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Abstract

In this paper, we determine when (I';(L))°, the complement of the zero divisor graph I';(L) with respect
to a semiprime ideal 7 of a lattice L, is connected and also determine its diameter, radius, centre and girth.
Further, a form of Beck’s conjecture is proved for I';(L) when w((I';(L))) < co.
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1. Introduction

The investigation of graphs associated with various algebraic structures is a very im-
portant topic, well known and established in modern algebra. The graphs have played
crucial roles in the study of ring constructions and their applications in coding theory
(see Alfaro and Kelarev [2, 3] and Bereg et al. [6]) and automata theory (see [16—18]),
and in the study of commutative rings and semigroups (see [1, 4, 5, 19, 22, 23]).

The idea of associating a graph with the zero divisors of a commutative ring was
introduced by Beck [5]. He was mainly interested in the colouring of such graphs.
In recent years, zero divisor graphs have also been extensively studied by many
mathematicians for ordered structures; see [8, 11-15, 20].

In this paper, we determine when (I';(L))¢, the complement of the zero divisor graph
I';(L) with respect to a semiprime ideal / of a lattice L, is connected and also determine
its diameter, radius, centre and girth. Further, a form of Beck’s conjecture is proved
for I';(L) when w((I';(L))€) < oo.

We begin with the necessary definitions.

A nonempty subset [ of a lattice L is called a semi-ideal if for ael, beL,
b <a implies b e l. A semi-ideal I of a lattice L is called an ideal of L if a,bel
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implies a V b € I. Dually, we have the concepts of semi-filter and filter. An ideal / of L
is said to be principal ideal generated by a € L if I = (a] = {x | x < a}. Dually, we have
the concept of principal filter generated by a. A proper semi-ideal (ideal) 7 of a lattice
L is called prime if a,be Land aAbelimplyael or be€l. An ideal I of a lattice
L is said to be semiprime if a A b €I and a A c € I together imply thata A (b V c) € 1.
Dually, we have the concept of semiprime filter and prime filter. A prime ideal P of
a lattice L is said to be minimal prime ideal belonging to an ideal I if I C P and there
exists no prime ideal Q such that/ S Q & P.

For an ideal I and a nonempty subset A of a lattice L, define a subset /: A of L
as follows: I:A={zeL|zAa€l,YacA} If A={x}then we write I : x instead of
I:{x}. Note that, if x<y for x,ye L, then /:yC1/l:x. Observe that /C/:A and
I:A={Nesl:x Notethat/: A need not be an ideal but it is a semi-ideal. Further, if
I is a semiprime ideal of L, then [ : A is an ideal of L. Moreover, if I = (0] then I : x is
nothing but Ann(x) ={y |y A x=0}.

Let L be a lattice and let / be an ideal in L. Denote by Z;(L)={xeL|xAyel
for some ye L\ 1} and Z;(L)* ={xeL\I|xAyel for some ye L\ I}. Clearly,
Zi(L)* Ul =Z(L).

Heinzer and Ohm [10] introduced the concept of N-prime (Nagata prime) ideals in
commutative rings. We extend this concept to lattices.

Let I be an ideal of a lattice L. A prime ideal P of a lattice L is said to be a
maximal N-prime of I if P is maximal with respect to the property of being contained
inZ(L)y=2Z;(L)* V1.

A prime ideal P of a lattice L is said to be a B-prime of I (Bourbaki prime) if
P =1:xfor some xe€ L. A B-prime ideal of I is also known as an associated prime
ideal of I. More details on B-prime ideals in rings can be found in [7].

Rav’s THeoreEM (Rav [21]). Let L be a lattice, 1 be an ideal of L such that IN F =
for a semiprime filter F in L. Then there exists a prime ideal P2 I and PN F = (.

Lemma 1.1 (Rav [21]). Every semiprime ideal is representable as an intersection of
prime ideals.

ReEmark 1.2. Let I be a semiprime ideal of a lattice L with 1. Let S =L\ Z;(L).
Clearly, S is a nonempty subset of L. We prove that S is a semiprime filter of L.
Leta, b € S. Suppose, to the contrary, thata A b ¢ S, thatis, a A b € Z;(L). Then there
exists ¢ ¢ I such thata A b A c € 1. Clearly, b A c € I, otherwise a € Z;(L) which is not
possible. Hence, b A ¢ € I together with ¢ ¢ I gives b € Z;(L), again a contradiction.
Thus we have a Abe S. Now letae S and b > a. Suppose b ¢S, that is, b € Z;(L).
Since Z;(L) is a semi-ideal, a € Z;(L). This contradicts the fact that a € §. This proves
that S is a filter of L.

Now we prove that S is semiprime. LetaVvb,aVvceS. We claim thataV (b A ¢)€S.
Suppose on the contrary that aV (b Ac)¢S. Then aV (b A c)e Z;(L). Thus there
exists d¢I such that (aV(bAc))Adel. Hence andel and bAcAdel. If bAdel,
then using semiprimeness of I, we have (aVb)Adel. Therefore, aV beZ;(L),
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a contradiction. Thus b Ad¢ 1. Now again a A(bAd)el and ¢ A (b Ad) el with
I a semiprime ideal of L, so we have (a V ¢) A (b Ad)el. This gives aV c € Z;(L),
again a contradiction. Hence a vV (b A ¢) € S. Thus S is a semiprime filter of L.

Let x € Z;(L). Then (x] NS = 0. Therefore, by Rav’s theorem, there exists a prime
ideal P in L such that (x] € P and P N S = 0. Clearly, P C Z;(L). Using Zorn’s lemma,
we can obtain a maximal N-prime P; of [ such that x € P;. Thus, for every x € Z;(L)
there exists a maximal N-prime P; of I such that x € P;. Therefore, Z;(L) C | J;cp P;-
By the definition of maximal N-prime of /, each P; C Z;(L) and hence | J;cp P; € Z;(L).
Thus, if {P;};ca denotes the set of all maximal N-primes of / in L, then Z;(L) = | J;ep Pi-
Further, we observed that I € ();cp P;. For this, if there is a maximal N-prime ideal
Py of I such that I € P;, then there exists x € I such that x ¢ P;. We prove that
Py Vv (x] €Zi(L). Let t be any element in P, V (x]. Hence t < p V x for some p € P;.
As Py CZ;(L), we have p € Z;(L). Therefore, there exists g ¢ I such that p Agel.
Since xel, x Age€l. By semiprimeness of I, we have (p V x) A g €l and hence
t A g € 1. This together with g ¢ I gives t € Z;(L). Thus P, V (x] € Z;(L). Now again
(P VvV (x]) NS =0, for a semiprime filter S = L \ Z;(L). By Rav’s theorem, there exists
a prime ideal Q in L such that P; vV (x] € Q and QNS = 0. Clearly, Q C Z;(L). Hence
Py & PV (x] € QCZ/(L),acontradiction to the fact that P; is maximal N-prime ideal
of I.

2. The connectivity of (I';(L))¢

Joshi [11] introduced the concept of the zero divisor graph of a poset P having the
smallest element O with respect to an ideal / of P. We mention below this definition
when the corresponding poset is a lattice.

Dermvirion 2.1. Let 1 be an ideal of a lattice L with 0. We associate an undirected
graph, called the zero divisor graph of L with respect to the ideal I, denoted by I';/(L) in
which the set of vertices is V(I';(L)) = Z;(L)" ={xe L\I|xAyelforsomeye L\ I}
and two distinct vertices x, y are adjacent if and only if x A y € I.

It is clear from the definition that if an ideal / is prime then Z;(L)* = . Throughout
the paper, we assume that / is a semiprime ideal of a bounded lattice L and Z;(L)"* =
V(I';(L)) is nonempty. Hence |Z;(L)*| > 2.

We recall the following concepts from graph theory.

Let G = (V, E) be a simple graph. The complement of G, denoted by G¢, is defined
by setting V(G) = V(G) = V and two distinct vertices u, v € V are joined by an edge
in G€ if and only if there exists no edge in G joining u and v. Let x, y € V be distinct
vertices. We denote by d(x, y) the length of a shortest path from x to y, if one exists,
and put d(x,y) = oo if no such path exists. The diameter of G is zero if G is the
graph on one vertex and is diam(G) = sup{d(x, y) | x, y € V} otherwise. For any ve V,
the eccentricity of v denoted by e(v) is defined as e(v) = sup{d(u, v) | u € V}. The set
of vertices of G with minimal eccentricity is called the centre of the graph and the
minimum eccentric value is called the radius of G and is denoted by r(G). The girth
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FiGure 1. (a) Connected zero divisor graph whose complement is disconnected. (b) A zero divisor graph
and its complement both connected.

of the graph G, denoted by gr(G), is defined as the length of a shortest cycle in G.
If G does not contain any cycle, then we set gr(G) = co. A graph G is called hyper-
triangulated (triangulated) if each edge (vertex) of G is an edge (vertex) of a triangle.
Undefined terms and notations are from Harary [9].
The following result is an easy consequence of Joshi [11, Theorem 2.4].

TueorEM 2.2 (Joshi [11]). The zero divisor graph I';(L) is connected and diam(I';(L))
<3.

From Figure 1(a), it is clear that I'i)(L) is connected but (I'i;(L))¢ is not, whereas
in Figure 1(b), I'g)(L) and (I'jpy(L))¢ both are connected. Hence it is natural to ask the
following question.

QuestioN. When is (I';(L))¢ connected?
We answer this question in the following theorem.

MaiNn Tueorem. The graph (I'j(L))€ is connected if and only if L does not have exactly
two maximal N-primes Py, P, of I such that Py N P, = 1.

Furthermore, if (I;(L))¢ is connected then the following statements hold.
(1)  diam((I'/(L))) = 2.
(2) e(x)=2forall xe V((I';(L))). Hence r(I';(L))°) =2 and the centre of (I';(L))"
is V(I'(L))°).
3)  gr(T;(L))) =3. In fact, (T';(L))) is hypertriangulated.
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We present the proof of the Main Theorem in three subsections, as follows:

(1) L has exactly one maximal N-prime of /;
(2) L has exactly two maximal N-primes of I;
(3) L has at least three maximal N-primes of /.

We first prove the following two lemmas which will be used frequently in
subsequent sections.

Lemma 2.3. If (T (L)) is connected, then diam((I';(L))) > 2.

Proor. Let a, b e Z;(L)*, a#b. By Theorem 2.2, T';(L) is connected; hence there
exists ¢ € Z;(L)* with ¢ # a such that ¢ A a € I. Hence, if (I';(L))€ is connected, then
d(a,c) =2 in (I';(L)) and so diam((I';(L))°) > 2. O

Lemma 2.4. Let Q be a maximal N-prime of I in L. Let x,y € L \ I be any two elements
suchthat Q CI:xVUl:y. Theneither Q=1:x0rQ=1:y.

Proor. Let O be a maximal N-prime of I in L. Let x,y € L\ I be any two elements
such that QC7:xUIl:y. Notethat I : xUI:yCZ;(L). Let S =L\ Z;(L). Clearly,
I:xNnS=0and I:yNS =0. As I:x, [:y are ideals in the lattice L and S is the
semiprime filter, by Rav’s theorem, there exist prime ideals O, and O, such that
I:xCQy, I:yCQrand O1NS=0=0,NS. Since QCI:xUI:y, then either
QCl:xcQpor Qcl:yc ;. Further, Q is a maximal N-prime of / in L, which
implies that either Q= Q1 =1:x0or Q=0 =1:y. O

When L has exactly one maximal N-prime of I. Our aim in this subsection is to
prove the following theorem.

TueEOREM 2.5. If P is the only maximal N-prime of I in L, then (I';/(L))¢ is connected
and diam(I";(L))¢ = 2.

Proor. First, we claim that P is not a B-prime of /. On the contrary, suppose that
P=I:aforsomeaclL. Ifael,then L=1:a=P, acontradiction. Hence ae L\ I.
By the hypothesis, Z;(L) = P gives P\ [ = Z;(L)* and |Z;(L)*| > 2, and there exists an
element (a #)b € Z;(L)* =P\ 1. Then a€ Z;,(L)* C P =1:a, a contradiction. Hence
P#1:xforany x e L\ I, thatis, P is not a B-prime of /.

Leta, b € V((I';/(L))) be any two nonadjacent vertices in (I';(L))¢. Clearly, P#1:a
and P#1:b. By Lemma 24, PZI:aUl:b. Thus there exists w € P such that
wél:aUl:b. Since P=27;(L), we have w € Z;(L)* = V((I';(L))°) such that w Aa ¢ I
and w A b ¢l This gives that a —w — b is a path in (I[';(L))°. Hence (I';(L)) is
connected and this together with Lemma 2.3 gives diam(I";(L))° = 2. O

ExampLE 2.6. We now provide an example of a distributive lattice with exactly one
maximal N-prime ideal of I. Let N be the set of natural numbers. Consider
L =F U{N} where F = {X C N ||X] < oo}. Consider the semiprime ideal (0] = {0} in L.
Then F = Z5)(L) and F is the only maximal N-prime ideal of L which is not a B-prime
of (0].
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When L has exactly two maximal N-primes of /

Lemma 2.7. Let L have exactly two maximal N-primes of I, say Py and P,. If
P, N Py # I then there exista€ Py \ P, and b € P, \ Py suchthata ANb ¢ 1.

Proor. Since P; # P,, there exist a€ Py \ P, and be P, \ P,. Clearly, avb¢ Py U
Py =7,(L). Hence I:avb=1. Suppose aAbel. Clearly, I € P; N P, follows
from Remark 1.2. Let xe PyN P, with x¢ 1. Since [:aVvb=1, eitheraNx¢l
or bAx¢l. If anx¢l, then the elements a€ P; \ P, and bV x € P, \ P; satisfy
our claim. Otherwise, the elements a V x € Py \ P, and b € P, \ P; will satisfy our
claim. O

Lemma 2.8. Let P, Q be distinct B-prime ideals of [ in Lwith P=1:xand Q =1y for
some x,ye L\I. Thenx Nye€l.

Proor. Suppose to the contrary that x Ay¢l. Then x¢1:y and y¢1:x. By the
primeness of / : xand I : y,wehave I : xC/I:yand/:yCI: x, acontradiction. |

The following theorem is essentially due to Joshi [11, Theorem 2.14].

TueorREM 2.9. The graph T'j(L) is a complete bipartite graph if and only if there exist
prime ideals P, and P, such that I = P, N P;.

TueoreM 2.10. Let L have exactly two maximal N-primes of I, say P, and P,. Then
the following statements hold:

(1) (@T(L)° is connected if and only if Py N\ Py # I;
(2) if (T'y(L))° is connected then diam((I';(L))) = 2.

Proor. (1) Let (I';(L))¢ be connected. Suppose P; N P, = 1. By Theorem 2.9, I';(L) is
a complete bipartite graph and hence (I';(L))¢ is disconnected, a contradiction.

Conversely, assume that P; N P, # 1. There are only two possibilities: either both
Py and P, are B-primes of [ or at least one of them is not a B-prime of I.

Case (1). Both P and P, are B-primes of /. Hence P; =1 : xand P, = [ : y for some
x,yeL\I1. By Lemma 2.8, x Aye[ and hence x,y € Z;(L)" = P, U P, \ 1. Since
Py N Py #1,thereexistst € Py N Py \ I. Thust A x, t Ay € I and by the semiprimeness
of I, we have t A (x Vy) € l. This gives x Vye Z;(L)=P; U P,. Hence x Vye P or
X Vy € P, a contradiction. Thus this case is not possible.

Case (2). At least one of Py, P, is not a B-prime of /. Without loss of generality,
we may assume that Py is not a B-prime of /.

We claim that there exist a, b € V((I';/(L))°) suchthata Abel. If a A b ¢ I for any
a,be V(T (L)), then (I';(L))° is a complete graph, a contradiction to Lemma 2.3.
Hence assume that a Ab el for some a,be V(([';(L))). Clearly, Py #1:a and
Py#1:b. By Lemma 24, Pygl:aUl:b. Thus there exists t € P; such that
t¢l:aUl:b. Clearly, t € V((I'/(L))°) such that a —t — b is a path in (I';(L))°. This
gives that d(a, b) = 2, for any two nonadjacent vertices a, b € V((I';(L))°) and hence
(T';(L))“ is connected.
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(2) Let (I';(L))¢ be connected. By Lemma 2.3 and by the first part of this theorem,
it follows that diam((I';(L))°) = 2. O

TueOREM 2.11. Suppose L has exactly two maximal N-primes of I, say P, and P,. Then
the following statements are equivalent:

(1) (@T(L)) is connected;
2) PiNPy#1;
(3) diam(I;(L)) = 3.

Proor. (1) & (2) follows from Theorem 2.10.

(2)=> (3): Let Py N P, # 1. By Lemma 2.7, there exista€ Py \ P, and be P, \ P,
such that a A b ¢ I. It is easy to see that a, b € Z;(L)*. Further, I : aV b =1. Clearly,
a—b is not an edge in I';(L), that is, d(a, b) # 1 in ['j(L). If there exists ¢ € Z;(L)*
such that a —c — b is a path in I'j(L), then by the semiprimeness of I, we have
cel:aVb=1, acontradiction. Thus d(a, b) #2 in I';(L). By Theorem 2.2, T';(L)
is connected and diam(I';(L)) < 3, so we have diam(I";(L)) = 3.

(3) = (2): Assume that diam(I";(L)) = 3. Therefore, there exists apatha —b —c —d
of length three in I';(L). Hence a Ab,b Ac,c Adelin L. Since ae Z;(L) = P, U P,,
acPyoraecP, 1If aeP; NP, then we are done. Suppose a¢ P; and since
anbelC Py NPy, bePy. If be P,, then again we are done. Let b ¢ P,. Since
bAcelCP NPy, ceP, IfcePy,thenagain PPNPy,#1. Letc¢ P1. AscAde
I C Py N P,, this gives d € P;. Thus a € P, and d € P, implies that a Ad € Py N P5.
Sinceand¢l,PLNP,#1. O

We now provide examples of lattices having exactly two maximal N-primes of /.

ExampLE 2.12. Let L={0, 1, a, b} witha Ab=0and a vV b = 1. Consider a semiprime
ideal (0] in L. Then (a] = Py, (b] = P, are the only maximal N-primes of (0] and
which are B-prime of (0] also and P; N P, = (0]. Note that in this case, (I')(L))° is
not connected.

ExampLE 2.13. Let N be the set of natural numbers. Let L = {X CN | |X]| < o0} U{N —
{1}} U {N}. Consider a semiprime ideal (0] = {0} in L. Further P, = (N — {1}] and P, =
{X CN||X]| < oo} are the only maximal N-prime ideals of (0] such that P; N P, # (0].
Note that P; = (0] : {1} is a B-prime of (0], whereas P, is not a B-prime of (0]. From
Theorem 2.10, it is clear that (I'g)(L))° is connected.

When L has at least three maximal N-primes of 1.

THeOREM 2.14. Let L have at least three maximal N-primes of 1. Then (I'y(L))¢ is
connected and diam((I";(L))°) = 2.

Proor. We claim that there exist x, y € V((I';(L))) such that x Ayel. If x Ay ¢ I for
any x, y € V((I';(L))°), then diam((I';(L))°) = 1, a contradiction to diam((I';(L))) > 2,
by Lemma 2.3. Thus, we have x Ay €[ for some x,y € V((I';/(L))°). Then x and y
are not adjacent in (I';(L))°. Let P, be a maximal N-prime of I. If Py £ 1:xUI:Yy,
then there exists we Py such that wg I:xUl:y. It is easy to see that w e Z;(L)*
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such that x —w —y is a path of length two in (I';(L)) between x and y. In such
a case, we are done. Hence, assume that Py C/:xU/:y. By Lemma 2.4, either
Py =1:xor Py =1:y. Without loss of generality, we may assume that P; =1 : x. By
the hypothesis, L has at least three maximal N-primes of I. Let P, be a maximal
N-prime of [ such that P, # P;. Again, if P, £1:xUI:Yy, then we are done. So we
assume that P, € 7:xU [ :y, then again by Lemma 2.4, we obtain that P, =1:y. Let
P3 be a maximal N-prime of I such that P; ¢ {P;, P,}. Note that Pz is not a subset
of PyUP,=1:xUI:y. Hence, there exists t€ P3 such that tAx ¢l and t Ay ¢ 1,
that is, there exists a path x — 7 — y of length two in (I';(L))° between x and y. This
proves that (I';(L))¢ is connected and diam((I';(L))) < 2. From Lemma 2.3, we have
diam((I";(L))°) = 2. |

ExampLE 2.15. Let X be a set such that |X| =n,n > 3. Consider L = P(X), the power
set of X and the semiprime ideal (0] = {0} in L. Then the lattice L has at least three
maximal N-primes of (0].

Lemma 2.16. Let G = (V, E) be a simple connected graph such that G is connected. If
x is any element of V with |V| > 2, then e(x) > 2 in G°.

Proor. Let x € V. Since |V| > 2 and G is connected, there exists y € V such that x —y
is an edge in G. Hence x — y is not an edge in G°. Thus d(x, y) > 2 in G¢. Therefore,
e(x) >2in G°. O

Proor or THE MAIN THEOREM. From Theorem 2.5, Theorem 2.10 and Theorem 2.14, it
follows that (I';(L))¢ is connected and diam((I';(L))¢) = 2 if and only if L does not have
exactly two maximal N-primes Py, P, of I such that Py N P, = 1.

Now we claim that r((I';(L))) =2. Since (I';(L))¢ is connected, it follows from
Lemma 2.16 and diam(I';(L))¢ = 2 that for any x € Z;(L)*, e(x) = 2 in (I';(L))¢, proving
r((I';(L))°) = 2. Hence, the centre of (I';(L))¢ is the set of all vertices of (I';(L))°.

Now we prove that gr((I';(L))¢) = 3. For this, let x € Z;(L)*, as Z;(L)* # 0. Hence,
there exists y ¢ I such that x Ayel. Clearly, x,y€ V((I';(L))°) such that x is not
adjacent to y in (I';(L))°. Since (I';(L))° is connected and diam((I';(L))°) = 2, we have
d(x,y) =2 1in (I';(L))¢, that is, there exists z € V((I';(L))°) such that x — z — y is a path
of length two in (I';(L))°. Asy ¢l and x A z Ay € 1, this implies that x A z € Z;(L)*.
If x Az¢{x,z}, then x — x A z—z— x is a cycle of length three in (I';(L))° and hence
we are done. So we may assume that x A z € {x, z}. Without loss of generality, we
assume that x A z=x, that is, x <z. Since z € Z;(L)*, there exists t ¢ I such that
t Azel. Clearly, t € V((I'y/(L)) \ {x,y,z} suchthatt A x <t Azel Henced(x,t)#1
in (I';(L)). Since (I';(L))° is connected, therefore d(x, r) =2 in (I';(L))°. Then there
exists w € V((I';(L))°) such that x —w — ¢ is a path of length two in (I';(L))°. Hence
x Aw ¢l which yields zAw¢ 1. Thus x—w—z—x is a cycle of length three in
(I'r(L))°. Hence gr((I'/(L))°) = 3.

Now, we show that (I';(L))¢ is hypertriangulated. Let x — z be any edge in (I';(L))¢.
Proceeding as above, it can be shown that there exists w € V((I';(L))°) \ {x, z} such
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L (Tpoy(L))*

FiGure 2. A graph (I'oy(L))“ with diam((I'oy(L))) = 3.

that w A x, w A z ¢ I. This shows that any edge of (I';(L)) is an edge of a triangle in
(T'y(L))°. Thus (T';(L))° is hypertriangulated. O

ReMaRrk 2.17. From the Main Theorem, it is clear that if / is a semiprime ideal in L,
then diam((I';(L))“) = 2. Note that if we drop the condition that / is a semiprime ideal
in L, then the assertion of the Main Theorem need not be true. Consider the lattice
depicted in Figure 2. Then it is easy to see that diam((I'py(L))“) = 3 for a nonsemiprime
ideal (0].

Hence we raise the following question.

QuEsTtioN. Find the class 7 of ideals of a lattice L such that for €[,
diam((T";(L))*) = 3.

From the Main Theorem, it is clear that (I';(L))¢ is connected and gr((I';(L))) =3
whenever there exist exactly two maximal N-prime ideals P, P, such that P N P, # I.
Hence it is natural ask the following question.

QuesTion. Is gr((I';(L))°) =3 when Py N P, =17
We answer this question in the following result.

Lemma 2.18. Suppose that L has exactly two maximal N-primes of I, say P, and P;.
If PyNPy=1, then (I';(L))° contains a cycle if and only if either |P1\ P3| >3 or
P2\ Pi| >3 if and only if gr(T/(L))) = 3.

Proor. By the hypothesis, P; and P, are the only two maximal N-primes of / in L. By
Remark 1.2, it follows that Z;(L) = P; U P,. By Theorem 2.9, it is clear that I';(L) is
a complete bipartite graph with vertex set Vi = P; \ P, and V, = P, \ P;. Then it is
clear that gr((I'/(L))) = 3 if and only if [Py \ P2[ >3 or [P> \ P| > 3. o

We close this section by proving a sufficient condition for gr((I';(L))) = 3.

Lemma 2.19. If there exist distinct elements a, b, c € Z;(L)* \ P for some prime ideal P
belonging to I, then gr((I';(L))°) = 3.
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Proor. As P is a prime ideal of L belonging to /, thatis, / C P and a, b, c € Z;(L)* \ P,
we obtain that a Ab,bAc,cAha¢ P and so aAb,bAc,cAhaeL\I. Hence, it
follows thata — b — ¢ — a is a cycle of length three in (I';(L)). Thus gr((I';(L))°) =3.0

3. Beck’s conjecture for (I';(L))°¢

Beck [5] introduced the notion of colouring in a commutative ring R as follows. Let
G be a simple graph whose vertices are the elements of R and two vertices x and y are
adjacent if xy =0. Then the graph G is known as the zero divisor graph of R. The
chromatic number of G is denoted by x(G). Thus, x(G) is the minimum number of
colours which can be assigned to the elements of R such that adjacent elements receive
different colours. A cligque of a graph G is a complete subgraph and the supremum of
the sizes of cliques in G, denoted by w(G), is called the cliqgue number of G. We
always have y(G) > w(G). Beck [5] conjectured that y(G) = w(G) but Anderson and
Naseer [4] gave an example of a commutative local ring R with 32 elements for which
X(G)> w(G).

A form of Beck’s conjecture is proved for the zero divisor graph of a poset with O by
Halas and Jukl [8] and for the zero divisor graph of a poset having the smallest element
0 with respect to an ideal by Joshi [11] under the assumption that the corresponding
zero divisor graph does not contain an infinite clique. Therefore, we raise the following
question.

Question. Is Beck’s conjecture true for the complement of the zero divisor graph of a
poset P?

We answer this question partially in the following theorem.

TueoreM 3.1. Let L be a finite Boolean lattice such that |L|=2", neN. Then
W((Tioy (L)) = ¥(Toy (L)) =271 = 1.

Proor. Consider a Boolean lattice L =2" for some n € N. Clearly, V((T'j0;(L))) =
L\{0,1}. Hence |[V(T'0(L)))= 22" ~1). If p is an atom in L, then we
observe that C, ={x# 1| x> p}=[p) \ {1} forms a clique in (I'\p;(L))°. Further, if
y e V(T (L)) \ Cp, then y A p=0. Hence C, is a maximal clique in (I'j;(L))°.
Thus w((Ty) (L)) =|C,| = 271 _ 1. Thus V((T'0;(L))°) contains a complete subgraph
K1y,

Now we claim that either x or x" (the complement of x) is a member of C,.

If x,x" € V(To(L)))\ Cp, then pAx=0=pAx. By the distributivity of L,
p A (xV x)=0. This gives p = 0, a contradiction. Hence either x or x” belong to C),.

Hence, for colouring (I'igy(L))“, we first assign the colours to the elements of C,,.
Therefore, we need 2"~! — 1 colours. Now for any element y ¢ C », we havey’ € Cp, and
we assign the colour of ¥’ to y. Thus w((I'j0y(L))) = x((Tj0)(L)) = |C,| = 2=1_1. o
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The following theorem is essentially due to Joshi [11].

TueorEM 3.2 (Joshi [11]). If w(T';(L)) is finite, then L has only a finite number of
minimal prime semi-ideals belonging to 1 and if n is this number, then y(I'j(L)) =
oIy (L) =n.

In the following, we prove a form of Beck’s conjecture (Theorem 3.3) for zero
divisor graphs with respect to an ideal / under the assumption that the complement
of the corresponding zero divisor graph with respect to an ideal I does not contain an
infinite clique. Explicitly, we prove the following result.

Tueorem 3.3. If w((I';(L))°) is finite, then L has only a finite number of minimal prime
ideals belonging to I and if n is this number, then y(I';y(L)) = w([';(L)) = n.

First, we give bounds for the clique number of (I';(L))“.

Lemma 3.4. Let P be any prime ideal of L belonging to I (that is, I C P). Then the
following statements hold.

(1) If (T;(L))¢ does not contain any infinite clique, then Z;(L) \ P is finite.
2) If w(T (L)) is finite, then Z;(L)\ P is finite and indeed |Z;(L)\ P|<
w((T'1(L))°).

Proor. (1) Let Z;(L) \ P be an infinite set. We choose an infinite sequence of distinct
elements x; € Z;(L) \ P. Since P is a prime ideal of L belonging to / and as x; ¢ P
for i=1,2,3,..., it follows that x; A x; ¢ I for all 7, j€{1,2,3,...}. Observe that
the subgraph of (I';(L))¢ induced on {x;|i=1,2,3,...} is an infinite clique. This
contradicts the assumption that (I';(L)“) does not contain any infinite clique. Hence,
Z;(L) \ P is finite.

(2) Let w((T';(L))) = n. We assert that |Z;(L) \ P| <n. Suppose to the contrary that
|Z/(L)\ Pl zn+ 1. Let{xy, xo, ..., Xy+1} € Z;(L) \ P. Then itis clear that the subgraph
of (I';(L))¢ induced on {x;, x5, . . ., X,11} is a clique, a contradiction to w((I';(L))) = n.
Thus |Z;(L) \ P| < n = w({(T;(L))°). O

LemMma 3.5. Let P be any prime ideal of L belonging to 1. Let A={Q| Q is a prime
ideal of L belonging to I such that Q € Z;(L) but Q & P}. Then the following statements
hold.

(1) If @i(L))¢ does not contain any infinite clique, then A can admit only a finite
number of elements which are pairwise incomparable under inclusion.

2)  If w((T'j(L))°) is finite, then A can admit at most w((I';(L))°) elements which are
pairwise incomparable under inclusion.

Proor. (1) Suppose that (I';(L))¢ does not contain any infinite clique. Suppose on the
contrary that there exist infinitely many elements in A which are pairwise incomparable
under inclusion. Hence there exist Q; € A for i=1,2,3,... with Q; and Q; such
that Q; £ Q; and Q; € Q; for all i, j€{1,2,3,...} withi#j Now Q;Z P fori=
1,2, 3,.... Hence there exists x; € Q; \ P. Further, O, € P U Oy, so there exist x; €
0> \ (PU Q). Continuing in this way we get x; € Q; \(PUQi U Q,U---UQ; 1)
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foralli=1,2,3,....0Observethat {x;|i=1,2,3,...} CZ;(L)\ P. Hence Z;(L) \ Pis
infinite, a contradiction to Lemma 3.4(1).

(2) Let w((I'y(L)))=n. Suppose that A admits more than n elements which are
pairwise incomparable under inclusion. Let {Q1, ..., Q,+1} € A be such that Q; and Q;
are not comparable for all i, je {1,2,...,n+ 1} withi# j. Letx; € Q; \ P. Asin (1),
we can choose x; € Q; \(PUQU---UQ;_)fori=2,...,n+ 1. Observe that {x; |
i=1,2,...,n+1}CZ;(L)\ P. This implies that |Z;(L)\ P| = n + 1> w((T;(L))), a
contradiction to Lemma 3.4(2). m]

LemmA 3.6. The following statements hold.

(1) If @Ti(L))¢ does not contain any infinite clique, then (i) the set of maximal N-
primes of I in L is finite, (ii) the set of minimal prime ideals of L belonging to 1
is finite.

2)  If o((Ty(L))°) is finite, then (i) L can admit at most w((I';(L))°) + 1 maximal N-
primes of I and if L admits exactly k maximal N-primes of 1 with k >3, then
k < (T (L))°), (ii) L can admit at most w((T';(L))°) + 1 minimal prime ideals
belonging to I, and if k is the number of minimal prime ideals of L belonging to
I with k > 3, then k < w((I';(L))°).

Proor. (1) Let P be a maximal N-prime of /in L. Let A = {Q | Q is a maximal N-prime
of I'in L and Q # P}. Since any maximal N-prime of I in L is a subset of Z;(L) and
as distinct maximal N-primes of / in L are not comparable under inclusion, it follows
from Lemma 3.5(1) that A is finite. It is clear that the set of all maximal N-primes of
I'in Lis A U {P}. Thus L can admit only a finite number of maximal N-primes of /.

If P is any minimal prime ideal of L belonging to I, then P C Z;(L). Using similar
arguments as above, it is easy to see that L can admit only a finite number of minimal
prime ideals of L belonging to /.

(2) Let P be any maximal N-prime of / in L and let A = {Q | Q is a maximal N-prime
of I in L and Q # P}. Further, assume that w((I';(L))) = n. Then by Lemma 3.5(1),
|A] < n and, using the same arguments as in the proof of (1), the set of all maximal
N-primes of [ in Lis A U {P}. Thus L can admit at most z + 1 maximal N-primes of /.

Suppose that L admits exactly k maximal N-primes of [ with k>3. Let
{Py, Py, ..., Py} be the set of all maximal N-primes of I. Then Z;(L) = Ui‘{=1 P;.
It is easy to see that there exists x; € Pi \ Ujei2, i Pj- Clearly, x; # x;, for all
i,jef{l,2,...,k}with i # j. Since k > 3, there exists at leastone t € {1, 2, .. ., k} such
that both x; and x; are not in P; and hence x; A x; ¢ I. Thus the subgraph of (I';(L))*
inducedon {x; |i=1,2,...,k}is aclique and so k < w((I';(L))°).

Using similar arguments as above and using Lemma 3.5(2), the statement about
minimal prime ideals can be proved. O

Proor or THeorREM 3.3. It follows from Lemma 3.6 that L has only a finite number of
minimal prime ideals of L belonging to I, say P;, 1 <i<n. Since [ is a semiprime
ideal in L, by Lemma 1.1, we have / = (., P;. Now we define a colouring f on
vertices of I';(L) as f(x) =min{i|x ¢ P;}. If x,ye V([ ;(L)) such that x and y are
adjacentinI';(L), thenx Ay e I =, P;. Clearly, x ¢ P; and y ¢ P; for some minimal
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@@ A (b)

.
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Y1

DXy
a\

0

Ficure 3. (a): w((I';(L))) < oo = w((I'/(L))) < oo for semiprime ideal 1. (b) w((I';(L))) <oco=
w(T';(L)) < oo for non-semiprime ideal /.

prime ideals P; and P; belonging to /. Since x Ay el =, P;, we conclude that
veP;and xe€ P;. Thus f(x)# f(y) and so f is a colouring on I';(L). This implies
x (T (L)) £ n. Thus w('[(L)) < x(T;(L)) < n. Hence w(I';(L)) is finite. Now we claim
that, for a semiprime ideal / of L every minimal prime semi-ideal belonging to [ is
a minimal prime ideal belonging to /. For this let P be any minimal prime semi-
ideal belonging to /. Let x,y € P be such that x Vy ¢ P (such elements exist as P
is a semi-ideal). Clearly, F = L\ P is a maximal filter with respect to the property
that INF=0. ThusIN(FV[x)#0and IN(FV[y)#0. LetuelIn(FV[x))and
velN(FVI[y). Thenu> fi A xandv > f, A yforsome fi, f> € F. Also, u, v € I give
(i Nf))AXx, (fi A fa) ANyel. By semiprimeness of I, we get (fi A L) A(xVy)el.
Using this fact and (f; A o) A (x Vy) € F, we have I N F # (), a contradiction. Hence
P is a prime ideal belonging to /. Clearly, P is a minimal prime ideal belonging to /.
Thus, if I is a semiprime ideal of L, then every minimal prime semi-ideal belonging
to / is a minimal prime ideal belonging to /. Hence, L has only a finite number of
minimal prime semi-ideals belonging to I and if n is this number, then this together
with w([';(L)) < oo and Theorem 3.2 yields that y(I';(L)) = w(I';(L)) = n. O

RemMark 3.7. From Theorem 3.3, it is clear that for a semiprime ideal / of a lattice
L with 0, if w((I';(L))€) < oo then w(I';(L)) < co. But the converse need not be true.
Consider the lattice L as shown in Figure 3(a). Then we observe that I')(L) has a
finite clique while (I'(0;(L))° does not. Also note that if we drop the condition that /
is a semiprime ideal in L then the assertion that w((I';(L))¢) < oo implies w(I'j(L)) < oo
need not be true. Consider the lattice L depicted in Figure 3(b). Clearly, (0] is not
a semiprime ideal. Further it is easy to observe that {xy, x, xp, . . .} forms an infinite
clique in I'i)(L) while {xo, a} is the only finite clique in (I';(L))°.
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