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ON THE RESOLUTION DIAGRAMS OF THE
BRIESKORN SINGULARITIES (2,q,r) OF TYPE 11

AKIO YAMADA AND YUKIO MATSUMOTO

1. Statement of results. Let p. ¢, r be pairwise coprime integers with 2
= p < q < r. The equation z{ + z§ + z} = 0 defines a complex hyper-
surface V(p, g, r) € C' which has an isolated singular point at the origin.
We call the singularity the Brieskorn singularity (p, q, r). An algorithm of
resolving this singularity 1s known [1]. According to the algorithm, the
resolution diagram which describes the configuration of the pre-image of
the singular point in the resolved surface is a star-shaped tree ', ,, with
three branches:

((1,’, b

js Ck = 2).

The positive integers (weights) a;. b;, ¢, b are given as follows:
Let x, y, z, b be integers satisfying

xqr = —l(mod p), ypr = —1(mod ¢q), zpg = — 1(mod r),
(1.2) O<x<p 0<y<gqO0<z<r,
bpgr = xqr + ypr + zpg + 1.

Then
p/x = lay, asr. .. .. agl.
q/y = by, bs. ..., b
rlz = [cy, ¢ ooy
where [y, ny, ..., n,] denotes the continued fraction
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n - ————— (; Z 2).

ny —

Remark. The number b is equal to either 1 or 2.

Definition. A weighted graph (such as T, ;) is of zype I if all the weights
are even integers.

In what follows we confine ourselves to the case p = 2, and our aim in
this paper is to characterize those weighted graphs of type II which appear
as the (minimal) resolution diagrams of the Brieskorn singularities of type

(2, g. ).
In our case p = 2, the resolution diagram of type II has the following
form:
-2
~ b —b, —b,
(13) —2&———————----- — " (b = 2).
- -0 —¢y

The above weighted (planar) graphs are in 1 to 1 correspondence to the
arrays of positive integers

bi b .., bt]

Cly €y L

Thus our task will be to characterize these arrays.
Before stating our results, we introduce a semi-group S of arrays of

integers:
my, my, ..., m
S:={ P72 ’ "] m,-,n-EZ,p.,viO}.
ny, np, ..., N
Product in S is defined by juxtaposition:
ml,...,m””mi,...,mé] _ M my, mlﬁ...,mé]
ny ..o ng, oo ny Ay, .oy My AL, L., Ny

The identity element in S is [g] where 0 is the empty sequence.

We define three special types of elements in S called ‘joints’, ‘molecules’
and ‘head and tail’, respectively.
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A) Joints. There are four elements Z, Z, T, T € S called joints.

[226
6,2, 20

2,2,4,2,2

7 = Z= L(Z),Tz[”g”],1=t(7),

where ¢:S — S is the involution defined by

(x) = | " ] for X = [ml"' m"] .
my, ... , Ny
We call «(X) the inverse (i.e., upside-down) of X € S.
B) Molecules. First we define auxiliary elements (called particles) e, e,
Pns Pn € S as follows:

_ [z ____(8n—l)*2] o
e = [ﬂ] ’ _e_ - L(e)’ Pn = 2}’[ + 2 ’ Bn - "(pn)’
where n = 1 and the notation ms2 stands for a sequence 2,2,...,2

consistingof m 2's(m € Z, m = 1).
A molecule M is a product in S of these particles of the following
form:
{ep,,(l)p,,(z) .- Pn(w€ Or its inverse (u: even = 0),
M = = - . . . -
€Pn(1)Pn(2) - - - Pn(we O its inverse (u: odd = 1).
The explicit construction rule of a molecule is as follows:
(1) A molecule begins with either e or e.

(i1) If it begins with e (resp. e), the first p,(;) has an upper bar (resp. a
lower bar).

(ii1) p, with upper bar and p, with lower bar appear alternately.
(iv) If p = 1, a molecule ends with e or e according as the last p,,(,) has
an upper bar or a lower bar. The molecule with p = 0 is ee or ee.

Examples. (1) ee = ee = [%] This is the simplest molecule.

_ [ ] (8n—1)*2][2] B (8n+1)*2]
2n+2 1ol — Lan+21-

3 zpp [ ][(8;7—1)*2“ 2m+2 ][ﬂ] B [8n*2, 2m+2]
PnP m+2 I@em—1s2ll2] = Loan+2. 8ma2l

C) Head and tail. The head H € S is defined by H = [%], the tail L

2

|
":u

by L = [2ﬂ2]- H has the same form as the simplest molecule.
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Now we state our main result. Let D(X) denote the weighted graph
(1.3), where

_[bub
Cly...,Cy

X ]eS.

THEOREM 1.1. D(X) is a weighted graph of type 11 which appears as the
resolution diagram of a Brieskorn singularity (2, q. r) (¢ < r) if and only if X
is written as the following product in S:

(14) X = HM\J\MyJy--- M, _\J, . \M,L (v = 1),

where H is the head, L is the tail, each M; is a molecule and each J; is a
joint.

Remark. The above decomposition of X is unique.

Examples. (1) The simplest example is

_ 2,2
X = H(ee)L = 2.2, 2].

The corresponding diagram D(X) is the Dynkin diagram Ejg:

=2
-2
2 -2 ) )

This is the resolution diagram of the Brieskorn singularity (2, 3, 5).

2)  HlepioL = [%][932][2?2 = [122*42]

The diagram D(H(epe)L) appears as the resolution diagram of the
singularity (2, 7, 13). This diagram also represents the indecomposable
inner product space I'j¢ of type Il in dimension 16 [2].

[ 22+2 [ o 2,2 + 2
() Hepol = [2“(8n + 1)*2][2, 2] - [(sn + 4)*2]'

D(H (epye)L) is the resolution diagram of the singularity (2, 4n + 3, 8n +
5).
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+ 2, (8m —1)%2, 2n + 2][ 0 ]
2,21

_ B 2”21
(4)  H(epipmpne)L = [2 8/%2, 2m + 2, 8nx2

D(H(ep;pmpnre)L) is the resolution diagram of the singularity (2, g, r),
where

q=064Imn + 32Im + lémn + 41 + 8m + 4n + 3,
r= 128 Imn + 48 Im + 32mn + 81 + 12m + 8n + 5.

(5) An example with two joints is
H(epye)Z(epapie)T(epspre)L.
The corresponding singularity is of the type (2, 8998141, 13759411).

THEOREM 1.2. Suppose that DHMJ,---J,_M,L) and D(H
t(MJ, -+ J, - ML) are resolution diagrams of the singularities (2, q, r)
and (2, q', 1), respectively. Then (q, r) and (¢, 1) are related by

q = —4q + 3r
r = —5q + 4r.

CoRrOLLARY 1.2.1. If the resolution diagram of the singularity (2, q, r)(q
< r)is of type 11, then so is the resolution diagram of the singularity (2, —4q
+ 3r, —5q + 4r).

By Theorem 6.3 in [3], if the resolution diagram of the singularity (2, g,
r) is of type II, then r < 24.
This, together with Corollary 1.2.1, yields

—5q + 4r < 2(—4q + 3r),

that is 3¢ < 2r. Thus we have

CoROLLARY 1.2.2. If the resolution diagram of the singularity (2, q, r)(q
< r)is of type 11, then (3/2)q < r < 2q.

Remark. The lower bound 3/2 and the upper bound 2 given for r/q by
Corollary 1.2.2 are best possible because there exist sequences {X,} and
{X,} in S such that D(X,) and D(X}) are weighted graphs of type II
appearing as the resolution diagrams of Brieskorn singularities (2, ¢, r,
(g, < ry) and (2, g,, ) (g5, < ry) and the corresponding sequences {r,/¢q,}
and {r;,/qy;} of rational numbers approach 3/2 and 2, respectively, as n
tends to infinity:

X,:= He p,eL which corresponds to (2, 8n+3, 12n+5),

X,:= Hep,eL which corresponds to (2, 4n+3, 8n+5).

(Cf. Example (3).)
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2. Fundamental lemma. Define four polynomials of variables 7, v/, {

and {’:
Fy(n, 7', §, {)i= 1+ 098 —4(n — 2')§ — §)
Fu(m, 7, §, )= 1+ 98" — 4m — )¢ — {)
Fran, 7, §, )= 1+ 98 —4(n — 7)§ — )
Fry(n, 7', 6 8= 1+ 9’8 — 4(n — ') — ).
Let
Y = {)’0,)’1’ .. ’yt+l] e S.
20520y« o5 Zyy+1

For each pair (k, /) of integers with 0 = k = trand 0 = / = u, we define
four integers (Yk, ), (Ylk, D, (Ylk, Dy and (Ylk, Dyy:

(21) (Y]k, 1)*:= F*(yk, Yi+1, 2 Z/+l)~ * = I, ”, ”I, IV.
Let

X = blst,---,fl]eS

Cy, €, - ..
be written as (1.4). A subarray

— bl’---abk

Cl,...,(‘[

X ]ofX

with 1 = k =rand 1 = = u is said to end with M if there exists an
integer A such that

I1=A=v and X’=HM|J1...M)\ﬁ1J)\-]M)\.

Similarly, a subarray X’ of X is said to end with J if there exists an integer
A such that

0=SA=v—1 and X = JoMJ, ... My,

where J stands for H. Further, we classify manners of ending of subarrays
at the ‘particle level’ as follows: Suppose that a molecule M(€ S) is
decomposed as a product of p particles gy, g3, . . ., g, whose arrangement
is subject to the construction rule stated in Section 1. Then, the product in
S of its first i particles gy, . . ., ¢; (1 = i < p) is called the i-th section of the
decomposition of M. For example, let

M = €pn1)Pn2)Pn(3) Pn4i€-
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Then, ep,(1ypn(2) is the 3rd section of M. For convenience, we divide
particles into two groups:

(1) e and p,(n = 1), called particles of type p,

(2) e and p,(n = 1), called particles of type p.
We say that a subarray X’ of X ends with p if X’ is expressed as

22 X =HMJ,.. My_\hqugs - g AISA=wiZ1)

where ¢1q; . .. q; is the i-th section of Mx(q1¢>...q; # M)) and gq; is of
type p. Similarly, X" is said to end with p if X" is written as (2.2) and ¢; is of

type p.
LEMMA. Let
¥ b,,...,b,] cs
Cly o oo n Oy

be written as (1.4).
Define an array

Y = [yO”"’.f[‘Fl] e S

by the following formulas:

(2.3) {)’t+l =0,y = Ly =bpr —yk+1 =k =),
Zy+1 = 0, Zy = 1, Zl—1 = CZp T 21+ (1 =/= u).
Then, the following four propositions hold:
L. if a subarray [[z,'l‘ o ZZ,’/‘] of X ends with M, then (Ylk, I); = 0;
IL. if a subarray [ (_ll ’ 12] of X ends with p, then (Ylk, )iy = 0;
III' Ja Subarray [[z.ll ..... [Z}I‘]()jX endS Wlth }_7, then (Y]k, I)HI = O,
IV. if a subarray {}z.ll ~~~~~ 1(),/\] of X ends with J, then (Ylk, )y = 0.

This lemma is proved according to a “network induction” scheme
illustrated by Fig. 1. Observe that. starting at the arrow marked with L
(tail) in Fig. 1, one advances along arrows and finally goes out along the
arrow marked with H (head) to obtain an array of the form (1.4), in
‘tail-to-head’ direction. One may pass through the same arrow any number
of times.
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Fig. 1

Thus, it suffices to show the following eight assertions:
(Y, u — 2) =0;
224 (Y | k, /)y = 0 and

[b‘ ..... bk]z[bl,...,bk]e

Cly oo, C Cly oo C—1d ™

(or equivalently, ¢; = 2), then (Ylk, ] — 1) = O;
32if (Ylk, I); = 0 and

[b,,...,bk]: bl,...,bk,,]

Cly e .., C Cly ..., C

(or equivalently, b, = 2), then (Ylk — 1, Dy = 0;
4 if (Ylk, Iy = 0 and
b,,...,b,(]= b],...,bk_l]

Clyoven Clyevns
(or equivalently, b, = 2), then (Y|k — 1, )iy = 0;
52if (Ylk, Dy = 0 and
[bl,...,bk] I TR T ]pn
Clyevs( Cloee s Cgnr1d &
(or equivalently, by = 2n+2 and ¢;)—g,42 = ¢/—gn+3 = ... = ¢; = 2) for

some n = 1, then (Ylk — 1,/ — 81 + 1) = 0;
6° if (Y|k, [)III = 0 and

bh-- ] [blw- s by - 8n+l]p

n
Cly ..
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(or equivalently, by —g,+2 = ... = b, = 2and ¢; = 2n + 2) for some n =
1, then (Y|k — 81 + 1,/ — 1)y = 0;
7°if (Ylk, [)III = 0 and
bl,...,bk] B bl,...,bk]g

Cly ... () Cly oo o5 C1—
(or equivalently, ¢; = 2), then (Y|k, [ — )y = 0;
8 If (Ylk, iy = 0 and

bl,...,bk] _ o bk’]J

Cly ..., Cy Cly...,Cf
where J is a joint, then (Y|k’, I'); = 0.
Each assertion is shown by straightforward calculations.

Proof of the “if’part of Theorem 1.1. Let

v b.,....b,] c s

Cly oo, Cy

be written as (1.4). Define

Y: [y()w'~-~,vr0’|] I= S

Zhs » o5 241

by (2.3). Since the subarray [i’l‘] (= H) of X ends with J, we have

(Y11, Drv = 1 + yozo — 4y —y)z — 22) =0

by the lemma. Substituting y, = 2y; — yy and z, = 2z; — z), we
obtain

1+ yozo + 2yizo + 2v0z1 = 4yo2o.
Since b, = 2 for all k and ¢; = 2 for all /, it is clear that

Vi1 <y O=k=1) and zj41 <z, (0=1= u).
In particular, 0 < y; < ygand 0 < z; < z,. Clearly

yo/yvy = Ib1s..., b, zo/zy = [cry ..., s

by the definition of Y. Therefore, 2, yy and z are pairwise coprime integers
such that D(X) is the weighted graph of type II which appears as the
resolution diagram of the Brieskorn singularity (2, yg. z¢). (Cf. Algorithm
in Section 1.) Using Theorem 1.2, one can prove yy < z.
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The “only if” part of Theorem 1.1 is proved by the network induction
again, but in reverse direction. The argument is elementary, except that it
involves careful estimation of the relevant quantities appearing in
expansions into continued fractions. The proof of Theorem 1.2 proceeds
similarly according to the network induction. (See also [5].)
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