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WEIGHTED ESTIMATES FOR FRACTIONAL
MAXIMAL FUNCTIONS RELATED TO SPHERICAL MEANS

MICHAEL COWLING, J O S E GARCIA-CUERVA AND HENDRA GUNAWAN

We prove weighted LP-Lq estimates for the maximal operators Ma, given by Maf
= sup \tant * / | , where fit denotes the normalised surface measure on the sphere of

oo
centre 0 and radius t in Rd. The techniques used involve interpolation and the Mellin
transform. To do this, we also prove weighted IP-IP estimates for the operators of
convolution with the kernels |-|~a~"'.

1. INTRODUCTION

Denote by fit the normalised surface measure on the sphere in Rd with centre 0 and
radius t. We shall be interested in weighted lP-Lq estimates for the maximal operators
M0-, given by the formula

t>0

whenever this makes sense. Unweighted estimates for this operator were proved by Ober-
lin [11].

One of the reasons why we are concerned with these estimates is the following. We
know that fxt is .//-improving, that is, for some (and hence all) p in (l,oo), there exists
q in (p, oo) and a constant CPi?>( such that

* f\\, < CMjt \\f\\p V / € L".

Considerations of homogeneity show that Cp,,,t = CPiqt~
a, where a/d = 1/p — l/q. It

follows that, for all / in I/,

in particular this implies that t^fit * / - 4 0 i n L 7 a s ( - > o o whenever 0 ^ 0 < a.
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76 M. Cowling, J. Garci'a-Cuerva and H. Gunawan [2]

All our function spaces will be on Rd, and we omit reference to Rd in the notation.
Take / in L", where d/(d - 1) < p < oo. The facts that /xt • / -> 0 in Lq as t -> oo and
that Stein's spherical maximal function Mf = sup \fit * f\ is in IP allow us to conclude

t>o
that fj.t*f->0 pointwise as t —> oo. It is now reasonable to ask how fast this convergence
is. One corollary of our work is that Maf is in L9, so that the pointwise convergence is
faster than t~e for any /3 in (0, a) .

We recall in Section 2 a few well-known results about the Muckenhoupt weight space
Ap, and then in Section 3, we first review and then improve the known IP-IP estimates
involving Ap weights for the spherical maximal function. In Section 4, we prove some
weighted estimates for the convolution kernels |-|~Q~"\ where 0 < a < d and 77 is real.
Finally, we discuss the weighted LP-Lq estimates for the fractional maximal functions
related to spherical means in Section 5.

Constants will usually be denoted by C and e; the former constants may be very
large, and the latter very small. These "constants" may vary from one occurrence to the
next. However, they are always positive.

2. Ap WEIGHTS

A nonnegative locally integrable function w on Rd is said to belong to the Mucken-
houpt class A\ when there exists a constant C such that

1 r
j — j w(x)
\Q\ JQ

dx ^ Cw(y) for almost every y € Q
Q

for all cubes Q in Rd, where \Q\ denotes the Lebesgue measure of Q. If 1 < p, q < 00,
then w is said to belong to Ap when there exists a constant C such that

for all cubes in Rd; more generally, w is said to belong to A(p, q) when there exists a
constant C such that

1/i ( 1

{
for all cubes in Rd. It is easy to see that w € Aq/p>+i if and only if wl/q G A(p, q).

Much is known about Ap weights. A key property is that w G Ap if and only if there
exist W\ and wi in A\ such that w = W\w\~p. Another is that if w G A\, then there
exists £0 in R + such that w0 G A\ for all 0 in [0,1 +£o)- This implies a similar property
for Ap weights, and also implies that, if w G Ap where p > 1, then w G Aq for all q in
an interval of the form (r, 00), where 1 ^ r < p. It is known that |-|° G At if and only if
-d < a ^ 0.
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We write L?(w) for the space of all measurable functions / : R d —> C for which

ll/llpu, is finite, where
i/

with functions identified when they agree almost everywhere.

We recall the following interpolation theorem of Stein and Weiss.

THEOREM 2 . 1 . Suppose that v and w are weights, and that 1 ^ p, q ^ oo.
The complex interpolation space [^(v), Lq(w)]e is the weighted space LT{v^~e^TlpwBTlq),

where 1/r = (1 - 6)/p + 6/q.

P R O O F : See, for example, [17, p. 211]. D

Let mt denote the normalised Lebesgue measure on the (solid) ball in Rd with centre
0 and radius t. For a in [0, d], the fractional maximal operator M" is given by

M?f = sup \ta mt*f\.
t>o

This operator was considered by Sawyer [13, 14]. Observe that M° is the well-known
maximal operator of Hardy and Littlewood [7]. It was shown by Muckenhoupt [9] that,
when 1 < r < oo,

if and only if w 6 Ar. On the other hand, we also have the trivial estimate

where C~x is the measure of the unit ball in Rd. It follows from Theorem 2.1 that, if
1 ^ p < q ^ oo and a = d/p — d/q, then

for all w in Aq/j/+\. Alternatively, we may write

whenever w G A(p,q). For these results, and more about weights, see the works cited
above and, for example, [6, 8, 10].

We shall prove families of weighted inequalities of the form

and

, v / e L"(v"">)
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for all u in A* and v in A\. The first of these inequalities holds for weights of the form
(uiU2~r)7 and the second holds for weights of the form {viV2~s)s, where ui, it2> ^1 and V2
are in At. If, say, 7 < 5 and j(r — 1) ^ S(s - 1), then the second inequality is stronger
than the first. On the other hand, if, say, 7 > 6 and 7(r - 1) < 5(s - 1), then the
inequalities are incomparable. It would be interesting to know whether there is a simple
way to unify two such incomparable inequalities. Clearly, if the two inequalities above
hold, then interpolation gives a range of intermediate results. The inequalities also hold
for a weight which is the maximum of weights in A? and As

s.

3. T H E SPHERICAL MAXIMAL FUNCTION

In this section, we first review and then improve the known results involving Ap

weights for the spherical maximal operator on weighted V spaces.

3.1. R E V I E W . The study of the spherical maximal operator M began when Stein [16]
proved the inequality

\\Mf\\p^C\\f\\p V/eL*

for the case where d ^ 3 and p > d/(d — 1). Much later Bourgain [1] treated the case
where d = 2 and p > 2. This case is much more difficult, and we shall henceforth assume
that d ^ 3.

Rubio de Francia [12] showed that the weighted estimate

HWIWr <c|l/llPl|.r v/eL>(H«)

holds when d/(d - 1) < p ^ 00 and 0^a<dp-d-p (see also [6, p. 571]). Recently,
Duoandikoetxea and Vega [3] and Gunawan [4] showed that similar estimates hold for
more general weights. In particular, when d/(d - 1) < p ^ 2, the inequality

(3.1) \\Mf\\PtW$C\\f\\PtU Vf€L»(w)

holds for all w in AJ when 7 < (d — p')/d (see [3, 4]) and for all w in A\ when
S < (d-p')/(d- 1) (see [3]). Since if w e Ap, then w1+e G Ap for some positive e,
the same results actually hold when 7 — (d-p')/d and 8 = (d-p')/(d— 1). These
imply that (3.1) holds when w — \-\a and

d{p' - d)/(d - 1) < a < dp - d - p.

For power weights |-|°, Duoandikoetxea and Vega [3] showed that (3.1) holds when

1 — d < a < dp — d -p;

this result is sharp except perhaps when a = 1 — d. It is apparent that the results for
general Av weights are not strong enough to imply this result.
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3.2. N E W IP-IP ESTIMATES. AS observed in [5], estimate (3.1) may be proved using
interpolation. We shall generalise the method of [5] to extend the class of weights for
which estimate (3.1) is valid. Define the operator Aiz by

M2J = sup \mZit * f\,
t>o

where (as in [16]) mz<t(x) = t~dmz(x/t) and

(£+ is equal to t if t is positive and 0 otherwise). This must be interpreted by analytic
continuation when Re z ^ 0. When z = 0, we obtain a multiple of the spherical maximal
operator: cu^iM — 2MQ. Thus results for .Mo imply results for M, and vice versa.

THEOREM 3 . 1 . Suppose that d/{d - 1) < p < oo and that max{0,1 - p/d}
^ 6 ^ (d — 2)/(d - 1). Suppose also that w is of the form u^ul ^~ 2\ where u^ and
u-2 lie in A\. Then there exists a constant C such that

IU<C||/||PiU, VfeL'(w).

P R O O F : We first outline the proof. We start with three inequalities, namely

\\MJ\\2 < Cz ||/||2 V/ e L2

if Re z > 1 - rf/2,

if Re z > 0, and

, v / e L"{w)

if Re .z ^ 1 and w € Aq, when q > 1. An iterated interpolation argument shows that, if
0x, 6>2,03 € [0,1] and 61+62 + 63 = 1, then

U ^ v/ e Lp(^)

for all w in >!,, provided that

Rez>91(l-i)+63,
 1- = ei + 0-± and 6 = PA

v 2 / p 2 g <7

The proof then consists of choosing the interpolation parameters appropriately. Indeed,
to obtain a weighted inequality for a given p in ( l ,oo), we must choose nonnegative 0x

and 03 such that

( ^ ) and O < (
U3 \p
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The first of these three conditions allows us to choose 02 to be 1 - 6\ - 03, while the
second ensures that the final result holds for Mo, and the third means that we can find q

in (1, oo) such that 1/p ="0i/2 + 03/q. The three conditions together imply that p must
be bigger than d/(d — 1). It also turns out that for each p in (d/(d — l),oo), there is a
range of 6\ and #3 which satisfy the conditions, and hence a range of results.

Now we come to the details. We divide our argument into several cases. First we
consider the case where 6 = (d — 2)/(d — 1) and d/(d - 1) < p < 00. Next we consider
the case where d/(d— 1) < p < d and S = l-p/d: this requires several subcases. Finally
we consider the case where d ^ p < 00 and 5 = 0. An interpolation argument completes
the proof of the theorem.
C A S E 1. We show that, if d/(d - 1) < p < 00 and 8 = {d- 2)/{d - 1), then

Take w in Ait and recall that there exists a positive e0 such that w1+£ € A\ for all e in
[0, s0). Since p > d/(d — 1), we may choose a small positive e\ such that

and
p (d - l ) ' ~ ' — """ d _ 2 ^ l + £o '

Now take e2 in (0, £0) such that

£2 _ £ip(d - 1)

1 + e-i d-2

Define 9i,92,03 by

6> = pWTy ei = pWT)+2£> and ^ = 1 - * i - * 3 ;

then 0 < 01,02,03 < 1- Take q to be 1 + e2; then 1 < g < 00 and w1+E2 G 4 , . Now
interpolate between the estimates

if Re 2 > 1 - d/2,

if Re 2 > 0, and

HA<x/IU»^ < Ct ||/||,iU,,+., V/ e L'(u;)
if Re 2 > 1, to conclude that

C, ||/||PtUl V/ G

where * = ( d - 2 ) / ( d - 1 ) .
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C A S E 2. For this case, we introduce the notation p* for p(d - 2)/{d - p). We show that,
if d/(d - 1) < p < d, then the inequality

holds for all w of the form Uj~ u2 ~ , where Ui and u2 lie in Ay. Equivalently, it
suffices to show that

We consider three subcases. First, if p = 2, then p* = 2. If w € A2, then there exists
some £0 in (0,1) such that w1+e G A2 for all e in [O,£o)- By choosing 8 slightly less than
1 - 2/d, we may arrange that 0(1 + e0) > 1 - 2/d and (1 - 0)(1 - d/2) + d < 0; by then
choosing e appropriately in (0, e0), we may arrange that wl+e e A2 and 0(1 +e) = 1-2/d.

On the one hand, if Re z > 1 — d/2, then

||2 < Cz | |/ | |2 V/ € L\

and on the other hand, if Re 2 ^ 1, then

\\MzJ\\^wl+c < Cz ||/t|2iO,1+« V/ e L2

By interpolation,

cz ||/||2V(I+e) v / e L

provided that Re z > (1 — 0)(1 - d/2) + 0. The result claimed follows for this case.

Next, suppose that d/(d — 1) < p < 2, so that 1 < p* < p. If v € /lp-, then there
exists some e0 such that w1+e € 4 p . whenever 0 < e < £-0, and then there exists some p"
in (l,p*) such that w1+e € Ap... Take 0 and 6* such that

1 8 1-9 , 1 0* 1-9'
- = 1 ^— and - = 1 —.
p p* 2 p p " 2

As p" approaches p*, 0* approaches 9, so by taking p" close enough to p* and e small
enough, we may assume that

(1 + e)p9' _ p9

p
Unravelling the definitions, we see that

1/p - 1/2 _ 2
1 /* 1/2 ~ d1/p* - 1/2

and 9' < 9, whence

9*
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On the one hand, if Re z > 1 — d/2, then

(3-2) \\MJ\\2 < Cz ||/||2 V/ e L\

and on the other, if Re z ^ 1, then

(3.3) \\Mzf\\p..^+< < Cz

By interpolation,
Cz \\f\\fJU, V/ € L"(ws)

if Rez > 0" + (1 -0* ) (1 - d/2) and 6 = (1 +e)pd*/p*m; in particular, this inequality holds
if z = 0. It follows tha t

for all u» in yip-, where 6 = 1— p/d, as claimed.

For the subcase where 2 < p < d, we argue in a similar fashion, taking p** in (p*, oo)

and interpolating between the estimates (3.2) and (3.3) for this case.

Finally, if d/(d— 1) < p < d, then another interpolation gives the intermediate cases
enunciated.

C A S E 3. We show that if d ^ p < oo, then

for all w of the form u2~d, where u € A\.

Given u in A\, there exists some small positive e such that ul+e £ Ai. Choose 6i
and 63 such that

O < 0 1 = - - < 5 i < - and 0 < 03 = ^—^ - 63 < ^—^,
P P p p

where 63 > (d — 2)<5i/2, and take 62 to be 1 - ^ — 63. If 61 and S3 are small enough, then
1 < q < 00, and also

(d-2)q

p93(q-l) V d-2J \ 203/

Now interpolate between the estimates

\\MJ\\2 ^ Cz ||/||2 V/ € L2

if Rez > 1 -d/2,

lloo ^ ^ H/IL V/
if Re z > 0, and

\\MJ\\qtW < Cz \\f\\qw V /
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if Re z ^ 1, where w is chosen to be u(2~d)«/pff3, to conclude that

for all w of the form u2~d, where u € A\.

The results for intermediate values of 6 for a given p follow by interpolation from

the extremal results with the same p. D

Clearly our results improve the previous results of [3, 4, 5], but do not reach the
expected limit of A\~l^d.

4. ESTIMATES FOR FRACTIONAL POWERS OF THE LAPLACIAN

For a in [0, d], define Ba by the formula

U 1) B (n) -
( 4 1 ) Ba(V)-

and write #„,„ for Ba{rj) \.\°-d+it>. Note that Kajn = l - p " ' " (see [15, p. 117]). The kernels
Ka<v correspond to fractional (imaginary) powers of the Laplacian. In this section, we
obtain weighted lP-Lq estimates for the kernels KatV.

Before we consider weighted V-V estimates, we remind the reader that, for £ and
77 in R,

e 'W/» | r^ + iq)|

~^r^ '{2n)

as \r}\ -> 00 (see, for example, [18, p. 151]). Since F is meromorphic, with simple poles
at 0, —1, —2, . . . , it follows that, given a, 6, and c in R, there exist constants C\ and C?
such that

(4.2) Cx

for all £ in [-c, c] and all 77 in R \ (—1,1). The behaviour of the quotient when 77 is small
may be controlled using the poles of F.

THEOREM 4 . 1 . Suppose that 1 < t < 00, and that max{0,2 - i) < 7 < 1.
Suppose also that w is in As, where

t + 27 - 2
s = .

7
Then there exist constants C and e such that

11*0,, * / I U < C (1 +177|)£-£ \\f\\t^ v/ e L'(^),

for all 77 in R, where E = dsry/2t.
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P R O O F : Fix t and 7, and hence s, as enunciated, so that s > 1, and take w in A3.

Let 6 be s-y/t; then 0 < 0 < 1.

On the one hand, by Fourier analysis,

On the other hand, as shown in [4], for all small positive 5 there exists a constant C such
that, for all 77 in R,

11*0,, * / I U < c (1 + \v\)d/2+s II/IU v/ € z , » .
Complex interpolation shows that

(4.3) \\K0j9 * / I U < C (1 + M) e m + S ) I I / IU v / e ^ K ) ,

which is the required result, except that the exponent of (l + |7?|) is a little too big.
Gunawan and Wright have recently shown that the term 6 is not necessary in any of
the above inequalities—details will appear elsewhere. However, this improved estimate
is still not as strong as possible.

To improve (4.3), we recall that there exist £0 and SQ in R + such that 1 ^ SQ < s

and w1+i € As for all C, in [0, Co) and all s in (s0,oo). Choose 6* and s* very close to 6

and s such that 6* < 6, s0 < s*,

Vs* 2/ Vs 2/
and

s*e
Now choose 6 and C such that

e*{d/2 + 6)< 6d/2 and v ; ' = 1.
S \7

Interpolation between the estimates

ll^o,, * / H . . , , ^ < C (1 + \V\)d/2+S 11/11,.iB(1+< V/ € L''(

and

yields the inequality enunciated. D

Now we interpolate between our "optimal" weighted Ll-Ll estimate and the trivial
L1-!/00 estimate to obtain weighted W-Lq estimates.

THEOREM 4 . 2 . Suppose that 1 < p < q < oo and that max{0, l-q/p'} < 7 < 1.
Suppose also that w e A,, where

c=Q + V 7 ~ P'

Tien there exist constants C and e such that

ll*Ql, * /!!,,„, ^ C (1 + IT?!)^"5 | | / | | P I W , V / e V>(

where Eo — d(pq — 2q + 2pj)/2pq.
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PROOF: From Theorem 4.1, given t in (1, oo) and 7 in (0,1) such that t + 7 > 2, if

t + 27 - 2
s = 7

and w € As, then there exist constants C and e such that

(4.4) ||*o., * / I U < C (1 + |T/ |)£-£ ||/||tiW7 V/ e L<(™7),

where £ = dsy/2t.
Furthermore, for all x in Rd and / in L1,

whence

(4-5) ll-̂ d.r; */lloo ^ C (l + I7?!) ll/lli V/ g I 1 .

We interpolate between the estimates (4.4) and (4.5). To do this, we consider the family
of operators (7c)0̂ Re< î> given by

This family is continuous in the strip of definition and analytic in its interior (say, in the
topology of operators from the space of simple functions to the space of functions with
the topology of convergence in measure). Further, for some small positive e and all 77
in R,

- i(E/2
\E-e ,

II !,«>•»

while

Iliwii^ < c
r(5d/4 - E/2 d/4)rj)

r(3d/4 -
, -d/2

if
Stein's complex interpolation theorem (see, for example, [17, p. 205]) implies that,

o<*<i, x- = lzl+i and l = lzl + l,
p t 1 q t oo

then
II/IL
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which in turn implies that

ll^«fl * / I U ^ C (l + W)E0~£> H/llp.W V / € L»{wn">),

for some positive e', where EQ — d(pq — 2q + 2pj)/2pq.

It is now a question of sorting out which t is compatible with a given p and q to

obtain the result. We leave the details to the reader. D

4.1. W E I G H T E D LP-L" ESTIMATES FOR Ma. We now present an approach to the max-
imal estimates for Ma, based on the calculations for the homogeneous kernels l-l"0""*
and the use of the Mellin transform. See, for example, [2] or [4] for similar applications
of the method.

THEOREM 4 . 3 . Suppose that d/(d - 1) < p < q < d, that a = d/p - d/q, and

that max{0,1 — q/p'} < 7 ^ 1 — q/d. Suppose also that w is in AS, where

g + 2p'7 - p1

S = ^ •

Then there exists a constant C such that

\\Maf\\9tVn ^ C \\f\\v^lq V/ € L"(w^").

PROOF: We first outline the Mellin transform method, and then apply it to the case
in hand.

Using the Mellin transform, we may write formally

where wd_i is the area of the unit sphere. Indeed, for u: Rd -t C, define u: R + —• C by
the formula

u{t)= I u(tx')da(x') = ujd-l [ u(tx)dfi!{x),
JSd-1 jRi

where a is surface measure on the sphere. Then,

± [ f u(x)\x\a-d+i"dxdr] = ± [ f [u

This is the inverse Fourier transform (in 0) of the Fourier transform of s >-> u(es)esa, and
is therefore equal to u(e°)eOa, as required.

From the definition of Ba and KOiV (see (4.1)), it follows that

Mi = /
JR.
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where

From (4.2), Aa{rj) = o ( ( l + |T?|)°
 d / 2 ) . Now we see that

?*& = / Aa(T})t~tv Katldri
JR

whence

tant * f = I Aa

Consequently,

Maf^ /"|4,fa)||tfa.,*/|d»?
JR

and hence
/ l l U
R

For the case in hand, we obtain weighted LP-W estimates for A4af provided that

JR
( ) ( )

R

where £0 is as denned in Theorem 4.2. This boils down to the condition that

that is,
, / l 1 7 \ d d d

V2 p q) 2 p q

whence

Observe that this condition and the condition max{0,1 - q/p'} < 7 < 1 of Theorem 4.2
are compatible if and only if

a a a
1 - -7 < 1 - -3 and 0 < 1 - 3;

pa a

these inequalities hold if and only if p > d/(d — 1) and q < d. D

At this point, we have weighted IP-IP inequalities for Ma when d/(d — 1) < p
< q < d (corresponding to the upper triangle in Figure 1). We may interpolate once
again to obtain nontrivial weighted ZAL« estimates for Ma when p < q < (d — l)p and
q ^ d (corresponding to the lower triangle in Figure 1); this method also improves some
of our estimates in the upper triangle.
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d - l
d

V"

d - l
d

1

P

Figure 1:

THEOREM 4 . 4 . Suppose that d/(d -l)<p<q<(d- \)p, that a = d/p- d/q,

and that max{0,1 - q/d) < 7 < 1 - q/p(d - 1). Suppose also that w is in AS, where

p[2j + d — dj — 1] — q
s =

Then there exists a constant C such that

\\Maf\Lwl < C V/

P R O O F : Given p and q such that d/(d -l)<p<q<(d- l)p, there exists 0 in

(0,1) such that

d/{d - 1) < p6 < q6 < d.

max{0,1 - q9/{p6)'} < 7 ^ 1 - q9/d,

•pq9-q-p

PI

(4.6)

If moreover

(4.7)

and w € As., where

then we may interpolate between the inequalities

(which is trivial) and
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(from Theorem 4.3) to obtain the inequality

(4.8) I I W I U < C l l/ILw. W G V{w"">).

For given p, q and 7, there are two questions to be answered: Does there exist 9 in
(0,1) such that inequalities (4.6) and (4.7) both hold? And if so, what is the optimal ASg

for the weight w in (4.8)?

We need to be able to choose 0 such that

pO > -—-, qO < d, 1 - -£— < 7 and 7 < 1 - qB/d.
a — i \pv)

These inequalities boil down to the inequalities

^ e<d-, e>l-^L +
 l- and e^^-^-.

q q p qp ( d - l ) ' <?'

Thus such a 6 exists if and only if

d 1 - 7 , 1 \ d(l - 7)
max

f d
I p ( d - l )p ( d - l ) q

that is, if and only if 7 < 1 - q/p{d — 1), which holds by hypothesis.

The best result is obtained by maximising se subject to the conditions above, that
is, taking 9 equal to d{\ - j)/q. The condition that 7 > 1 - q/d in the statement of the
theorem ensures that d(l — j)/q < 1. D
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