINITION 2.1. A C2 vector field in Rn+1
+ , F = (u1Ò    Ò unÒ un+1) will be called a

conjugate system of temperature functions, if there exist D1Û2
t uj, on Rn+1

+ for every
j = 1Ò    Ò n + 1 and the following equations hold:

(I)
Pn

j=1 Dxj uj = iD1Û2
t u.

(II) Dxk uj = Dxj uk, j, k = 1Ò    Ò n.

(III) Dxj u = �iD1Û2
t uj, j = 1Ò    Ò n.

where u � un+1 and D1Û2
t is the Weyl’s fractional derivative operator or order 1Û2 respect

to t. We will write F 2 AH (Rn+1
+ ) or simply, F 2 AH .

It is important to remark that if F = (u1Ò    Ò unÒ un+1) 2 AH , then every function uk,
k = 1Ò    Ò n + 1 is a temperature function on Rn+1

+ .
If Rj denotes the j-th Riesz transform for j = 1Ò    Ò n, we will write Sj(xÒ t) �

RjK(ÐÒ t)(x), where Rj is taken with respect to the spacial variable. Since K̂(ÐÒ t)(x) =

e�4ô2tjxj2 , and dRjK(ÐÒ t)(x) = �i òj

jòj K̂(ÐÒ t)(x), from the Fourier inversion formula, we have
for j = 1Ò    Ò n

K(xÒ t) =
Z
Rn

e�4ô2tjòj2 cos(2ôò Ð x) dò and(14)

Sj(xÒ t) =
Z
Rn

òj

jòje
�4ô2tjòj2 sin(2ôò Ð x) dò

PROPOSITION 2.2.

�
S1(xÒ t)Ò    Ò Sn(xÒ t)ÒK(xÒ t)

�
2 AH on Rn+1

+ 
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PROOF.

dDxk Sj(ÐÒ t)(ò) = (2ôiòk)cSj(ÐÒ t)(ò)

= 2ôòkòj

jòj e�4ô2tjòj2 

Exchanging the roles of k and j, we see that

dDxk Sj(ÐÒ t)(ò) = dDxj Sk(ÐÒ t)(ò)Ò
which proves (II) in Definition 2.1. Now, using the expressions (14) we have

�iD1Û2
t Sj(xÒ t) = �4ô2

pô
Z 1

0

�Z
Rn
òjjòje�4ô2(s+t)jòj2 sin(2ôò Ð x) dò

½
s�1Û2 ds

= �4ô2

pô
Z
Rn

�Z 1
0

e�4ô2sjòj2 s�1Û2 ds
½
òjjòje�4ô2tjòj2 sin(2ôò Ð x) dò

= �
Z
Rn

(2ôòj)e�4ô2tjòj2 sin(2ôò Ð x) dò
= Dxj K(xÒ t)Ò

showing (III). With a similar argument, we can complete the proof of the proposition.

In [9, Lemma 2] it is proved that if 0 Ú ã Ú 1, å Ù 2ã, x Ù 0 and if for all t Ù 0,

jDtw(t)j � min
² 1

xå
Ò 1

tåÛ2

¦
Ò

then

jD1�ã
t w(t)j � min

² 1
xå�2ã Ò

1

t(å�2ã)Û2

¦
(15)

With this result we can prove the following Lemma.

LEMMA 2.3. Let t Ù 0 and x 2 Rn. Then for j, k = 1Ò    Ò n
(a) DtK(xÒ t)j � C minf 1

jxjn+2 Ò 1
t(n+2)Û2 g.

(b) jDtSj(xÒ t)j � C minf 1
jxjn+2 Ò 1

t(n+2)Û2 g.

(c) jDxk Sj(xÒ t)j � C minf 1
jxjn+1 Ò 1

t(n+1)Û2 g.

PROOF. To see part (a), we write

DtK(xÒ t) =
1

2(4ô)nÛ2

" jxj2
2t

� n
#

1

t(n+2)Û2
e�jxj

2Û4t

Since
1
tå

e�jxj
2Û4t �

�4å
e

�å 1
jxj2å for t Ù 0 and å Ù 0Ò

we get for jxj2 Ù 2nt

jDtK(xÒ t)j � C
jxj2

t(n+4)Û2
e�jxj

2Û4t

� C
1

jxjn+2
Ò
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and for jxj2 � 2nt

jDtK(xÒ t)j � C
1

t(n+2)Û2
e�jxj

2Û4t

� C
1

t(n+2)Û2
Ò

showing part (a).
To show (b), it is not difficult to see that for x 2 R fixed

DtSj(xÒ t) = O
� 1

t2

�
and

D2
t Sj(xÒ t) = O

� 1
t3

�
Ò

then DtD
1Û2
t Sj(xÒ t) 2 L1 and D1Û2

t D1Û2
t Sj(xÒ t) = DtSj(xÒ t). Thus Proposition 2.2 implies

DtSj(xÒ t) = iD1Û2
t Dxj K(xÒ t)

Now, since
DtDxj K(xÒ t) =

xj

2t2
K(xÒ t) � xj

2t
DtK(xÒ t)Ò

making a similar analysis as above, we get

jDtDxj K(xÒ t)j � min
(

1
jxjn+3

Ò 1

t(n+3)Û2

)

and applying (15) we obtain the desired inequality.
In order to prove (c), first we observe that for k, j = 1Ò    Ò n

jD1Û2
t Sj(xÒ t)j � C min

(
1

jxjn+1
Ò 1

t(n+1)Û2

)
(16)

and

jD2
xkxj

K(xÒ t)j � C min
(

1
jxjn+2

Ò 1

t(n+2)Û2

)
(17)

Thus, using Proposition 2.2, and estimates (16) and (17), we see that

Dxk Sj(xÒ t) = iDxk D
�1Û2
t Dxj K(xÒ t)

= iD�1Û2
t D2

xkxj
K(xÒ t)

It follows that

jDxk Sj(xÒ t)j � C min
(

1
jxjn+1

Ò 1

t(n+1)Û2

)
Ò

which concludes the proof of the lemma.

PROPOSITION 2.4. If g 2 Lp(Rn), 1 � p Ú 1, then
�
g Ł S1(xÒ t)Ò    Ò g Ł Sn(xÒ t)Ò g Ł K(xÒ t)

�
2 AH 
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PROOF. From Proposition 2.2 we have for j = 1Ò    Ò n

�iD1Û2
t (g Ł Sj)(xÒ t) =

1pô
Z 1

0

�Z
Rn

DtSj(x � yÒ s + t)g(y) dy
½
s�1Û2 ds

= �i
Z
Rn

g(y)D1Û2
t Sj(x � yÒ t) dy

= Dxj (g Ł K)(xÒ t)

The application of Fubini’s Theorem is justified by Lemma 2.3 and

Z 1
0

DtSj(yÒ s + t)s�1Û2 ds � C
Z

min
(

1
jyjn+2

Ò 1

(s + t)(n+2)Û2

)
s�1Û2 ds

� C min
(

1
jyjn+1

Ò 1

t(n+1)Û2

)


The rest of the proof is similar.

DEFINITION 2.5. For (n � 1)Ûn Ú p Ú 1 we define the following set

Hp =
²

F = (u1Ò    Ò unÒ un+1) 2 AH : sup
tÙ0

Z
Rn
jF(xÒ t)jp dx Ú 1

¦


We remark that estimates (2) and (13) in previous section imply for u 2 Hp, 0 Ú p Ú
1

jD1Û2
t u(xÒ t)j � CB(1Û2Ò 1Û2 + nÛ2p)t�1Û2�nÛ2pÒ

where B is the beta function. Hence any u 2 Hp has fractional derivative D1Û2
t u.

THEOREM 2.6. For 1 Ú p Ú 1

Hp = f(R1uÒ    ÒRnuÒ u) : u 2 HpgÒ

where Rju is taken with respect to the spacial variable, j = 1Ò    Ò n.

PROOF. Let (R1uÒ    ÒRnuÒ u) in the set on the right hand side. Then, Proposition 2.4
implies that (R1uÒ    ÒRnuÒ u) 2 AH and since Rj is bounded from Lp to Lp for p Ù 1
and j = 1Ò    Ò n, we have that (R1uÒ    ÒRnuÒ u) 2 Hp.

Conversely, if F = (u1Ò    Ò unÒ u) 2 Hp, there exist f , f1Ò    Ò fn 2 Lp such that
u(xÒ t) = K(ÐÒ t) Ł f (x), uj(xÒ t) = K(ÐÒ t) Ł fj(x), j = 1Ò    Ò n. Using that Dxj u = �iD1Û2

t uj,
j = 1Ò    Ò n we have that

(2ôixj)e�4ô2tjxj2 f̂ (x) = d�
Dxj u(ÐÒ t)

�
(x)

=
d�

�iD1Û2
t uj(ÐÒ t)

�
(x)

= (�i)D1Û2
t cuj(ÐÒ t)(x)

= �2ôjxje�4ô2 tjxj2 bfj(x)Ò
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where the second equality is justified by Lemma 2.3 (a). Thus

bfj(x) = �i
xj

jxj f̂ (x) = d(Rj f )(x)

and therefore fj(x) = Rjf (x), j = 1Ò    Ò n.

COROLLARY 2.7. For (n � 1)Ûn Ú p � 1

Hp ² f(R1uÒ    ÒRnuÒ u) : u 2 Hpg

PROOF. Let F = (u1Ò    Ò unÒ u) 2 Hp and fix to Ù 0. Then

ujÒt0 (xÒ t) � uj(xÒ t + t0) = K(ÐÒ t) Ł uj(ÐÒ t0)(x)Ò
ut0 (xÒ t) � u(xÒ t + t0) = K(ÐÒ t) Ł u(ÐÒ t0)(x)

Theorem 1.2 implies that uj(ÐÒ t0), u(ÐÒ t0) 2 Lp\L1 ² Lq for every q Ù 1 and j = 1Ò    Ò n.
Since (u1Òt0 Ò    Ò unÒt0 Ò ut0 ) 2 AH , it follows that (u1Òt0 Ò    Ò unÒt0 Ò ut0 ) 2 Hq, therefore
Theorem 2.6 implies that uj(ÐÒ t + t0) = Rju(ÐÒ t + t0) for every t Ù 0 . Now, t and t0 are
arbitrary and we can conclude that for any s Ù 0 uj(ÐÒ s) = Rju(ÐÒ s), j = 1Ò    Ò n.

For F 2 Hp, (n � 1)Ûn Ú p Ú 1, we define

kFkHp = sup
tÙ0

�Z
Rn
jF(xÒ t)jp dx

½1Ûp
Ò

F 7! kFkHp is a norm for 1 � p Ú 1 and F 7! kFkp
Hp is a p-norm for (n�1)Ûn Ú p Ú 1.

THEOREM 2.8. Hp is complete for every (n � 1)Ûn Ú p Ú 1.

PROOF. The proof is an easy consequence of estimates (2) and (12).

Next, we shall characterize our Hp spaces. We will denote by Hp
arm the classical Hardy

spaces whose elements are the (n+1)-tuples of harmonic functions F = (u1Ò    Ò unÒ un+1)
on Rn+1

+ satisfying the equations of conjugacy (CR) and the condition (G) with the p
-norm kFkp

Hp
arm

if (n � 1)Ûn Ú p Ú 1 and the norm kFkHp
arm

if p ½ 1.
It is well known that for 1 Ú p Ú 1, Hp

arm ≤ Lp. Theorem 2.6, [5, Theorem 2(xi)]
and continuity of Rj from Lp to Lp imply

(HpÒ k Ð kHp ) ≤ (Hp
armÒ k Ð kHp

arm
)

It remains to analyze the case (n � 1)Ûn Ú p � 1. Since each element of the Hardy
space Hp is uniquely determined by its last component, we shall refer to u = un+1 as the
element of Hp instead of the (n + 1)-tuple (u1Ò    Ò unÒ un+1) in Hp. Moreover, u has a limit
f 2 S 0 and this limit uniquely determines u. So, we can think Hp as the space of boundary
distributions f 2 S 0 corresponding to the (n + 1)-tuples F = (u1Ò    Ò unÒ u) 2 Hp, with
the p-norm f 7! kFkp

Hp . We will also adopt the same point of view for the space Hp
arm. It

can be shown as in the case of Hp
arm the continuity of the inclusion Hp ² S 0.
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The following two results will be crucial for the proof of the main theorem of this
section. The first one is a classical result by Fefferman and Stein [4, Theorem 11] which
states:

For 0 Ú p Ú 1 and f 2 S0, the following are equivalent
(a) uŁ(x) = supjy�xjÚt jßt Ł f (y)j 2 Lp for some ß 2 S satisfying

R
Rn ß(x) dx = 1.

(b) The distribution f arises as f = limt!0 u(ÐÒ t) in S0, where u 2 Hp
arm.

Moreover kukp
Hp

arm
¾ kuŁkp

p, where ¾ means the standard equivalence of norms (p-
norms).

The second result gives another characterization of Hp
arm [12, Proposition 3, p. 123]:

If f 2 S 0 is restricted at infinity (that is, f Łß 2 Lr for every ß 2 S and for all r Ú 1
sufficiently large) and (n � 1)Ûn Ú p Ú 1, then f 2 Hp

arm if and only if

sup
tÙ0

²
kf Ł ßtkLp +

nX
j=1
kRj(f ) Ł ßtkLp

¦
� C Ú 1Ò

where ß 2 S,
R
Rn ß = 1, ßt(x) = t�nß(xÛt) and C is a constant. Here, Rj(f ) means the

j-th Riesz transform of a distribution f that is restricted at infinity (see [12, p. 123]).
Before to state the main result, we need to prove the following lemma.

LEMMA 2.9. Let f 2 S 0 and w(xÒ t) = K(ÐÒ t) Ł f (x) for (xÒ t) 2 Rn+1
+ . If w+(x) �

suptÙ0 jw(xÒ t)j 2 Lp then wŁ(x) � supjy�xjÚt1Û2 jw(yÒ t)j 2 Lp and kwŁkp
p ¾ kw+kp

p, for
0 Ú p Ú 1.

PROOF. Let x 2 Rn and take any point (yÒ t) 2 f(òÒ ú) : jò � xj Ú ú1Û2g. If R =�Qn
i=1(xi �

p
tÛ2

p
2Ò xi +

p
tÛ2

p
2)
�
ð (tÛ2Ò t), then according to Lemma 1.1 we will

have

jw(yÒ t)jpÛ2 � C
1

t(n+2)Û2

Z
R
jw(zÒ t0)jpÛ2 dz dt0

� C
1

t(n+2)Û2

Z
R

w+(z)pÛ2 dz dt0

� C
1

tnÛ2

Z
S

w+(z)pÛ2 dzÒ

with S =
Qn

i=1(xi �
p

tÒ xi +
p

t). This implies that

(wŁ)pÛ2(x) � CM
�
(w+)pÛ2

�
(x)Ò

where M is the Hardy-Littlewood maximal function, thus

Z
Rn

(wŁ)p(x) � C
Z
Rn

�
M

�
(w+)pÛ2

��2
(x) dx

� C
Z
Rn

(w+)p(x) dx

The other inequality is immediate.

THEOREM 2.10. For (n � 1)Ûn Ú p � 1, Hp ≤ Hp
arm.
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PROOF. Let f a distribution in Hp, then there exists (u1Ò    Ò unÒ u) 2 Hp such that
f = limt!0 u(ÐÒ t) in S0. Fix t0 Ù 0. If we denote by G(x) � 1

(2ô)nÛ2 e�jxj2Û2, then K(xÒ t) =
Gp

2t(x), thus Corollary 2.7 implies ut0 (ÐÒ t) = Gp
2t Ł u(ÐÒ t0), ujÒt0(ÐÒ t) = Gp

2t ŁRju(ÐÒ t0),
j = 1Ò    Ò n, moreover

sup
tÙ0

²
kGp

2t Ł u(ÐÒ t0)kLp +
nX

j=1
kGp

2t ŁRju(ÐÒ t0)kLp

¦
Ú 1

and since u(ÐÒ t0) 2 Lq for any q Ù 1 it is a distribution restricted at infinity, then [12,
Proposition 3, p. 123] implies that u(ÐÒ t0) is a distribution in Hp

arm. Also, from Lemma 2.9
and [4, Theorem 11] we have

GŁ
r
�
u(ÐÒ t0)

�p

p
¾
G+

�
u(ÐÒ t0)

�p

p
¾ ku(ÐÒ t0)kp

Hp
arm
Ò(18)

where GŁ
r
�
u(ÐÒ t0)

�
(x) � supjy�xjÚp2t jGp

2t Ł u(ÐÒ t0)(y)j and G+
�
u(ÐÒ t0)

�
(x) �

suptÙ0 jGp
2t Ł u(ÐÒ t0)(x)j. On the other side, if we define

Ft0 (xÒ t) =
�
R1

�
Pt Ł u(ÐÒ t0)

�
(x)Ò    ÒRn

�
Pt Ł u(ÐÒ t0)

�
(x)ÒPt Ł u(ÐÒ t0)(x)

�

where Pt is the Poisson kernel, we obtain a conjugate system of harmonic functions in
Hp

arm which satisfies

Ft0 (xÒ t) !
�
R1u(xÒ t0)Ò    ÒRnu(xÒ t0)Ò u(xÒ t0)

�
�
�
u1(xÒ t0)Ò    Ò un(xÒ t0)Ò u(xÒ t0)

�

as t ! 0 a.e. on Rn and as in [6, Corollary 1.2, p. 233] it can be shown that

kFt0kp
Hp

arm
¾
�u1(ÐÒ t0)Ò    Ò un(ÐÒ t0)Ò u(ÐÒ t0)

�p

p


Therefore

ku(ÐÒ t0)kp
Hp

arm
� kFt0kp

Hp
arm

� C
�u1(ÐÒ t0)Ò    Ò un(ÐÒ t0)Ò u(ÐÒ t0)

�p

p
(19)

� Ckfkp
Hp 

Combining (18) and (19) we get

GŁ
r
�
u(ÐÒ t0)

�p

p
� Cku(ÐÒ t0)kp

Hp
arm
� Ckfkp

Hp

and since GŁ
r(f ) = limt0!0 GŁ

r
�
u(ÐÒ t0)

�
on Rn, an application of Fatou’s Lemma yields

kGŁ
r(f )kp

p � Ckfkp
Hp Ò

consequently
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kfkp
Hp

arm
� Ckfkp

Hp Ò(20)

which shows that f is a distribution in Hp
arm.

Conversely, if f is a distribution in Hp
arm, there exists a conjugate system of har-

monic functions F = (u1Ò    Ò unÒ u) 2 Hp
arm such that f = limt!0 u(ÐÒ t) in S0. From [12,

Proposition 3, p. 123] we have

sup
tÙ0

²
kf ŁGp

2tkLp +
nX

j=1
kRjf ŁGp

2tkLp

¦
Ú 1Ò

thus, the function w(xÒ t) = K(ÐÒ t) Ł f (x) belong to Hp. Moreover, for arbitrary t, t0 Ù 0
we can write w(xÒ t + t0) = K(ÐÒ t) Ł w(xÒ t0) and since w(ÐÒ t0) 2 Lp \ L1 ² Lq for every
q Ù 1, it follows that for j = 1Ò    Ò n, Rjw(ÐÒ t0) 2 Lq. Thus, the function

�
w1(xÒ t +

t0)Ò    Òwn(xÒ t + t0)Òw(xÒ t + t0)
�
2 AH , where wj(xÒ t + t0) � K(ÐÒ t) Ł Rjw(ÐÒ t0)(x).

Furthermore, (w1Ò    ÒwnÒw) 2 Hp because wj(xÒ t + t0) = K(ÐÒ t + t0) Ł Rjf (x). Now, by
Theorem 1.3, w(ÐÒ t) converges in Hp and in S 0. Since S 0 is a Hausdorff space, the limit
must be f .

To finish the proof, it is sufficient to notice from (20) that the bijective linear mapping
T:Hp ! Hp

arm, F = (u1Ò    Ò unÒ u) 7! f = limt!0 u(ÐÒ t) in S0 is continuous, and the result
follows by Open Mapping Theorem.

COROLLARY 2.11. Let f 2 S 0 and (n � 1)Ûn Ú p � 1. Then f is a distribution in Hp

if and only if the maximal function

uŁ(x) = sup
jy�xjÚp2t

jGp
2t Ł f (y)j

belongs to Lp.

PROOF. It is sufficient to apply Theorem 2.10 and Lemma 2.9.
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