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. WEAK TYPE ESTIMATES FOR RIESZ-LAGUERRE TRANSFORMS

EMANUELA SASSO

We prove that the first order Riesz transforms associated to the Laguerre semigroup
are weak-type (1,1). We also present a counterexample showing that for the Riesz
transforms of order three or higher the weak type (1,1) estimate fails.

1. INTRODUCTION

The aim of this paper is to study the weak type (1, 1) boundedness of the Riesz trans-
form R, naturally associated with the multidimensional Laguerre operator £,, whenever
a = (o1,...,0q) is a multi-index with o; 2 0, 7 = 1,...,d (see Section 2 for all unex-
plained terminology and notation).

Riesz transforms and conjugate Poisson integrals for the Laguerre semigroup were
first studied by Muckenhoupt [6] in the one dimensional case. The L? boundedness, with
1 < p < 0o, was obtained by Nowak in multidimensional case [7]. By an analytic method
based on Littlewood-Paley-Stein theory, he extended the previous results of Gutiérrez,
Incognito and Torrea [5], true only for a discrete set of half-integer multi-indices a.
Recently Graczyk, Loeb, Lopez, Nowak and Urbina (4] obtained the LP-boundedness of
the Riesz—Laguerre transforms for any order and the weak type (1,1) when the order is
equal to 2. The corresponding proof is based on the technique of transference from the
Hermite setting, and therefore only half-integer type multi-indices a are considered.

This paper complements the analysis of the first order Riesz-Laguerre transforms.
In particular, this paper is basically devoted to the proof of the following main result.

THEOREM 1.1. The first order Riesz—Laguerre transforms R, are of weak type
(1,1) with respect to the Laguerre measure, for each a € (0, co0)?.

Furthermore, we shall give a counterexample for the weak type (1,1) unboundedness
for order three and higher.

Observe that the natural range of a for the Laguerre setting is (—1,00)?. The
restriction to a € (0, 00)¢ is imposed by methods used. Moreover transforms of order 2
are not treated, but we may conjecture the weak type (1, 1) for these operators. In fact,
this result was proved recently in [4] for half-integer a.
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As in [2] and [5], our starting point is the relationship between Laguerre and
Ornstein—Uhlenbeck semigroups. Indeed, it is well known that for half-integer values of
the parameter @, the Laguerre semigroup can be interpreted as the Ornstein-Uhlenbeck
one acting on polyradial functions. Thus we adapt to our case the strategy used in
[3, 8, 9] for the analysis of the Riesz transforms associated to the Ornstein—Uhlebeck
operator to obtain the desired results.

The paper is organised as follows. Section 2 contains basic facts and notation needed
in the sequel. In particular we determine the distributional kernel of the Riesz—Laguerre
transforms and we exploit the relationship with the Ornstein—Uhlenbeck case. The proof
of the weak-type (1, 1) boundedness of the first order Riesz-Laguerre transform consists of
two parts, corresponding to the local and global parts of the operator, is found in Section
3. The analysis of the local part is based on comparison with the Calderén-Zygmund
singular integral theory. The reason for this is that “locally” the Laguerre measure
is essentially proportional to a polynomial measure; that is, a measure possessing the
doubling property. To prove the remaining, we control the global part of the operator by
the maximal operator associated to the Laguerre semigroup, which is of weak-type (1,1)
[2, 11]. Finally in Section 4, we present a counterexample, valid in arbitrary dimension,
to show that the Riesz-Laguerre transforms of order at least three are not of weak type
(1,1) with respect to the Laguerre measure.

2. THE FIRST ORDER RIESZ-LAGUERRE TRANSFORM
The Laguerre operator L, is a self-adjoint “Laplacian” on L?(y,), where pu, is the
d
Laguerre measure of type @ on R%, that is dun(z) = [[(z%e%)/(T(as + 1)) dz on

i=1

={z € R¥:z; >0, foreachi = 1,...,d}. It is well known that the spectral
resolution of L, is
=) nP:

n=0
where P2 is the orthogonal projection on the space spanned by Laguerre polynomials of
total degree n and type o in d variables (see, for instance, [13]). The operator L, is the
infinitesimal generator of a “heat” semigroup, called the Laguerre semigroup, {e™*Ce :
t > 0}, defined in the spectral sense as

= o]
g~the = Z e ™ P2,

n=0

It can be shown that for each t > 0, e~*= is an integral operator, whose kernel with
respect to the Laguerre measure is

(1) o s(z,y) = (1 - e~t)lol=d / e~ 2y )/ (-e)g-lolT_(5) ds,
-1
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where

d

(2) q+(z,y,8) = Z(xi + 4 £ 2(ziw)%s3),

i—l

flele) = H P(i(itl.;zl)\/—(l ~ g2)/2,

and |a| = @) + --- + a4. See, for instance, (2] and [13]). Indeed, the Laguerre heat
kernel is easily computed by means of a classical bilinear generating function for Laguerre
polynomials, and then (1) emerges from certain integral representations for the modified
Bessel functions of the first kind. The importance of the exact description of the kernel
mqa,e will be clarified in the following. Indeed, by spectral theory, the Riesz—Laguerre
transforms may be written in terms of the Laguerre semigroup.

The first order Riesz—Laguerre transform R, = (RS, ..., R3) is formally defined by

Ro = ValLa) VPS4,

where V, is the natural gradient associated to Lo, that is, Vo = (/Z18s,, - . ., /Za0s,),
and P¢* denotes the orthogonal projection onto the orthogonal complement of the
eigenspace corresponding to the Laguerre eigenvalue 0. By spectral theory R, can be
written by means of the Laguerre semigroup. Indeed, using the formula

_b__1_/°° Crenp
TSt ¢ T

with b, s > 0 we may define the powers of £, on P¢L?(u,) by the formula
=-be L /oo a bﬁ
£af—r(b)o 71tftt7
or equivalently

Now we shall deduce by (3) that, off the diagonal, the kernel of £;*Pg+ with respect to
the Laguerre measure agrees with the function K}, defined by

Ky(z,y) = F(1'5 /0 (Majog(1/r) (2, ¥) — 1)(—logr)”-lﬂ,

in the sense that for all test functions f and g on R4, the following identity holds

) (L2PEL S, ) = / / Ko(2, 1) f (4)9(z) dpa() dptaly),
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where (-,-),, denotes the standard inner product in L%(u,). Indeed, it is not hard to
prove (see [3, Lemma 2.2] where this is proved in the Hermite setting) that the above
double integral converges absolutely and its absolute value is bounded by C||fl|eollg]loos
where C depends on the support of f and g Moreover, by the spectral theorem we may
view L3*Pg+ as the limit of (¢Z + L,)*P¢* as ¢ tends to 0*. Since the integral kernel
of (eI + Lo)~*Pst is

Tt e
Jep(z,y) = W/o (ma,mg%(z, y) - 1)(—logr)b 1re-1dr,

we only need to show that

lim f / Joof 0)9(2) diia(z) dpaly) = / / Ko(2,9) f (1)0(2) dpta(z) dita(y)

for all test functions f and g, and this is immediate in view of the absolute convergence
of [ [ Kufe, )/ 9(o) dhala) dualu)

This allows us to see that the kernel of the Riesz-Laguerre transform R, coincides
with the gradient V, of Ky/2, whenever x # y, where

VaKl/Z(zﬁy) = (\/I_la:1K1/2(xa y): R ) \/ﬂaszl/Z(za y))

As in [8, 9] the idea is to decompose R, into two operators, one given by a kernel
supported off the diagonal, and the other satisfying “standard” gradient estimates in a
suitable neighbourhood of the diagonal.

To exploit the aforementioned relationship with the Ornstein—Uhlenbeck case, it is
convenient to perform a change of coordinates in R2. If z = (z,,...,z4) is a vector
in R4, then z? denotes the vector z> = (z,...,22). Let ¥ : R4 — R4 be defined
by ¥(z) = z? and let i, = po o ¥~! be the pull-back of measure p,. Then [, is the
probability measure

20g+1 -x’

e

(5) dfia(2) —2“H T ¢

on RY. The map f — Ugf = fo ¥ is an isometry of L9(u,) onto LY(fi.) and of

L%®(u,) onto L9®(fi,), for every g in [1,00]. So we may reduce the problem to the

study of the weak type (1, 1) boundedness of the operator 'ﬁa = UyRUg" with respect

to the measure g,. Observe that 73.,_., coincides, up to a multiplicative constant, with
V(L,)~V2PeL, with L, = UyLoldy', PG = UyPE U, and V is the gradient on R?

wnth respect to the Lebesgue measure. In particular, off the diagonal, the operator

= (Ra1,-- -, Ragd) is given by the smooth kernel VK /2(2%,?), that is,

©) Rosf @) = [ BeKun(e, )1 0) o),

foreachi=1,...,d and z ¢ supt f.
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3. WEAK-TYPE (1,1) BOUNDEDNESS

In this section we shall prove the weak type (1,1) boundedness of R, with respect

to the measure fi,. Fix i € {1,...,d}. For the sequel it is convenient to express the
kernel of R,; with respect to the polynomial measure m, on R4, defined by
(7) dmq(z) = € dfia(z).

So we obtain that, for z ¢ supt f,

Rof(e) = [ K@) 0) dmalw)

with K(z,y) = VKij(z?,y?)ebl’. In particular Ki(z,y) = / Ki(z,y,s)1,(s)ds
[_1’1]d
with

1
1y-1/2 —lal—d —VT - _ndr
Ki(z,y,8) = C/o (log ;) (1 —r)7tel d(l :/;) (Vrzi — gisi)e”@-C= vt/ )T'
Observe that the whole reasoning contained therein goes roughly along lines of the proof
of the main theorem in [12].

In order to define the “local” region, we consider the extra variable s in [—1,1]¢.
This artifice is suggested by the description of the local region in polar coordinates in the
Ornstein-Uhlenbeck case, and by the form of the kernel K. So the local region N, is the
set

8a + 8)7
, Rd Rd —l,ld: _ 2’ 2’ 1/2<_(__ .
{(zy,S)e 4 xRS x [-1,1)%: g_(2%, 9%, s) 1+IZI+|yI}

Indeed, for half-integer value of the multi-index a, N, is equivalent to polyradial expres-
sion of the local region introduced for the Ornstein—-Uhlenbeck semigroup in 8, 9].

Now we shall decompose ﬁa,i into a “global” and “local” parts. Let ¢ be a cut-off
function on R4 x R4 x [—1,1]¢ such that 0 < ¢ < 1,

1’ (x:y)s) € Nl’
cp(z,y,s) =
0, (.’E, Y, 3) ¢ NZ’

and
(8) |Ve0(z,y,9)| + |Vyo(z,v,9)| < m-
Define
Salob po \ _ . 3
o RU@= [ [ v, (1 = pt,3,9) dsS @) e,

REf =Rauf - RS,
on bounded measurable functions f. The boundedness of these operators implies the
weak type (1,1) of R,. First we study R¥®.
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PROPOSITION 3.1. The operator R¥® is of weak type (1,1) with respect to
the measure [i,.

PROOF: Since ((1—7) /log(l/r))l/ is bounded for » € (0,1), after the change of
variables t = 1 — r, we can control 'R“"’" by the operator

170 [oy JL o Mele) s ) dmate),
with

1 2 .2
(2, 5) = / t-lal—d—l(q—((l -ty ’s))1/28—(0—((1—t)z’,u’,s))/t(1_(’,(1, v,5))
0

dt
t vi=t
We now proceed with the estimate of the kernel K'(z,y, s) in terms of K(z, y, s), defined
by

K(z,y,8)

e, ZLl zZ;yi8 < 0

= (q+ (xZ, yz’ s) ) (|G|+d)/26_(|y|2_|:|2)/2_(q_ (xz,y’.a)‘/"'q.;(z’,y’,3)1/2)/2’
g-(z2,4%,9)

The proof is a simple modification to our case of the arguments used in the proof of

Proposition 2.2 in {9] and we omit the details. Now by an adaptation of {8, Proposition

2.1] and by [11, Theorem 4.3, Remark 4.6], the weak type (1,1) boundedness of R

follows from these estimates. 0

otherwise.

REMARK 3.2. Since the operator
fo [ [ R o)a(s) dsf(s) dma(o)
R4 J[-1,1)¢

is bounded on L?(fi,) (see [12, Proposition 3]), we may deduce that R$® is bounded on
L?(fi,). In the following, we need the L?(fi,)-boundeness of R to study Rie.

Now to prove our main result, it is enough to get the weak type (1, 1) estimate for
R!. Observe that the operator R!* is a singular integral operator. Moreover, outside
the diagonal, its kernel

Ki*(z,y,5)

" / log 12 — p)TllmdY (R (s — yis)em@- 0o .a))/(l-r>_(p(z v,9),
satisfies suitable gradient estimates.
LEMMA 3.3. There exists a constant C such that
|Ki*e(z, y, 5)| < Cq-(z?, 4%, 8)7 14,
|V Ki*(z, 9, )| < Cq-(a*,9%, 5) 71" -
whenever (z,y,3) € N, for each t € R,.
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PROOF: We split the kernel K!°(z,y, s) into two integrals

1/2 1
ICﬁ“(z,y,s):/ ---dr+/ --- dr.
0 1/2

W73 — yisil - fremaani ¢ =228 8) (et atanja-n)

T ior -7

< Cela-ra2ata)/(2(1-r))

Since

for (z,y,s) € Nyand 0 <r <1
Mle—(q-(n’,yz,a»/a—r) < Celo- (s a)/(el1-r)),
Vi-r

where the last inequality is a consequence of the following estimate true in IV,

q_(rx2, y21 3) P Q—(1'2yy2, S) - 20(1 - Tl/2)

1/2
(see [12, (2.6)]). Now it is easy to see that the integral / dr € C. On the other
hand

1 1
/ cndr<C [ (1= r)-lel-de=a-GAaRN/el1=r) gy
1/2 1/2

2,2 y\—lal-d

< g-(z%,9%,9) ,
as required. To complete the proof, it remains to prove the gradient estimates. We have

that, foreach j=1,...,d
|0z, K(z, 9, 5)|

$ IK:i(x7 v, s)azjtp(z, Y, S)I

! 1\-1/2 2.2
+6,,C / tog 2) ™ (1  r)lld-lemta- a0 g
0 T

1
1\ -1/2
+C / (103 ;) (1= )72 (g, — s} (Vs — yjs;) e - wta)/(=n) 4o |
0

Using (8) and arguing as in the first part of this proof, it is a simple matter to verify that
these integrals are controlled by Cq_(z?,y?,s)~lel=4-1/2, Similarly, the same estimates
hold for |8,;K**(z,y, 5)| and this concludes the proof. 0

However, (R4, %,) is not a space of homogeneous type in the sense of {1], because
the measure 1, is not a doubling measure. Therefore we cannot apply directly the
Calderén-Zygmund theory to the operator ﬁﬁ"‘, to prove that it is bounded from L'(j,)
to L4(fa).
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Nevertheless, we shall see that the problem may be reduced to studying the operator
on L'(m,), where m, is the measure defined in (7). Indeed, R4 with the measure m,
and the Euclidean distance is a space of homogeneous type. To pass from (R4, %,) to
(R4, m,), we need to observe that there exists a collection of balls {B;};en, covering
R?, such that the collection {0B;};en has bounded overlap for each 6 > 1 and on B;
the measure [i, is equivalent to the measure m, (see [10, Lemma 4]), that is, there exist
Co, C, > 0, such that for every measurable subset E of B;

Coe i ma(E) < fia( E) < Cre™ my(E).

REMARK 3.4. Let 7 be an operator mapping bounded measurable functions with com-
pact support to locally integrable functions. For each § > 1 fixed, define

7;f = ZXE,‘ T(fXJBj)1
j

for each bounded measurable function f. We have that if 7 extends to a bounded

operator on LP(f,) or on LP(m,) for some p € [1,00), then 7; extends to a bounded

operator on LP(ji,) and on LP(m,). The LP-operator norm of 7, with respect to both

measures, is bounded by a constant times the LP-operator norm of 7. Moreover the same

result holds for the weak type estimates (p,p), with p € [1,00) (see {10, Lemma 5]).
Now we can prove the weak type (1,1) boundeness of Rea.

THEOREM 3.5. The first order Riesz—Laguerre transforms ﬁa,i are of weak type
(1,1) with respect to the measure liq.

ProoF: By Proposition 3.1, ﬁf“’b is of weak type (1,1). Thus by (9), it is enough
to analyse the operator Ri. Let {B;} e~ be the family of balls defined above. We shall
fix § > 1 later. We may write R as

Rl f = 'ﬁiw(fX&B,') + ﬁ:”((l - xs8;)f).
By multiplying by x, and adding over j, we get
Z XBj ﬁioc(le’BJ)
J

= [R*f| + |Rf|.

By (7] and Remark 3.2, R, and R¥® are bounded on L2(fi,). It follows that R is
bounded on L%(fi,). So by Remark 3.4, RY is bounded on L? with respect to both
measures, m, and fi,. We know that R is bounded both on LP(i,) and on LP(m,), for
1 € p < oo (see Proposition 6(19) of [10]). Thus the operator R!* is a singular integral

RES1 < +

> x5, Re((1 - xs8,)f)
j

operator, whose kernel is K(z,y, s)¢(z, y, s)I1a(s) ds, outside the diagonal. By the
_ [-lrlld
claim, R is bounded on L?(m,). Moreover, by (8) and Lemma 3.3

|V [K(2,9, 8)0(, 3, 9)]| < Ca- (@, 42, 5) 4711,
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for each (z,y,s) € N, and z # y. Hence by an extension of the classical Calderén—
Zygmund theory for a singular operator on (R4, m,) (see for the one-dimensional case
(10, Proposition 9]}, ’ﬁ,f"c is of weak type (1,1) with respect to the measure m,. By
Remark 3.4, Ry is of weak type (1,1) with respect to the measure %, and

IREfllzro i) < IREFllLtenia) + IRF 122 Ga)s
as desired. 1]

REMARK 3.6. Now Theorem 1.1 follows easily by the weak type (1,1) of Re with
respect to the measure fi,, proved in Theorem 3.5.

4. A COUNTEREXAMPLE FOR OPERATORS OF ORDER AT LEAST THREE

In this section, we present a counterexample to show that the Riesz transform of
order at least three are not of weak type (1,1) with respect the Laguerre measure. For
any multi-index a € R4, let R be the Riesz-Laguerre transform of order a, defined by

RE = Ve lelizpgt,

As in Section 3, we may reduce the problem to the analysis of fég =UyRU'. By (4),
it is quite simple to see that el 2'P{,’J' is given by a singular integral operator and,
off the diagonal, its kernel with respect to the measure m, is

’Ca(.’L’, y) =C ( ’Ca(zaya S)HQ(S) ds,
_1'1]:1
with
1 a 1 la
(10) lC“(x,y,s):/ (tog - )' Ve _ pytel- d(g -\Qal/z

HH., (‘/F -'/'s') ~Ga- (et /- 9T
) 1-r r’
i=1
where H,, is the Hermite polynomial of degree a;.
THEOREM 4.1. Let|a| > 3. Then the operator La lal/2pal s not of weak type
0
(1,1) with respect to the measure Ji,.

Proor: Forn € R4 fixed, with 7 = [7|/+/d for each i = 1,...,d and |p| sufficiently
large, we want to estimate the kernel K°(z,n), whenever z is in J = {&(n)/|nl +v :v L
vl < 1,|nl/2 < € < (3/4)|n|}. We claim that for these choices of = and n there exists
a constant C such that,

(11) Ke(z,n) > Cn'“'”'"'"““é’"”,
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Assuming this claim for the moment, we find a counterexample for the (1, 1) boundedness
of the Riesz-Laguerre transform of order al least 3. Indeed, let f > 0 in L!(fi,) be a
close approximation of a point mass at 7, with ||f||,1z,) = 1. Then gLt Z’P(‘,'L f(=@)
will be close to e"K,(z,n). By (11) if z € J, we get that e”K,(z,n) > Cno-2e-2¢(1/2°
Now we suppose that 8 L5"/*PaL is of weak type (1,1) with respect to the measure 7ia,
then there exists a constant C such that

fa{Jz} € Ba{z € Ry : *L3192Pg (2) > A} < CA7Y,

with A = cpll-2lefi-d-1¢(/2*  Since z; > Cln| for each i = 1,...,d and J{J}
> Ce~(1/M?p2lel+d=1 etting 1) tend to infinity, we find a contradiction whenever |a| > 2.

Now in order to show the claim (11), we split the kernel in three parts, corresponding
to the decomposition of [-1,1}¢ in I, U I U I3, with

I = [1 - I—llf’l]d
I = [1 il ] \ 1
I = (L UL),

that is, Ku(z,y) = ki(z,y) + k2(z, y) + ks(z, y) where k;(z,y) = / Ka(z,y,8)a(s) ds,

with i = 1,2,3. In particular, we estimate X,(z,n) whenever = € J by the estimates of
ki(z,n), k2(z,n) (from below) and k;(z,n) (from above).
Observe that if s € I; U I,

_\/in —Uisi el
Vi-r -

then

(1) (VL) 5 e,

So the integrand K, (z, 7, s) is positive for 1€ J, s € [, UL, and 0 < r < 1. Moreover, if
z € J we have that

d
q- (7‘1‘ :77 s) = TI$|2 + l""z - 2\/-th77t3t

i=1
s(7'-1)(52‘|’7|)'*‘(E—\/7-‘|77|)2-+-c sel,
Sr=1)(E = n®) + (€ - vrin))* +enl  sel.
In particular, for 1/16 < r < 9/16
e~ (@- (VT A=r) 5 Cef?-n" g=cle=vFa)’ s€l,
C

2
> &1 g—cl6—vFn)? —cln| sel,.
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Moreover it is quite simple to see that

Ma(s)ds > Cln| =2~

I

9/16 \
/ e~V gr > Cln|™.

1/16
So the previous estimates imply that for z € J
el (ki(z,n) + ka(z, ) > ek, (2, 7)

2
(12) > Cplol=2lal=d=16%(1 4 ce-Inl)
? Cn|a| 2'u|—d—1€£2.

Now we want to control k3(z,7n), whenever z € J. To that end we use that over the
global region, each of the kernels X,(z, v, s) is pointwise controlled by the function

~2)/4 s |zl =
(04622510 @57, 9) N (00,000 (0,57, 9) P I 1) R o)
These estimates follow by a simple adaptation to our case of the corresponding estimates
d
in [3]. Now let Q@+ = ¢+(z?,7?% 5) and cos@ = (E :z:.-n,-s,~>/(|z| [7]), whenever (z, s)
i=1

€ J x I3. It is quite simple to verify that there exists a constant C such that |n|?sin® 8
> Cn. Thus, since Q_Q. < 4|n|* and Q- > |z|?sin? 4, we obtain that (z,7, s) is in the
global region and

elﬂlzlks(z’ 77)|
< (Q4Q-)(e-2/4 ((Q+Q-)"‘E% +1) ()" et -t
and so
2
19) ke n)| < Ot~ (g ) e /T
-+

< Clnlel=1-lel=dg=clnl€?
By (12) and (13), we may estimate from above K,(z,7). Indeed we have that

> ki(z,n) + ka(z,n) — |ks(z, 1)
> Ceflnllal—ﬂal-d-l(l - c|,,|a€-clnl)
> Celnl/2plel-2lal-d-1

Ka(z,n)

for |n| sufficiently large. This concludes the proof of the claim and of the Theorem. 1]
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