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Abstract  For 0 < p < 1, let hP(R™) denote the local Hardy space. Let F be a Fourier integral operator
defined by the oscﬂlatory integral

Fiw) = [[, expri(ol@.€) —y- )b(rv.€1(w) dyde,

where ¢ is a C*° non-degenerate real phase function, and b is a symbol of order u and type (p,1 — p),
l < p < 1, vanishing for = outside a compact set of R"™. We show that when p < 1 and p < —(n —
1)(1/p — 1/2) then F initially defined on Schwartz functions in h? (R™) extends to a bounded operator
F : hP(R™) — hP(R™). The range of p and u is sharp. This result extends to the local Hardy spaces the
seminal result of Seeger et al. for the LP spaces. As immediate applications we prove the boundedness of
smooth Radon transforms on hypersurfaces with non-vanishing Gaussian curvature on the local Hardy
spaces.

Finally, we prove a local version for the boundedness of Fourier integral operators on local Hardy
spaces on smooth Riemannian manifolds of bounded geometry.
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1. Introduction

Let F be a properly supported Fourier integral operator of order 0 and of type (p, 1 — p)
associated with a local canonical graph. We defer this and other basic definitions to the
next section. It was proved by Hormander and Eskin [3,7] when p > 1 and by Beals [1]
and Greenleaf and Uhlmann [5] when p = 1 that the operator F is bounded on L
and consequently a Fourier integral operator of order p maps L2 comp into L2 ploc- Here
and in what follows L? denotes the LP-Sobolev space of order s, LI, = denotes the space
of functions f such that ¥ f € LP for all compactly supported smooth functions 1, and
LYy = (LIOC) = L .N &' For p # 2 it has been known for some time that a Fourier

integral operator of order i cannot be bounded on L? unless p < —(n—1)|1/p—1/2|, [11].
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In [14] Seeger et al. proved that in fact this is the correct range for the LP boundedness
for such an operator. They showed that if F is a Fourier integral operator of order pu,
then

F:LE, o (R") — LY

comp loc(Rn)

boundedly, for 1 < p < co and u < —(n — 1)|1/p — 1/2|. To prove their theorem, Seeger
et al. showed that, given two smooth cut-off functions 11,19, the operator F= Yo F1hy
in fact maps F : h'(R") — h'(R™) continuously when F has order —(n — 1)/2. They
then used interpolation for an analytic family of operators together with the L2-result
to obtain the result for the case when 1 < p < 2. The result for p > 2 then follows by
duality, since the adjoint of F is again a Fourier integral operator of the same order.

In this paper we study the mapping properties of the operators F when acting on the
local Hardy spaces h? in R", introduced by Goldberg [4]. Our main result shows that, if
F is a Fourier integral operator associated with a canonical graph, of order u, and if F
is defined as above, then

F : hP(R™) — hP(R™)

is bounded, when 0 < p < 1 and pu < —(n —1)(1/p — 1/2), thus extending the Seeger et
al. result to the local Hardy spaces AP, with 0 < p < 1. Finally, we extend this result to
Riemannian manifolds of bounded geometry. For some previous related work, see [12].

The paper is organized as follows. We begin by giving the basic definitions. We also
make a standard reduction that allows us to work with an operator defined by an oscil-
latory integral T}, in the more familiar setting of R™. Here b denotes the symbol in the
class S, (see (2.4), below). We first prove that such an operator 7; is bounded from
h? to LP (Theorem 2.2), when u < —(n —1)(1/p — 1/2) and 0 < p < 1. Section 3 is
devoted to this. In §4 we use a characterization of local Hardy spaces in terms of local
Riesz transforms (Proposition 4.1) to reduce the question of the boundedness of T} on
hP to the uniform boundedness of operators of the form P.T}, from AP to LP, where P
are suitable pseudodifferential operators of order 0 and type (1,0). We remark that while
Theorem 2.2 also holds when p = %, Proposition 4.2 fails to hold in this case. This is the
reason for us to restrict ourselves to the case p > %

In the last section we prove the extension of our main result, Theorem 2.1, to the case
of a Fourier integral operator of order p acting between paracompact smooth manifolds
X and Y of bounded geometry (see Theorem 5.1).

2. Basic definitions and statement of the main result

Let X and Y be smooth paracompact manifolds of the same dimension n. Denote by
dox and doy the standard symplectic forms on 7% X and T*Y, respectively.

Let C be a conic Lagrangian submanifold of T*X \ {0} x T*Y \ {0}, the latter being
endowed with the symplectic form dox — doy. We assume that C is locally the graph
of a homogenous canonical transformation H. A smooth map H from T*Y \ {0} to
T*X \ {0} preserving the symplectic forms, i.e. such that H*dox = doy, is called a
canonical transformation. Such a map H turns out to always be a diffeomorphism. It is
said to be homogeneous if H(y, A\n) = AH (y,n) for all A > 0 and (y,&) € T*Y \ {0}.

https://doi.org/10.1017/5001309150500012X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150500012X

Fourier integral operators 445

We are concerned with operators F € I*(X x Y,C), i.e. linear operators between the
distribution spaces on X and Y whose kernels are Lagrangian distributions of order u
having their wavefront sets contained in

C' ={(z,&y.m) : (x,&,y,—n) € C}.

We refer the reader to [2,6,8,18] for the global theory of Fourier integral operators.
What is relevant to the present work is the local representation of Fourier integral
operators. In local coordinates, such an operator F can be written as

Fflx) = / / M@0z, y,0) dof (y) dy. (2.1)
n JRN
Here b denotes a classical symbol of order p/, i.e. such that
102 ,08b(x,y,0)| < Cpa(1+ |0])* 71,

and the order p/ = p — (N — n)/2. Moreover, the phase function @ is real, positively
homogenous of degree 1 in 8, C®°(R?*" x RN \ {0}) and satisfies the following non-
degeneracy conditions:

(i) d® # 0 everywhere (on the support of b);
(ii) on the set Xg = {Py = 0} the differentials dPy, , . ..,dPy, are linearly independent.

Henceforth, we denote by @y, @¢,, @, 4,, etc., the partial derivatives p®, 9y, P, 89%],9[45,
etc., of @ with respect to the indicated variables.

By Hoérmander’s theorem on the equivalence of phase functions (see [18, Proposi-
tion VIII 1.5]) one can reduce the number N of frequency variables to n, so that, after
this reduction, the order of the Fourier integral operator F coincides with the order of
the symbol b.

Possibly by multiplying by a smooth cut-off function, one may assume that, modulo
a smoothing operator, the symbol b is supported in a small conic neighbourhood of Y.
Then, it turns out that the mapping

(1’,y, 0) = (xvdsz(xvyv 0),y, _@y(xvy7 9))

is a smooth mapping onto a conic open set of T*X \ {0} x T*Y \ {0}, sending ¥¢ onto
a conic Lagrangian submanifold C’ such that the wavefront set of F satisfies

WF(]:) c C/ = {(ﬁ,@m($7y,9),y7@y($7y,9)) : @9(1‘,3},9) = 0}

The local Hardy spaces on R™ were introduced by Goldberg [4] (see also [17, Chap-
ter IIL.5]. They can be described as follows. Let ¥ be a fixed Schwartz function, [¥ = 1.
For a tempered distribution f let My be the maximal operator

My f(x) = sup [f* ()],

0<t<1
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where, as usual, ¥;(z) = t "W (x/t). Let 0 < p < 1. We say that a tempered distribution
£ is in hP(R") if
[l @y = M (F) ]| r @) < 00

We are now in a position to state our main result.

Theorem 2.1. Let C C T*(R™)\ {0} x T*(R™)\ {0} be a submanifold which is locally
a canonical graph and let F € I*(R™ x R™,C). Let h?(R™) denote the local Hardy space
for0 <p < 1andlet u<—(n—1)(1/p—1/2). For 41,12 smooth cut-off functions define
F = 1 F1py. Then

F: WP (R™) — hP(R™)
is bounded.

We can extend this result to a class of paracompact smooth manifolds (see Theo-
rem 5.1).

Moreover, we can allow the symbol b to belong to the more general class Sff’l_ o
% < p <1 (see Theorem 2.2).

Now we make a reduction that allows us to study the boundedness of an operator
defined by an oscillatory integral in R2".

The assumption that the conic Lagrangian manifold C is locally the graph of such
a map H, i.e. that C has the form C = {(H(y,¢), (v,€)) : (v,&) € T*Y \ {0}}, allows
us to make the following reduction. Given any point (xg,&o,y0,70) € C, there exists a
neighbourhood on which one can choose local coordinates so that

C= {($7¢I7 ¢77777)}’

for some smooth phase function ¢ = ¢(x,n) such that

with

én(z0,M0) = Yo-

Note that in this case, the phase function @(x, y, £) in these coordinates has the expres-
sion &(z,y,0) = ¢(x,0) — y - 0 and the operator F takes the form

Fia) = [[ | explzritola.) ~ - )blo.5.6) ) e . (22

(In order to use more familiar notation, we henceforth rename the variable 6 as £.)
Since C is locally the graph of a diffeomorphism, the ¢(z, &) function turns out to be
real-valued, C*>°(R™ \ {0}) and homogeneous of degree 1 in ¢, and moreover

det((bfmﬁj) #0 (23)

for £ # 0 and (z,£) in the support of b.

As mentioned above, we can allow the symbol b to vary in a more general class, which
now we define. Let 3 < p < 1. One says that b € S(u;)’lfp) if b € C°(R* x R") satisfies
the estimates

105 ,08b(x,y,€)| < Cap(l+ |¢[)rrlal+=p)la] (2.4)
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for some constants C,, g and all multi-indices «, 8 and z,£ € R™. We also assume that b
vanishes for x outside a fixed compact set.
Consider the Fourier integral operator T" = T} with symbol b and phase ¢

1)@ = [[ | expenio@o) -y e 050 dyds,  (25)

initially defined for f in the Schwartz class S(R™).
For this kind of operator, our main result is the following.

Theorem 2.2. Let T be defined as in (2.5) with symbol b € S¥ Let 0 <p<1

(p,1=p)"
and suppose that
<—(n-p) 71 — 71
< P 5 )

Then T, initially defined on Schwartz functions, extends to a bounded linear operator
T : hP(R™) — hP(R"™).

Note that, in this setting, we need not require the symbol b to be also compactly
supported in the y-variable.

In order to state our next main result, we need a few more definitions. Suppose that,
with any z varying in an open set (2 in R" is associated a hypersurface H, with non-zero
Gaussian curvature and surface measure ds,. We assume that the mapping = — H, is
smooth in (2. Let ¢ € C§°(§2 x R™) and let dA(z,y) = ¢¥(z,y) dsz(v).

We will denote the Fourier transform of a tempered distribution f by f . If f is inte-
grable, we have

f) = [ exp(-2ri€ ) f(a) do.
For f € S(R™) we define the smooth Radon transform as the operator
R(f)(x) = (dA(z,-) * f)(x), (2.6)

i.e.

— ~

R(P)@) = [ exp(emiz € dX(a, )(€) F(€) .
For 0 < p <1 and s € R™ we define the potential local Hardy spaces
R(R™) = {f € S": f, Asf € WP(R™)}, (2.7)

where @(E) = (1+ [€]2)*/2f(€).

Theorem 2.3. Let R be a smooth Radon transform as in (2.6). Then, initially defined
on Schwartz functions, R extends to a bounded linear operator

R:h2(R™) = hP(R™)

ifs>2(n-1)(1/p—1).
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Consider an operator of the form (2.5). If we assume further that b also has compact
support in the £-variable, then T'f can be written as an integral operator with kernel

K(o) = [ exp(2mi(o(e.€) ~y€)b(r.p.€) e,

which is singular at the points (z,y) such that

Ve(o(x,€) —y-§) =0.

Henceforth, we write ¢¢ in place of V¢¢. Then, for x € R", the set of singular points for
the kernel K is
Yy ={y e R": y = ¢¢(x,§) for some € € R"}. (2.8)

‘We now have our main h? to LP result.

Theorem 2.4. Let T be a Fourier integral operator defined by the oscillatory integral

as in (2.5), where b € S{ | . Suppose that

n—p 1 1 "
< —— d ——=-=- .
K 2 a p 2 n—p

Then T, initially defined on the dense subspace S(R™), extends to a bounded linear
operator
T : hP(R") — LP(R™).
3. Proof of Theorem 2.4
A distribution f € A?(R™) admits an atomic decomposition
F=> "N,
J

where the A; are constants such that >, |A;|P ~ HfoLP(R") and the a; are p-atoms. A
function a is called a p-atom if

(i) suppa C B(xo,9),

(ii) |a(z)| < [B|7VP,

(iii) [z%a(z)dz=0if § <1 and |a| < M =1+ [n(1/p—1)], and no further condition
is required if § > 1.

Here [z] denotes the integral part of the real number = and we denote by B(zg,d) the
ball centred at xg and of radius §.
We recall that the Schwartz space S(R™) is contained and dense in h?(R™) (see [4,13]).
Using the atomic decomposition of hP(R™), it suffices to show that there exists a
constant A > 0 such that, for all p-atoms a,

/ Ta(z)|? de < A.
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We first assume that the atom a has support in a ball B of radius § > 1. Note that since
p < 0, T is bounded from L? into itself. Let » = 2/p. By applying Hélder’s inequality
with 7 and its conjugate exponent r’ we see that

/\Ta(:c)|p dr < |Supp(b)|1—p/2</|Ta(x)|2dx)p/z

< Jsupp(®)" 2T (12,2 llalls
= Cllall3.

Next,

2

et = ( /. |a<x>|2dx)p/2 <(/ BQ/pdx)p/

< |B|—1+p/2 _ Cnén(—1+p/2).

Since § > 1, we obtain that
/|Ta(m)|pdx <A

with A independent of the atom a and § > 1.

Next we consider the case of an atom a supported on a ball B of radius § < 1. For
x € R", let X, be the singular region defined in (2.8). Recall that the set {(z,y) :
y € X, } contains the singularity of the kernel K of the operator 7. We will now adapt
the decomposition of the cotangent space introduced by Seeger et al. [14] to the present
situation.

For each integer j > 1 we fix a collection of unit vectors {fj”} such that

(i) |&y — €| = 2792 if v £ 0/,
(i) if £ is any unit vector, then there exists a unit vector £ such that [¢ —&¥| < 2-i1/2,

Recall that it suffices to take a collection {¥} which is maximal with respect to (i). It
should also be noted that there are at most ¢27("~1)/2 elements in the collection {£¥}.
Consider now the ball B = B(g,d) of centre § and radius 6 < 1. We first define the
sets RY as
RV — : e 9—G/2 V(o —o—j
Ry ={y eR": ly—g| <275, [rj(y —y)| <2777}, (3.1)

where 7 denotes the orthogonal projection in the direction of & and ¢ is a constant
independent of j to be fixed later. Note that

|1§;_f| ~ 9~ (n=1)j/2 9—jp _ 9=(n—1+2p)j/2 (3.2)
By (2.3), for every &, the mapping

Ty = ¢)§($,§) = (851¢(3;‘,€), .- "a€n¢(x7£))
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has a nowhere-vanishing Jacobian, i.e.

|det jac(z = y = ¢e(, )| = [det(daye, ) (2,€)] = £ >0,

with k independent of z and £ on the unit sphere.
We define R} to be the preimage of RY under the mapping ¢¢ with § = £¥:

RY = {w € R : [ — ge(w, )| < 279/, [m%(5— de(a, €0))| <2797} (3.3)

Now

R = [ det(on,)w € do > [ do=wlR],

5
so that
|RY| < kRS

Thus, given the ball B = B(g,d) we define

B = |J Jry (34)

2796 v

Note that, by the above estimate for [RY| and (3.2), we obtain that

B < Y YRy < e Y 2mnmttei2gm il e, (3.5)
2-igL§ Vv 2-3i<8

We wish to estimate
/ (Ta(z)|P de = / (Ta(z)|? dz + / (Ta(z)|” e, (3.6)
n B* cB*
where B is the ball of radius § < 1 containing the support of the atom a and B* is

defined in (3.4).
By Holder’s inequality, we have

/2
/ |Ta(x)pdx<|B*|1_p/2(/ Ta(at)|2dat>
B* B*

< 05(1—17/2)/9”]*&”?2.
We distinguish two cases. Suppose first that
L
g ~H 2
The operator T is then bounded from L(R") to L?(R™) when

% (3.7)
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(see [17, Chapter I1X.3]). Hence, in this case,
|Tall}> <||Tll(zo.c2)llalfe < o BP9 < esm - 1HP/9),

Therefore, we obtain that
/ |Ta(z)P de < 6O P/2ptn(=14p/a) ¢

using the above condition, (3.7) and the relation between p and p.
We now assume that
p< —3in.

If we set
a=|B|Y/r1ag,

then a becomes a g-atom, with support contained in the same ball B as a. Therefore, a is
also an element of H9(R") and in fact an atom of HY(R™). Since T : H4(R™) — L?*(R")
is bounded when 1/2 =1/q — u/n [10] (see also [17, Chapter III]) we have

| 1Ta@)P do < 8D T gl

< 65(1*17/2)P‘B|(1/q*1/p)p||a||1;{q
< c6(—p/2)p+n(p/a—1)
<c

by the same argument as before.

We now turn to the estimate of the second integral on the right-hand side of (3.6).
Also in this case, we will adapt the decomposition of the kernel K of the operator T" into
kernels K7 constructed by Seeger et al. in [14].

Recall that we have defined M = [n(1/p — 1)] + 1. Now we set

M(1+n(l/p—1))

V= aijp D) (3:8)

Note that v > 1/p > 1.
Consider the collection of shells {C;}, 7 =0,1,2,..., where

Co={€ e R":|¢| < 2"/}

and
Ci={eeR": 20~ D/v el <2UH/M 0 j=1,2,.... (3.9)

For j > 0 fixed, we consider the collection of unit vectors {{}'}, as above. Set

g?—i <2-2—j/2}. (3.10)

iy ={eem g ¢
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We now construct a partition of unity associated with the I'Y. Let ¢ be a non-negative
function in C5°(R™) such that ¢(y) = 1 when |y| <1 and ¢(y ) = 0 when |y| > 2. Set

wo=i(22(5-¢)) c#o

Then 77 € C5°(R™ \ {0}) is homogeneous of degree 0 in §, with support on the cone I}
and identically 1 on the cone
v £ <279/ 2}_
ol
Since >, 07 (§) # 0 for all £ # 0, we set
@=r10(X50)

so that, for every j =1,2,...,

ZX;/(Q =1 forall £#0.

{fER":

Let 6 be C* with support on the interval (27/7,21/7) and let it satisfy

Za 27F/7) =1 forall t > 0.
keZ

For j > 0 set A _ R R
$i(€) =0279E)) and o) =1-) (9

§>0
It then follows that, for all £ € R™,

+oo
L= to(€) + 3 D x5 (€)v4(9)- (3.11)

Using this decomposition we then write

“+oo
W » it
j=0 7 v
where
= //R by (,y,§) exp(2mi(o(x, &) —y - €)) f(y) dE dy

= e K (2, y)f(y) dy,

KYG) = [ 0§ ep(2mi(o(a,§) — y-€) de (312)
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and

b5 (2,,€) = bo(z,y,€) = blz,y, E)do(€),
0 (,,€) = b (2, 5, )X (2,€) = bz, y, s (x5 (€), j=1.2,....
Note that for j > 0 the symbol b7 has support in the {-variables in the region C; NI/

and that the surface measure of the set I’/ intersected with the unit sphere has a size

approximately equal to 277/2. Thus, the ‘radius’ of I'y on the sphere of radius 20/ ig
23(2=7) /27

We wish to prove some estimates for the kernels K; of the operators Tj. In order to
do this, it suffices to prove appropriate estimates for the kernels K7'.

As in [14] we linearize the phase ¢(z,€) —y - when § is in supp(bY). For simplicity,
we write £ = ¢ and we select coordinates in the {-variables so that & is the direction of
€and ¢ = (&,...,&,) is orthogonal to &.

We then write

¢($7f) _y'§: ((bﬁ(xag) - y) 'f_ ((b(waf) - (255(37,5) 6)

and we set

The two estimates in the following lemma can be proved by [14, (3.17) and (3.18)] (or
see [17, Chapter IX]).

Lemma 3.1. The function h, satisfies the estimates
(i) 1(9e,)Nha(€)] < An27N9/7,
(it) [(Ver)¥ha(€)] < An27 NI/,

for any integer N > 1 and (z,€) in the support of bY.

We note that the condition £ in the support of bY in the present choice of coordinates
translates into

2U-D/7 €| < 2G+1/7 and 1¢'] < c-212=7)/2v

3.1. Estimates for the kernel K; sizes

In order to complete the proof of Theorem 2.4 we need the following estimates for sizes
of the kernel K.

Proposition 3.2. The kernels K; satisfy the following estimates:
(i) for ally € R™,
[ 165w do < 4
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(i) for all y,y’ € R",
165 ) = gy = o) do < A2y — g,

where ¢;(z,y —y') is the Taylor polynomial of K; centred at y" of order M — 1;
(iii) for y € B and 277 < 4,

/ K (e, y)| do < 42976,

The constant A > 0 is independent of 7, y, y' and §.

The argument is somewhat standard, but we include it for sake of completeness. We
write the kernel K7 by linearizing the phase and including the error made in this process
into the symbol. Explicitly,

Ky (o) = [ expl@ri(o(e,6) — y- )b (w,5.€) dg

_ / exp(2ri(oe(@, ) — y) - 7 (0,9, €) de,

where
7 (@,y,£) = b} (2, y, &) exp(2mihy (€)).
We consider the partial differential operator
L=(-2Y9%)(I -2°(Ve,Ve)).
It is easy to check that for every positive integer N
LY (exp(2mi(¢e (. €) — y) - €)) = exp(2mi(g¢(w,€) — y) - €)
X (14 47°27 (de(a,€) — y) [N
x (14472 (2977 (¢ (2, €) — »)' )Y,
where v; denotes the first component of the vector v, while v' denotes the vector
(V2,5 Vn).

Recalling that 7 (v, y,§) = b} (v, y,§) exp(27ih,(£)) and the estimates for bY we easily
see that for all non-negative integers N

LY (2,y,€)| < An2790=0/2,
Then, by integration by parts we obtain
K (2, y)] < (1+ 47127 (¢ (2,€) — y)a|?) ™V (1 + 47212772 (¢e (2, €) — ) |P) ™

x / LN (2, y,6)| dé
supp(7})

< (L 447227 (9e (@, €) — yn )N (1 + 4n2127°2 (¢ (2, €) —)'[) ™™
x An273(n=p)/2v  9i/v . 9(n=1)j(2=7)/27
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Next we take N > n/2 and integrate the above inequality in 2 € R™.
We make the change of variables z = ¢¢(z, ) and recall that the determinant Jacobian
of this map is bounded below by the uniform positive constant x:

X q o 2i(2=(n—p)+(n—1)(2—7))/2v d
v < : ,
/Rn K5 (@ y)ldw < On /R (1 + 472[27 (z — y)1 |° + 4m2[20072(z — y) P)N 7
23 (2=(n=p)+(n—1)(2—7)—=2y—(n—1)pv)/2v
. (11 4m2[u2)

= ON2i(ntp=(npt2-p))  9—j(n-1)/2

du

< Oy2-in=D/2,

for all y € R™, since
n—+p

1
>->—r
Py/p np+2—p

Therefore,
/ K (z,y)|dz < Z/ K (2,y) de < Y Cn2790-D/2 < 4,
Rn ~ JRn »

for all y € R™; this proves (i).
Next we turn our attention to (ii). We begin by noticing that, with computations
analogous to the one just made, one can show that for all multi-indices a we have

/ |(9§‘K;(:c,y)|dx < C - 2leli/y ,27j(n71)/2’
R

for all y € R™. Now let ¢} (z,y — y') be the Taylor polynomial of the function K} (z,y),
centred at y = ¢/, of order M — 1. Then

/]R \KY (,y) — ¢} (z,y — y)| do < C - 20M/7 gm0 (=02, g M

and, summing over v, we obtain (ii).

Finally, we prove (iii). Let B be the ball of centre § and radius 6 < 1, with j such that
277 < 6. Let k be an integer such that 27% < § < 27%t!. We claim that there exists a
constant C' > 0 such that for every y € B and x € “B* we have

127 (de(,€0) = y)il® + 127772 (g¢ (2, €)) —y)' P = O 7" (3.13)

Arguing as before, i.e. performing the same change of variable, we see that

/ K (2,9)| de

2J(2=(n—p)+(n—1)(2—7))/2v
s AN/c - (14 4m2(20 (¢ (@, ) — yh|? + 4w (29072 (b¢ (2, 7)) — ) [P)N
2i(2—(n—p)+(n—1)(2—7))/2v . 9—ip+k
s A /]R (14 4m2(27 (2 — y)1|* + 4m2|2/2 (2 — y)/ )N 1

dx

dz
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du

A 2i(2=(n=p)+(n=1)2=7)—27=(n=1)p7) /27 . 9—jpr+k
N/]R“ (1 + dm?ful?)N -t
< AN279(n=1/2, 2-irg—1
for y € B and 27 < §. Finally, summing in v we obtain the desired conclusion.
We now complete the proof of Theorem 2.4. We estimate the second integral on the
right-hand side of (3.6). We split the integration region into two parts, one where |Ta| < 1

and one where |T'a| > 1. In the first case we can estimate the integral with |supp(b)|.
Thus, we may assume that |Ta| > 1 in the region of integration, so that

l ) |Ta(x)P de < [ ) |Ta(x)|dx.
p= 1<1+n<1—1>).
p p
Then

/ |Ta(x)|dx</ ITha(e)| de + Z/ ITya()| dz + Z/ ITya()| da.

° 20 <65 2 >6-8

Set

(3.14)
We begin with the last term on the right-hand side. Note that 277 < 6% < 6. Using
Proposition 3.2 (iii) we have

> [ maalar< ¥ // ()] dz |a(y)| dy

20>6-F 20265
9—ip
<Ay / )l dy
20>6-5
<A Z 5n(1 1/p)
20>6-5
< A - §Pp—14n(1-1/p)
<A

because of our choice of (.
Now we consider the other sum in (3.14). We use the moment condition of the atom
a, which holds since ¢ < 1. Using Proposition 3.2 (ii) we have

Z/\Ta |dx—Z/

201 <§—P 2i<5—8

< > [ ] 1K) -yl delat)l

2158

/ 2,y) - 5@,y - §))aly) dy| de

https://doi.org/10.1017/5001309150500012X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150500012X

Fourier integral operators 457

< Y oMh /B Iy — 5™ |a(y)] dy

21<5-8
< Z 9iM/y | §M+n(1-1/p)
21<5-8
< A5 BM/y . gMAn(1-1/p)
< A,

recalling that M = [n(1/p — 1)] + 1 and that vy = MB(M +n(1 —1/p))~L.

We finally estimate |[.,. [Toa(x)|dz. We note that, since § < 1, a is also an atom
in HP(R"). Therefore, & € C(R™) and |a(n)| < cnp|n|" /P~ (see, for example, [17,
§I11.5.4]), while the Fourier transform of by (z, y, §) exp(—iy-£) in y is a Schwartz function

in all of its arguments. Then, by Parseval, if N is large enough,

/ |Toa(x)| dz = /
cB* cB*

<AN/ / / (L + ) ~]a(n)| dn € dz
cB* Igngl/'y n
< A.

/ /wu bo(,y, )OOV a(y) dy de| da

This completes the estimate for [,

5+ |Ta(x)|P dz and the proof of Theorem 2.4.

4. Proof of Theorem 2.2

In order to prove Theorem 2.2 we use Theorem 2.4 and the characterization of the local
Hardy spaces stated below. The local Riesz transforms rj are defined as follows. Let 1)
be asin (3.11). For k =1,...,n set

e )(€) = F(©)(1 - M))(— éT)

Moreover, we say that a tempered distribution is bounded if f *x ¥ € L>*(R") for all
¥ € S(R™). Then we have the following characterization of the local Hardy spaces (cf. [17,
§I11.4.3] for the analogous characterization for the classical Hardy spaces HP(R™)). We
denote by 1 the inverse Fourier transform of a tempered distribution .

Proposition 4.1. Let f be a tempered distribution which is bounded. Let ¥ €
CP(R™), [wdx = 1 be fixed. Then f € hP(R™) if and only if ¢ * f € h?(R™) and
there exists a constant A > 0 such that for all ¢ with 0 < € < 1 we have

> (f) * el ony < A

lal<M

Here r®, as usual, denotes the composition r{* o---or% M = [n(1/p — 1)] + 1, and
U (x) = "¥(x/e).
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The proof of this proposition is somewhat standard, although not quite immediate.
The authors have not found it in the literature and they give details in [13].

Note that the distribution T3 f has compact support, so that ¢ % (T f) € S(R™); hence,
O x (Tyf ) € h?. Thus, given this characterization, it suffices to prove the following result.

Proposition 4.2. Let P = P, be the pseudodifferential operator with symbol T € Sf:o
given by

(Po1)@) = [ (o€ explemia - 7€) .

Then, the composition of P with the Fourier integral operator Ty, can be written as sum
PT,=F+E,

where F' is a Fourier integral operator with the same phase ¢(x,n) as T, and symbol

pE S;)‘If/p, and FE is a smoothing linear operator in the sense that

E: h?(R™) — LX(R™)

for every s = 0.

Proof of Proposition 4.2. Let R > 0 be large enough so that supp,(b) C B(0, R).
Let x € C3°(R™) be identically 1 on B(0,2R) and with support contained in B(0,3R).
Let

7o) (2, §) = x(@)7(2,§) and  7o)(2,§) = (1 — x(2))7(=,).

We initially assume that 7 has compact support in the variable . This assumption
allows us to perform changes in the integration orders and guarantees that the expressions
that we write are well defined. However, the estimates will not depend on the size of the
&-support. Thus, by a limiting argument, we will be able to remove the compactness
assumption at the end of the proof.

We write

(PTy) f // T(0)(z, &) exp(27i(z — y) - §)Tp f(y) A€ dy
+ [[ oo e, explemite — ) - T ) gy

//,7|>1 (//T(O @, &) exp(27i[(z —y) - £+ oy, n)])b(y, 2,m) dédy>

z) exp(—2miz - n) dndz

//n<1 (//T(O) (z, &) exp(27i[(x — y) - £+ &y, m)])b(y, 2, 1) dédy)

f(z) exp(—2miz - ) dndz
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//,,|>1 <// T(oo) (%, &) exp(2mi[(z — y) - £+ &y, n)])bly, z,m) d& dy)

f(z)exp(—2miz - n)dndz

//n|<1 (// T(oo) (2, €) exp(2mi[(z —y) - € + ¢y, m])b(y, 2,7) dfdy)

X f(z)exp(—2niz - n)dndz
24: T(J)f
j=1

It is a well-known fact that 7(!) is a Fourier integral operator with the same phase
¢(x,n) as T, and symbol p given by

p(CE, 2, 77) = exp(—?wid)(x, n))P‘l’(o) (b( ) %y 77) exp(?wid>(~ ﬂ?)))(x)

for |n| > 0 (see, for example, [18, Theorem 3.1]). We remark that p is (asymptotically

equivalent to a symbol) in Sg J{i‘ , and that it has compact support in z and z. (The fact

that p € SﬁJ{“p can be seen as in the proof of [18, Theorem 3.1].)

Next we turn to 7(®). We wish to prove that
102(T f)| e < C| fllnw, (4.1)

where the constant C' depends only on the orders u, p', n, p, || and on the size of the
support of b.

Using the assumption (that we will remove later) that 7 has compact support in £ and
an integration by parts, for any non-negative integer N we write

(T f) (@ / / 7oy (,€) exp(2mi(z — y) - €)Tho f(y) dy A

- [ ([ mamnma) m expl(2ri(z — y) - €) de,

where

Ty fy) = / /| ) P26y, m) — 2 1) ()

and L, =1 —A,.
Now we claim that there exists a constant A = Ay such that, for all f € h?(R™) and

y € supp(b),
|Ly (Too /)W) < Allf 1o (4.2)

Assume the claim for now. Then, if we take N > (' +n)/2

(@ ()| < / (/ |L;V<Tb0f><y>|dy)(1'f1($é)'z)fvdf
< C £l
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where the constant depends on the seminorm of 7 but not on the size of the support.
Therefore,
1T fllze < Allfllnr-

It is now easy to see that we can apply the same argument to 9% (T f)(z) to obtain
the desired estimate (4.1).
Before proving the claim, we also analyse the term 7% . We have

O = [ / <1( [ 0 &) explzifa - >-f—qs(y,n)])b(y,zm)dfdy)

x exp(—2wiz - n) f(z)dndz

:/ Koo(x,y — x) (T, f)(y) dy,
ly|l<R

where Ty, is defined as above, and K (x,y — x) is the kernel of the pseudodifferential
operator with symbol 7o) (2, &) = (1—x(x))7(, ). It is well known that K, € C*°(R" x
R™\ {0}) and that there exists a constant C' = C,, g > 0 such that

0708 Koo (x,2)] < Cla| 7" 101oN,

for z # 0, when n + u' + || + N > 0.
Note that Keo(z,y — ) (T, f)(y) # 0 implies |z — y| > R. Therefore, using the claim
again, we have

02T @ )L, = / . / DKl ) T )
x y

P
<clsig, [ ( [ ey Ndy) da
|z|>2R ly|I<R

<CUFly [l
|z|>2R

<O\ flln

if we choose N large enough.
Finally, we consider T(3). It is easy to see that

p
dx

(T f)(x // p(z, z,n) exp(27mi(z — 2) - n) f(2) dndz,
77|>1
where

p(z,z,m) = exp(—2miz - ) / Koo(z, 2 —y)b(y, 2,m) exp(2mig(y, n)) dy.
ly|<R,|ly—z|>R

It is a standard argument to check that p € S p for all N > 0, using the fact that ¢ is
C® in n for |n| > 0. Then, it is a standard fact that it maps h?(R™) into L2(R™) for all
s> 0.
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It remains only to prove the claim (4.2). It suffices to prove that, for every p-atom a
in AP, with support contained in a ball By of radius 9,

’//W1 b(y, 2, n) exp(27i(d(y, n) — z - n))a(z) dndz| < C,

where C' is independent of 4.
Let

9(y.6) = ( / I ) espl2ri(oty ) () ) dn) (0).

Then g is C*° and compactly supported in y, while it is C*° and rapidly decreasing in 6.
If § < 1, then a is also an atom of HP(R™) and |a(0)| < ¢, ,|0]"(/P~1) (see, for example,
[17, §111.5.4]). Then

’// LY bz exp(2ri(o(a ) - 2 )a(e) dnds

<Oy /(1 +6)~N 9| /P=1 9
<C

uniformly in 6.

If 6 > 1, then
[ 0 messteniotn, ) - 2 n)ats) dnds) < Cll
<1
< csni-1/p)
< C.
This proves the claim and hence the proposition. O

We are now ready to finish the proof of Theorem 2.2. In view of Proposition 4.1, it
suffices to show that

Z Ir*(To f) * YellLr@ny < A
la|l<M

for every f € h?(R™), with A independent of e.
We note that we can write
’I"a(be) * WE = PEITb7

where P. is a pseudodifferential operator of order 0 (and type (1,0)). Thus, by Proposi-
tion 4.2,

P.T,=F.+ E..

A careful analysis of the symbols of the operators F, + E. reveals that these operators
are bounded on AP(R™) with norms uniformly bounded in e. Hence, for f € h?(R™) and
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for every |a| < M,

[r*(Tof) * ellpo = [|P-To(f)| e
S NF(Nllee + 1E(F)lle
< AHf”hpv

with the constant A independent of . This proves the theorem.

5. The case of manifolds of bounded geometry

In this final section we extend our main result to the case of a smooth, complete Rieman-
nian manifold with bounded geometry. Since our main result, Theorem 2.1, is already
local in nature, it suffices to choose smooth manifolds on which the local Hardy spaces
are well defined and admit an atomic decomposition.

A smooth, complete, connected Riemannian manifold X is said to be of bounded
geometry if its radius of injectivity riy, is positive and if every covariant derivative of
the curvature tensor is bounded. Examples of manifolds of bounded geometry are the
compact manifolds and homogeneous manifolds, e.g. Lie groups (see [9]).

Theorem 5.1. Let X and Y be smooth, connected, complete Riemannian manifolds
with bounded geometry of the same dimension n. Let C C T*(X) \ {0} x T*(Y") \ {0} be
a submanifold which is locally a canonical graph and let F € I"*(X x Y,C). Let h? denote
the local Hardy space for 0 < p < 1 and let p < —(n—1)(1/p — 1/2). Then

F b2 (X) — b

comp loc

(Y)
is bounded.

On such manifolds, it is possible to define the local Hardy spaces and show that they
admit an atomic decomposition analogous to that in the Euclidean space R™ (see [15]).
Once the atomic decomposition for the local Hardy spaces is available, our main result,
Theorem 2.1, immediately extends to this setting.

We remark that in [16] Skrzypczak studied the boundedness of classical pseudodiffer-
ential operators on various scales of spaces, including the local Hardy spaces.
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