Canad. Math. Bull. Vol. 54 (4), 2011 pp. 577-579
doi:10.4153/CMB-2011-060-3 GQ%
(© Canadian Mathematical Society 2011

Erratum: The Duality Problem For The
Class of AM-Compact Operators On
Banach Lattices

Belmesnaoui Aqzzouz

Abstract. It is proved that if a positive operator S : E — F is AM-compact whenever its adjoint
S’ : F/ — E’ is AM-compact, then either the norm of F is order continuous or E’ is discrete.

This note corrects an error in the proof of Theorem 2.3 of B. Aqzzouz, R. Nouira, and L. Zraoula,
The duality problem for the class of AM-compact operators on Banach lattices. Canad. Math. Bull.
51(2008).

An operator T from a Banach lattice E into a Banach space X is called AM-compact
if T[—x,x] is norm relatively compact for every x € E'. Hence, the operator
T: E — X is AM-compact if and only if for every order bounded sequence (x,) of
E, the sequence (T(x,)) has a norm convergent subsequence in X. The class of
AM-compact operators has a shortcoming. In fact, there exist AM-compact oper-
ators whose adjoints are not AM-compact, and conversely, there exist operators that
are not AM-compact but their adjoints are AM-compact. This problem was studied
in [3] as a continuation of the study begun by Zaanen in [8]. However, an error oc-
curred in the demonstration of [3, Theorem 2.3]. In fact, in the proof of this theorem,
we used [} Corollary 21.13] to confirm the existence of ¢ € (E’)* and a sequence
(¢,,) in [0, ¢], which converges to 0 for the weak topology o (E’, E) but does not con-
verge to 0 for the absolute weak topology |o|(E’, E). But this is not correct and gives
a contradiction. Namely, in this situation such a sequence also converges to 0 for
the absolute weak topology |o|(E’, E). Indeed, |o|(E’, E) is generated by the family
of lattice seminorms {P,: x € E}, where P,(f) =|f]|(|x|) for each f € E’. Since
¢n — 0 weakly, Py(¢,) = ¢,(]x|) — 0 for each x € E. Hence (¢,) converges to 0
for |o|(E’, E). More generally, if (¢,) is a positive sequence of E’, then ¢, — 0 for
o(E’,E) if and only if ¢, — 0 for |o|(E’, E).

The objective of this note is to give a new and correct demonstration for this result.
For unexplained terminology on Banach lattices and positive operator theory, we
refer the reader to [2].

To give our new and correct proof of [3, Theorem 2.3], we need to recall [4,
Lemma 3.4].

Lemma 1([[4]) Let(E,| -||) bea Banach lattice. If (x,) is a positive disjoint sequence
of E such that ||x,|| = 1 for all n, then there exists a positive disjoint sequence (g,) of E’
such that ||g,|| < 1, g,(x,) = 1 for all n and g,(x,,) = 0 for n # m.
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Let E be a Banach lattice, and let u € E*. Then the order ideal E, generated by u
and endowed with the norm || y||cc = inf{A > 0: |y| < A.u} is an AM-space having
u as unit and [—u, u] as a closed unit ball, and the embedding i,,: (E,, | ||cc) — E
is continuous. Moreover, for every f € E’ we have f o i, € (E,)’ and

I1f o dullgyr = sup{|(f o i) ()|: y € [—u,ul} = sup{[f(y)]|: [y| < u} = |fl(w).

An operator T: E — X from a Banach lattice E into a Banach space X is
AM-compact if and only if for every x € E* the composed operator T o iy: E, —
E — X is compact, where i,.: E, — E is the natural embedding.

Now, we are in position to give a correct proof of [3, Theorem 2.3].

Theorem 2 Let E and F be two Banach lattices. If each positive operator S: E —
F is AM-compact whenever its adjoint S': F' — E’ is AM-compact, then one of the
following statements is valid:

(i)  the norm of F is order continuous;
(i) E’ is discrete.

Proof Assume by way of contradiction that both the conditions (i) and (ii) fail. Since
the norm of F is not order continuous, it follows from Meyer-Nieberg [6, Theorem
2.4.2] that there exists of y € F* and a disjoint sequence (y,) in F such that 0 < y,, <
y and ||y,|| = 1 for all n. Hence, by Lemmal[I]there exists a positive disjoint sequence
(gn) of F’ such that

(1) lgall <1, gu(yy) =1 foralln and g,(y,) = 0forn # m.

On the other hand, if E is not discrete, Chen—Wickstead [5] Theorem 3.1] implies
the existence of a sequence (f,,) C E’ such that f,, — 0 for o(E’,E) and |f,| = f > 0
for all n and some f € E'.

Now, we consider the operators S, T: E — F defined by

S(x) = <Z fn(x)yn> + f(x)y and T(x) =2f(x)y forallx € E.

n=1

Note that the sum in the definition of § is norm convergent for each x € E, because
fa(x) — 0 and the sequence (y,) is disjoint and order bounded. To finish the proof,
we have to prove that the positive operator S: E — F is not AM-compact and its
adjoint S’: F' — E’ is AM-compact.

First, we prove that S is not AM-compact. Choose u € E* such that f(u) > 0,
and note that (f, o i,), has no norm convergent subsequence in (E,)’. In fact, for
each y € E,, we have f, 0i,(y) = f,(y) = 0asn — oco. Then f, 0i, — 0 for
o((Ey)' E,). As ||fy o iylley) = |ful(w) = f(u) > 0 for all n, we conclude that
(fy 01,) has no norm convergent subsequence in (E,)’. If S is AM-compact, then the
operator So i,: E, — E — F is compact and so is its adjoint (S o i,,)". We obtain

o0

(Soin)(g) = <Zg(yn) (f oiu)> +g(y) - (foi,) forallge€F.

n=1
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And, by (@), we have

(Soi,)(g) = (froiy) +g(y) - (foi,) forallk.

Hence, ((S 0 ,)’(gk))x has a norm convergent subsequence in (E,)’. Since

&Nk < [=1Iyls Iyl € R

has a convergent subsequence (because it is a bounded sequence in R), we conclude
that (f; o i,)x has a convergent subsequence in (E,)’. This is a contradiction, so S is
not AM-compact.

Second, we prove that the adjoint S’ is AM-compact. For this, we consider the
operators S;: E — ¢, S2: ¢g — Fand S3: E — F defined by

$1(x) = (i), $2((an) =D anyn, and S3(x) = f(x)y
n=1

for all x € E and all (a,) € ¢. Clearly, S = (S; 0 §;) + S;, and hence §' =
((S1)" 0 (S3)") + (S3)’. Tt is clear that S; is compact (it has rank one). Then (S;)’
is compact, and hence (S;)" is AM-compact. Since S,: ¢g — F is positive, its ad-
joint (S,)": F/ — I! is also positive. Now, as I' is discrete and its norm is order
continuous, the regular operator (S,)" is AM-compact. In fact, (S;)’ maps order
intervals of F’ to order bounded subsets of I' that are norm relatively compact ([[7}
Theorem 6.1]). Hence, ((S;)’ o (S,;)’) is AM-compact. Finally, we conclude that
S = ((81)" 0 (82)") + (S3)" is AM-compact. [ |

References

[1] C.D. Aliprantis and O. Burkinshaw, Locally solid Riesz spaces. Pure and Applied Mathematics, 76,
Academic Press, New York-London, 1978.

[2] , Positive operators. Reprint of the 1985 original, Springer, Dordrecht, 2006.

[3] B. Aqzzouz, R. Nouira, and L. Zraoula, The duality problem for the class of AM-compact operators on
Banach lattices. Canad. Math. Bull. 51(2008), no. 1, 15-20. [doi:10.4153/CMB-2008-002-0

[4] B. Aqzzouz, A. Elbour, and J. Hmichane, The duality problem for the class of b-weakly compact
operators. Positivity 13(2009), no. 4, 683—692. doi:10.1007/s11117-008-2288-6

[5] Z.L.Chen and A. W. Wickstead, Some applications of Rademacher sequences in Banach lattices.
Positivity 2(1998), no. 2, 171-191. |doi:10.1023/A:1009767118180

[6] P. Meyer-Nieberg, Banach lattices. Universitext, Springer-Verlag, Berlin, 1991.

[7] 'W. Wnuk, Banach lattices with order continuous norms. Polish Scientific Publishers, Warsaw, 1999.

[8] A.C. Zaanen, Riesz spaces. II. North-Holland Mathematical Library, 30, North-Holland Publishing
Co., Amsterdam, 1983.

Université Mohammed V-Souissi, Faculté des Sciences Economiques Juridiques et Sociales, Département
d’Economie, B. P. 5295 SalaEljadida, Morocco
e-mail: bagzzouz@hotmail.com

https://doi.org/10.4153/CMB-2011-060-3 Published online by Cambridge University Press


http://dx.doi.org/10.4153/CMB-2008-002-0
http://dx.doi.org/10.1007/s11117-008-2288-6
http://dx.doi.org/10.1023/A:1009767118180
https://doi.org/10.4153/CMB-2011-060-3

