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1.

The Rademacher functions are defined by

Bol@) =10 Sz < }), dolw) = —1(F =<z <1),
$o@t1) = (@), bula) = $0(2"2), (h=1,23,).

The Walsh functions are then given by
vol@) = 1, (@) = ¢, () - b, (&) -+~ ¢, (%)

for n = 2m42"4-2%4 ... 1L 2% where the integers #, are uniquely
determined by #n,,, << #,.

Let f(#) be an integrable function in the sense of Lebesgue in [0, 1]
and be periodic with period 1. Let the Walsh-Fourier series of f(z) be
3% ,a,p,(x), where

a, = [} @y, (@)dz.

We shall now enumerate important properties and results concerning
Walsh-Functions which have been obtained by Fine [3] and which have
played a significant role in the theory of Walsh-Fourier series.

The dyadic group G may be defined as the countable direct product of
the groups with elements 0 and 1, in which the group operation is addition
moduloe 2. Thus the dyadic group G is the set of all 0, 1 sequences in which
the group operation, which we shall denote by -+, is addition modulo 2 for
each element.

Let & be an element of G, & = {x,, @,, - -}, ¥, = 0, 1. We define the
function

(1.1) i@ = S 27,

The function 4, which maps G onto the closed interval [0, 1], does not have
a single-valued inverse on the dyadic rationals. We shall agree to take the
finite expansion in that case. Thus for all real z, if we write the inverse
as u,
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386 A. H. Siddiqi (2]
(1.2) Ap(x)) = z—[=].

If £ = {x,} and § = {y,} are elements of G, we have
(1.3)

We shall abbreviate 1
Then, if

u(@)+uly)) as xty for any real z and y.

1]

—

o 0
T = z 2—nx7” Yy = 212_":'/71:

n=1

z, and y, = 0, 1, we have by (1.2) and (1.3)

(1.4) ‘ -ty = 212‘”lwn—?/nl-
For any real number z and %, we have
(1.5) |(@+h)— (@—[z])| = h—[A].
In particular if 0 < # < 1, 0 = % < 1, then we have
(1.6) |(@t-h)—a) < h.
For each fixed « and for almost all ¢, the equation
(1.7) Ya(@4-t) = pa(@)y,(f) holds.
Also for each fixed z
1 . 1
(1.8) jo Hait)dt = fo f(t)dt
and
(19) s towaitat = [} fetopa e
Let
Tul) = [ w)ar, k=012

Jily) = k] (y)
For k2 =1, we write k2 = 2"}-%', where 0 <k < 2* #=0,1,2,---. We

have also

(1.10) 1) = 2 [ty = 327 ymnale)].
It is easy to see that

(1.11) 22 [ (y) =0, for y=0,1

and

(1.12) IJ¥@) <M forall y and &.
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Let B,(x) denote the sequence {ka,y,(x)}, where a, is Walsh-Fourier
coefficient of a function of bounded variation.

Let A = (a, ;) be an infinite matrix of real or complex numbers and
{sx} be any sequence of real numbers. With every sequence {s,} we associate
a sequence {o,} given by

M8

(1.13) O =

k:

am, ksk ’

Il
o

provided the series on the right converges for all m. The sequence {o,,} is
called the A-transform of {s,}.
If 6,, — s as m — o0, we say that the sequence {s,} is A-summable to s.
The matrix A is called regular if it satisfies the following conditions:
(i) ima, , =0 for £=0,1,2,3,---

m— 00

(ii) sup 3 |an, sl =M,
m k=0
(iii) lim 3 a, . = L.
m-00 k=0

The matrix A is called triangular, if a, , = 0 for 2 > m.

We say that a bounded sequence {s,} is almost convergent [4] to the
sum / if

' 1 »-1

(1.14) lim — ¥ s,,=1

pooo P k=0

uniformly in #. Every almost convergent sequence is summable (C, «),
o > 0 [4] and the limits are equal.

A sequence {s;} is said to be almost A-summable [2] to s if the 4-
transform of {s,} is almost convergent to s and the matrix 4 is said to be
almost regular if s, — s implies that {o,} is almost convergent to s. The
necessary and sufficient conditions for the matrix 4 to be almost regular
[2] are:

(a') Supz’am,k! <M11m: +l) +2: +37.'.

m k=0
where M, is a positive constant.

.1 mel . .
(b)  lim — Z a; = 0 uniformlyin #, 2 =0,1,2,---
 dudotd J=n

1 fn+p—1 o0
() lm — Y > a;,=1, uniformlyin #.

P00 jb j=n k=0

A sequence {s,} is said to be FA-summable [4] to the limit s if

https://doi.org/10.1017/51446788700007631 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700007631

388 A. H. Siddiqi (43

| ek

%
Gm, k am, qsa-Hc

=0

tends to s as m —> oo, uniformly in .

It is known [4] that every FA-summable sequence is almost convergent
if A is a regular matrix.

A sequence {s,} will be said to be 4 B-summable to the limit s if its
A-transform is F B-summable to the limit s where B = (b,, ;) is an infinite
matrix.

It is easy to see that every A B-summable sequence is almost A-
summable provided the second matrix B is regular.

2.

In 1947, Fine [3] proved the following theorems concerning Walsh-
Fourier coefficients of function of bounded variation and absolutely con-
tinuous function.

THEOREM A. If f(x) is of bounded variation, and V is its total variation
over (0, 1), then
la,] < V/k, for & > 0.

TueoREM B. The only absolutely continuous fumctions whose Fourier
coefficients satisfy a, = O(L/R) are the constants.

This result shows a marked difference in the behaviour of Walsh-
Fourier series and ordinary Fourier series of absolutely continuous functions.
Morgenthaler [5] proved a theorem which shows that ‘on the average’ the
coefficients behave as they do in the classical system.

His result is as follows:

THeEOREM C. Let f(x) be real valued, periodic, and of mean value zero on
[0, 17. If . o
F(x) :L ft)ydt and F(x) Nkzobk%(x)’
then the arithmetic means of the sequence k|b,| tend fo zero.

In the present paper we shall obtain necessary and sufficient conditions
in order that the sequence {B, ()} be (4), almost 4, F4 and A B-summable.

We shall also deduce an interesting corollary concerning Walsh-
Fourier coefficients of functions of bounded variation.

3.

In what follows we shall prove the following theorems:

TueorREM 1. If (A) is regular, then for every f € BV[0, 1] and for every
ze [0, 1]
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lim Zamk B,(x) =0

m—oo k=0

if and only if

(3.1) lim Zam Jilt) =
m—o0 k=0

n every 0 <0<t =1, where (A) is a triangular matviz and & is small.

THEOREM 2. If A be almost regular, then for every f € BV[0, 1] and for
every x € [0, 1]

p—1 oo

hm — 3 3 Gpiy, kBi(7)

P00 r=0 k=0

0

II

uniformly tn m, tf and only if
-1 oo

(32) lim z z Lontrs k]k( ) - ’

P->00 r=0 k=0
untformly in m for every 0 << 6 <t < 1, 8 1s small.
THEOREM 3. If A = (a,, ;) 7s regular, then for every f € BV [0, 1] and for

every x € [0, 1], the sequence {By(x)} is FA-summable to the limit zero if and
only if

(3.3) lim E AporJ i) =0,

m-ooo v=k

uniformly in k in the interval 0 << 6 <t < 1 where 6 is small.

THEOREM 4. If (a,, ) and (b, ;) be two infinite matrices satisfying the
condition:

(34) Sup Z lbm v—-kl z [a’l) J OO

m v=k

uniformly in k, then for every f € BV[0, 1] and for every x € [0, 1] the sequence
{B(x)} is A B-summable to the limit zero, if and only if

lim Z bm Gk Z“a wJr(E) =

m—o0 j=k

uniformly in k' in every interval 0 < 6 <t <1, 6 is small.

4.

Proor or THEOREM 1. We have by virtue of (1.7) and (1.9)
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m m
S A 1 Bi(®) = 2 an pkayy(x)
k=0 k=0

= 3 ansh [ 1RO

k=0

= 3 aush [ fOmia o)

k=0

= 3 an ik [ fla )i

I
& Ed
IiMs I

b sb Tl 3 an it [ 1014

—0— | Sa,.JrOd@H).

0 k=0

Let
Km(t) = z am, k];: (t)
k=0

We have to show that if (3.1) holds, then for every fe BV[0, 1] and for
every x € [0, 1],

(4.1) lim | K, ()d®,{) = 0, where ®,() = f@it),

m-o00v 0

and conversely.
Condition (4.1) is equivalent to following condition

(4.2) lim [ K, (t)dd, () —
m—>00J &

for every f € BV[0, 1] and for every 2 € [0, 1] and for 0 << § < 1.
Forif fe BV[0, 1} and x € [0, 1], given any ¢ > 0, there existsa é > 0

such that
8 €

4.3 ao,(t —

(+3) [ amaon < 5
By virtue of the regularity condition we have

(4.4) )= Z @, ITEO] =M 3 |4, =M

k=0 k=0

so that

f 'k, wdo,0)— [ K f (1)dD, (2) ‘

00,0 < 5

Thus conditions (4.1) and (4.2) are equlvalent.
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By a theorem on Weak convergence [1, p. 134] of sequences in the
Banach space of all continuous functions defined in a finite closed interval
it follows that (4.2) holds if and only if

()" 1K,,(¢)] = M for all m and ¢ in [, 1] and
(ii)" (3.1) holds.

Since (i)’ always holds by virtue of (4.4), it follows that (4.2) holds if and
only if (3.1) holds.
This completes the proof of Theorem 1.
5.

ProoF oF THEOREM 2. We have as in the proof of the previous theorem,

] -1 o
- z z am+’r k )
r=0 k=0
1 7—1 o 1 .
= Z D Gmr, kkf fE+-a)y,(f)dt
r=0 k=0 0
] -1 o
= Zo kZ Bt e k[ (@FE) T2 ()]0
] »—1 o .
PR oD
== I1~12, say.
Since I, = 0, it is sutficient to show that
(5.1) 2= [ At@+0K,, () >0, as p—> oo
uniformly in m, where
1] -1
(5.2) Ko o(t) = — % kZ Anr, wJx ()

By virtue of the condition (a) and (1.12) we have
B, 5 ()] = M,

uniformly in » and therefore we can show, as in the proof of theorem 1 that
condition (5.1) is equivalent to the following condition:

(5.3) [ Ko ,(0)df@Ht) >0 as p—> oo

uniformly in m.
Following the lines of Banach [1, p. 134] it can be easily verified that a

https://doi.org/10.1017/51446788700007631 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700007631

392 A. H. Siddiqi (8]

sequence of continuous functions {#%(f)} converges weakly (uniformly in &)
to a continuous function z(¢) that is

tim |2 (0)dg0) = [ (0)dg(0

n—00 o 0

uniformly in % for every g € BV, if and only if

(i) a%(t) is bounded uniformly in &, n = 1, 2, - - -.
(ii) lim z£(f) = «(t) uniformly in £ = 0, 1, - - - for every £ € [0, 1].

Applying this theorem and the fact that |[K,, ()| = M, for all m, p
and ¢ e [4, 1], the theorem follows.

6.

Proor ofF THEOREM 3. We have by virtue of (1.7) and (1.9)

Q
ER
e

I
M3

am, v Sv+k

©
il
)

ll
M2

A, i—xS;

.
I
&

I
M3

By, 518595 (2)

F‘
&

aurea (i [ 1O00) @)

.,

G5 j:f(xﬁrt)w,-(t)dt

<.

I
Mg IMs L8

Ay, il [f @48 ], ®)o

i
&

fe ]

= St ([ a0 0) 1,0)

i=k
[e¢]

=3 am,j—kl-_];‘k (t)f(x+t)](1,

i=k
oo

1
—San, | d0@HIT0
j=k 0
=L,—L,, say
L, = 0 uniformly in &.

In order to prove the theorem we have to show that if (3.3) holds,
then for every f € BV [0, 1] and for every z € [0, 1]

https://doi.org/10.1017/51446788700007631 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700007631

[9] Summability of a sequence of Walsh functions 393

(6.1) lim [ KX, @df(e) —

m—+00d 0
uniformly in %, where
Ko olt) = 2 @5 J7 ()
pa
and conversely.
Proceeding on the lines of the proof of theorem 2 we can show that
condition (6.1) is equivalent to

(6.2) lim [ K2, (Od(f@t) =

m—00 v 0

uniformly in &, for every f € BV [0, 1], for every # € [0, 1] and for 0 << ¢ < 1.
Thus it follows as shown in Theorem 2, that (6.2) holds, if and only if

@) |Kx ()| <M, m=1,2--- and te[d, 1] for 6 > 0 and uni-
formly in k.
(b") (3.3) holds.

Since (a)’ always holds, it follows that (6.2) holds if and only if (3.3)
holds.

This completes the proof of Theorem 3.

7.

ProoOF oF THEOREM 4. We have

. 2 m, xR,y (x)
so that

Q
ER
&

I

M8

e~

m, v Ovta’

<
1
<

oo

Bon, v g Gy RO Y ()

Il
WL

)
i
o

l

bm =k’ Ea, kkf f4-2)w,(t)dt

Mz Ipae

-,
I
&

bm, J'—k’kgoaj,ku;ck (t)f(x-}—t)](l,

oo

o0 1
— Dby 2 ai,kf a(f(x-+2) 3 (¢)
k' k=0 0
= N;—N,, say.
But N, = 0.
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Proceeding on the lines of the proof of Theorem 3 we can show that
N, = 0, as m — oo, uniformly in %’ if and only if

Lim z bu j—k Z a:r k]k =

m—o00 j=k’

uniformly in £’ in the interval 0 < d < ¢ < 1.
This completes the proof of the theorem 4.

1
If we take =0, k=0, a,,=—, y<m
n

=0 v = n,

we get the following corollary of theorem 3 which bndges the gap between
theorems A and C.

CoroLLARY. If fe BV[0, 1], then {ka,} is summable (C, 1) to zero if
and only if

hm—z]v =

m—c0 M y=0

foro<s<t<1.

The author would like to express his thanks to Prof. J. A. Siddiqi
for his encouragement in the preparation of this paper.
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