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Exact variational representations for the
solution of the simple parabolic equation

R.S. Anderssen

By constructing a special set of A-orthonormal functions, it is
shown that, under certain smoothness assumptions, the
variational and Fourier series representations for the solution
of first initial boundary value problems for the simple
parabolic differential equation coincide. This result is then
extended in order to construct a variational representation for
the solution of a very general first initial boundary value

problem for this equation.

1. Introduction

In this paper, we use the results of [I] to investigate the
construction of variational representations of the solutions of first
initial boundary value problems for the simple parabolic equation:

2
< d°u + Ju

2 ﬁ f(xa t) H f € LZ(S(Os l)) ’
9x

(1)

1]

ulx, 0) = u(0, t) = u(1, t) =0,

where K is a positive comstant, S(0, 1) = {(z,'t); 0 =z <1, t = 0}

and LZ(S(O, 1)) is the space of real square summable functions defined on
5(0, 1) with inner product denoted by ( , ) . It follows from [!, §2,
Example], that the solution of (1) can be sought as the function which

minimises the functional

(2) Falu) = (Au, Au) - 2(Au, f) ,
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where we have identified A with the operator, defined by (1), which maps

from the classical solutions of (1) into L, (S(0, 1)}

We start by constructing special systems of A-orthonormal functions
{¢ij} = {¢ij(x’ t)} (¢=1,2, ...;5=0,1,2, ...) (see Mikhlin [4;

§83]): (A¢ij’ A¢Zm) = Gildjm for all %, j, I and m where éij is the
Kronecker delta symbol. These functions are used to show that, under
certain smoothness assumptions, the Fourier series and the variational

representations of the solution of

3%y | dw _
(3) - K;Z--b--a—t-_ 0 N
() v(x, 0) = F(z) , v(0, ¢) =g(¢), v, t)=nh(t),

coincide, where we define a variational representation of the solution of
(3) and (4) vy

=]

(5) v =, t) = ]
1,5=1

aLJq)’LJ +wlz, t) ,

where w(x, t) is some function which satisfies the initial and boundary

<«
conditions (4) and Y a;:9.. =u is the variational representation of
i,5=1 0%
the function which minimises (2), and hence, of the solution of (1)}, with
3%w 3w
FadR_ 9w
322 ot

If F(z), g(t) and #h(t) of (4) are such that:
(a) F(0) =g(0) , F(1) = h(0) ,

(b) 1im g(z) = K 5, lim h(t) = K, »
e >

(¢) g(t), W(t) € ¢l ([0, =)} and F(z) € ¢2([0, 1]) , and

(a) (1-x) §%§§ﬂ @ L) pgy Y BZF -t L,(s(0, 1)) for

3
Jt 32
Y>>0,
then & suitable form for w is

(6) w=wlx, t) = Us(x) + Blx, t) ,
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where Us(x) = [Kz—Ki]x + K denotes the steady state solution of (3) and

(4), and

Bla, t) = (1-z){g(£)-K1} + z{h(¢)-Ko} + {P(x)-(1-2)g(0)-zh(0)}e " .

The corresponding form for f{x, £) is

M s, 0) = - v 2 8- 2Ly i) (-a)g(0)wh (001}
dx

Condition {a) ensures the initial and boundary conditions match at the
corners of S5(0, 1) and will be referred to as the cormner condition;
while (b) ensures that the steady state solution of (1) is zero - a fact
required in proof of dense invertibility in [71]. That flx, t) exists
and is contained in Lz(S(O, 1)) follows from (c) and (d).

Finally, we note that it follows from Mikhlin [4, 883] and Petryshyn

[5, §2.1] that the aij in the above variational representation of u are
defined by

® o

izl jzo aij[A¢ij’ A¢mn) = (f, A¢mn) m=1,2, ...; n=0,1,2, ...) ,

which becomes, on using the A-orthonormality of the ¢ij(x’ t) ,

(8) a; = (r, A¢ij) (£=1,2, ...5 J=0,1,2, ...)

2. On the construction of A-orthonormal systems

Let the A-orthonormal system {¢ij} be chosen in the form

05 = ¢ij(x, t) = /Esin(imc)wij(t) (£=1,2, ...53=0,1,2, ...)

with the wij(t) unknown functions of ¢ which satisfy the boundary
conditions

(9) "’ij(o)=°’ (i=1,2, ...; 4 =0,1,2, ...) .

It follows from the definition of A-orthonormality that the {¢ij} are

A-orthonormal if the system
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2 2 . . s g .
= . + ‘..

(10) {A¢ij} {/Em b1 sm(tnx)ww(t) /Esm(znx)ww} ,
where the dot denotes differentiation with respect to ¢ , is orthonormal
in L,(S(0, 1)} . Such a system is

1

2 -
(11) {/Q_Sin(i‘nx) i;—‘,")— e atLj(Zat)} ,
where the Lj(u) are the Laguerre polynomials of order j . BEquating the

right hand side of (10) with (11), we obtain

1
L] E - . >
(12) Kuy + =%—Le atLj(Zat) (£=1,2, o3 3=0, 1,2, ...)

with X = k£2n2 , which with (9) define the wij(t) .

A particular integral of (12) is

t
co Kt J

L.(eau)e(K—a)udu = AKX, a, 45 t) ,
O J

1
with C = (2a)2/j! , which can be evaluated using the convolution theorem
¢ -1
j Flu)g(t-uddu = L {L(f(u))vL(g(u)}} »
0

vwhere L and t denote the Laplace transform and its inverse, and
Fflu) = Lj(2au) and g(u) = e—(K—a)u .
Since, using [3, 8§§4.11(25), 4.5(1)],

L(Lj(eau)} = (p20)p @t

where reali{p/2a}l > -1 , and

L(e-(K—OL)u} = (p+K—0!.)_l ,

where realp > real(-k+a) and o # ki2n2 , we obtain, with a = K - &

and realp > -1 ,

Ak, a, §; &) = ce k'go (—1)k['77;](Za)kL_l[EDk+l(p+a)]_l) )
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Again, from [3, §5.2(21}1, it is found that

B s R

(k+1-1)1a Pl
whence,
1 K+l K+l -1
(13) ALK, o, 55 8} = § (1)K %e'“t[l {—g-"—l—l—-—z-
k=0 SAUALTA {(k+1-1)1a

tk+l—l} . e-at}
k+1
a

Hence, finally, the complete solution of (9) and (12) is
(14) v .(¢) = A(X s 5 0)e7t
> » 0, J3 t) - AK, a, J; Ole

with K=ki%12 , @ =K-~-0o and a XK.

Note. The restriction o # k2?72 | introduced earlier, can be

removed. When a = quﬂz (q an integer), say, one finds, on using {3,
§5.2(16)1, that

2524

J k+d k+1 —-K
- k (2Kq2n2) 2z ¢ 4
bos®) = Ly O G T e

3. Exact veriational representations of the solution of (1)

if flx, ¢t} is defined by (7), then the aij of (8) become

va

202 2 Z at
{15) a;: =5 {- T [(-1) -3 j atL (2at)e *at +

P
iﬂ-..L r L (2at)e~at }+ 2{y~qa ‘792 .
Jt (ysy?

1
: {[ [y{pm—u-x)g(o)-xh(o)} 5 éff’—]sinummx}
0 32

where [3, §4.11(31)] has been usea.
EXAMPLE. Consider (3) and (4) with
F(x) = sin(mz) , g(t) = w(t) = 0 .

.For this initial boundary value problem,
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Us(x) =0, Bl(x, t) = sin(nx)e_Yt , flx, t) = (Y—Kﬂ)sin(ﬂx)e-Yt ,

and

J
(y—mrz)th-LOé (2 =1),

Jt(ysa)

a..
1d
0 (¢ #1) .
Hence, v of (5) becomes,
-yt . 1 (x—azj 2
(16)  ulx, t) = sin(mx)e '“ + ] (y-km?) i az¢, .(z, ¢)
j=o Jt(y+a) J
If either y =«xm? or vy =a , (16) becomes, using (13) for the second
case,

2
ulx, t) = sin(mx)e mr ,

which is the Fourier series solution of this initial boundary value
problemn.

In fact, the Example is a special case of

THEOREM 1. Let H(x) be an odd periodic function, H(2+x) = H(z) ,
which vanishes at x = -1, 0 and 1 , let its first derivative be
absolutely continuous and its second derivative be contained in
Ly((-1, 1)) . Then, for the initial boundary value problem defined by (3)
and (4) with
(a7) Flz) = H(z) , g{t) =h(t) =0, 0=<xz=1,¢t>0
the variational repregentation (5) reduces to the Fourier series solution

of (3), (4) and (17) when ¥y = o .

Proof. Here,

_ 2 g 2 -
flx, 1:)=\(1‘1(ac)e\“t+»<aHJc Yt

ox2
Hence,
.1
SEPULYY 4 1 1 2
a..= gil—gl—ﬁz— Y H{z)sin{Zmx)dx + k 3%H(x) sin(Zmx)dx} .
g . J+1 2
Jt(y+a) 0 0 oz

Let
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1

(18) b, =2 I H(z)sinlinz)de (i = 1, 2, ...)
0

denote the Fourier coefficients of H(x) . Using (18) and the result of

Zygmund [7, Chapter 2, §2] on the differentiation of Fourier series, one

obtains for the variational representation (5) of the solution of this

problem

ulxz, t) = H(x)e_Yt + ¥ 7 _leﬁl__:i (y-x2 na)b ¢ (x t)
i=1 j=0 j!(y+a)’

Putting Y = & in this last expression and using (13), we obtain

- pod ~ ® i 2.2

(19) ulz, t) = Alz)e™ - ) b sin(imx)e %t Y b.sin(imx)e <t K s

i:l i=l T
since

1

in(< 2 (. —k1 272
(20) 050 = V2sin(inz) (20)2 {e at_-ki*m t} ‘

(kz2m2-q)

As a consequence of the conditions imposed on H(x) in the theorem, the
Fourier series of H(x) converges uniformly to H(x) (see [7, Chapter 2]
or [6, 813.25}). Thus, the first two terms on the right hand side of (19)
cancel and we obtain the Fourier series solution of (3), (4) and (19);

which proves the theorem.
A more general result on the differentiation of Fourier series is
LEMMA. Let the function K(x) satisfy the following conditions:
(a) K(x) s an odd function,
(b) K(x) <s periodie, K(2+x) = K(x) ,
(¢c) K(x) has discontinuities of the first kind (jumps) at x =0
and x =1, such that K(0*) =M , k(07) = -m, ,
k1*) = -M, , k(17) =M, , and

(d) the first derivative of K{x) 1is absolutely contiruous on the
intervals (-1, 0) and (0, 1) where K'(x) <is completed by
continutty at x = -1, 0 and 1 .

Then,
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(21) S[K"(x)] = 8"[K(z)) -2 } {Mz(-—l)i-Ml}i'nsin(inx) ,
i=1

where S[f(x)] denotes the Fourier series of f(x) , S"[f(x)] its second
derivative and K"(x) = d?k(x)/dx? .

The proof is straightforward. We only pause to note that, using
(21),

1
(22) J {Y[K(x)-(l-x)Ml—xMz] + Kw}sin(inx)dx
0

dx?

3 2 " 3 X2
= Lyerq2 . - —
—Z(Ymn)[di 2i'n+2( 1) i‘ﬂ] .

where
1
di = J K(x)sin(ime)de (£ =1, 2, ...) .
-1

Using (22), the following generalization of Theorem 1 is proved.

THEOREM 2. Let H(x) be a function which satisfies the conditions
of the lemma and is such that H'(x) {which is defined except at -1, O
and 1} is contained in Lp((~1, 1)} . Then, the solution of the initial
boundary value problem defined by (3) and (L) with

(1) F(z) = H(z) , and

(2) g(t) and &(t) absolutely continuous and g(0) = M} and
h(O) = M2 >

has the following representation
1
o (-] i .
(23) ulz, t) = (1-z)g(e) + zh(t) + § ) [B%={- & [(-1)* - 1] x
i=1 j=o ' i ?

7
§ r" dg —at,, . (-1)%/2 (7 an -at
. Y Lj(2at)e dt + o . 5% Lj(zat)e dt ¢ij(a:, t)} +

T ) -ki2n2¢
+ ) k.sin(inz)e S
, 7
‘z=l
where the ki (£ =1, 2, ...) are the coefficients of the Fourier series

of
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flz) = {Hz)-(1-z)M-xMp} , (0 =x =1), fl-z) = flx) , flz+2) = f(=z) .

Proof. Applying (22) to the variational representation (5) of the
solution of initial boundary value problem of (3) and (4) formulated in the

theorem, putting Y = 0 and using (18) and (20) as well as the facts that

oMy, 2(-1)m,
k.=b, -—+——— (£ =1,2, ...) ,

7 i im im
and
w 2, (-1)*M
izl bi -t 2 T sin(Zmx) = H(x) - (l—x)Mi - xMé R

we obtain (23).

At least when g(t) and &(t) are constant with respect to ¢t , (23)
will be computationally more efficient than the corresponding solution

found in Carslaw and Jaeger [2, §37, equation (2)].
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