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CONTINUA WHICH ARE CURVILINEAR CLUSTER SETS

PETER LAPPAN

1. Introduction
Let D be the unit disk \z\ < 1 and let / be a complex-valued function

continuous in D. The cluster set C(/, eίθ) of f at eiθ is denned by

= Π
r>0

where N{r,eiθ) is the disk with center at eίθ and radius r. By a path to

eiθ we mean a Jordan arc ϊ in D U {0^} with end point at eiθ. A curvili-

near cluster set of f at eiθ is a set of the form

cr(f,e<η = ̂ f W r , e i ΰ ) π f i n r ) ,

where ΐ is a path to eiβ. The intersection curvilinear cluster set of f at eiβ is

the set

Π (/,«") = nC r(/,ί«)
r

where the intersection is taken over all paths to eiθ. Finally, by a continuum

we mean a closed connected subset of the Riemann sphere W. For simp-

licity of wording we will allow a set consisting of a single point to be called

a continuum here, even though this use of the word is sometimes not al-

lowed by other authors.

It is well known that for an arbitrary continuum K and an arbitrary

path ϊ to eίθ there exists a meromorphic function / in D such that Cr{f,eiθ)

= K [1, Theorem 4, p. 193]. In this paper we wish to consider the follow-

ing problem: given a continuous function / in D and a point eίθ, what

are necessary and sufficient conditions for a continuum K to be a curvilinear

cluster set of / at eίθ ? The results in this paper are theorems and examples

related to this question.

For any path ϊ to eiθ it is necessary that
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where the containments may be proper or improper. It is known [3, Theo-

rem 4. 6, p. 73] that C(f,eiθ) is a curvilinear cluster set of / at eiβ. The

set Π(/, eiθ) may be the empty set, but Cr(f,eiθ) is not empty, so that

Π(/, eiθ) is not necessarily a curvilinear cluster set.

In section 2, we show by example that a continuum K satisfying

Π(/, eiβ) ξί KξzC(f,eίθ) need not be a curvilinear cluster set of/ at eiβ, even

in the case where / is a meromorphic function. In fact, it is shown that

even if K is "between" two curvilinear cluster sets of / at eίθ it need not

be a curvilinear cluster set itself. We prove that if Π(/, eiθ) ψ C(f, eiθ) then

the cardinality of the set of all curvilinear cluster sets of / at eiθ is equal

to the cardinality of the set of real numbers.

In section 3 we introduce the idea of a permissible continuum for / at

eiθ by using concepts related to the theory of prime ends. We prove that

it is necessary, but not sufficient, that a continuum be permissible for / at

eiθ in order that it be a curvilinear cluster set of / at eiθ. Some relation-

ships with other types of cluster sets are given.

In section 4 we give some sufficient conditions for there to exist a

curvilinear cluster set of / at eiθ between two specified sets.

2. The Cardinality of Curvilinear Cluster Sets

If Π(/, eiθ) ψ C(f, eiθ) then there exists at least one continuum K such

that U(f,eίθ) a K§= C{f,eiθ) and such that K is a curvilinear cluster set of

/ at eiθ. However, not every such continuum K is a curvilinear cluster

set of / at eiθ, as the following example shows.

EXAMPLE 1. There exists a function f continuous in D together with two

continua Kx and K2, where both Kx and K2 are curvilinear cluster sets of f at eiθ,

Ki c K2, and if K3 is a continuum satisfying Kxξε K3£ K2, then K3 is not a

curvilinear cluster set of f at eiθ.

Proof Let B{z) be a conformal mapping sending the disk D onto the

upper half plane U such that B{eiθ) = 0. Let z = x 4- iy and let F be the

function defined on U by
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r-i-W-1-,

an-ί-, for JL<argz^- |-

sin-i-, for ^ π -
y 4

It is easy to see that both the segment [— 1, 1] and the whole real line R

are curvilinear cluster sets of / at 0. But if [a, b] is any closed interval

of the real line such that [—1, 1] S \β9 b~\i= R, then there is no path ϊ to 0

contained in U U {0} such that Cr(F, 0) = [a, b]. Thus we have the desired

result if we set f(z) = F(B(z))9 Kx = [ - 1 , 1], and K2 = R.

We remark that Example 1 shows that even continua which are c'be-

tween" two curvilinear cluster sets of a function / at eiθ need not them-

selves be curvilinear cluster sets of / at eiθ. Such a result also holds for

meromorphic functions, as the following example shows.

EXAMPLE 2. There exists a meromorphic function f in D and two continua

Kλ and K2 such that Kx c K2 c C(f, eiθ), where Kλ is a curvilinear cluster set of f

at eiθ and K2 is not a curvilinear cluster set of f at eiθ.

Proof. Let L be the left half plane, let

Vx = f z = x + iy: 0 < x < 1, 2nπ < y < (.2n + -™V, n = 1, 2, 3,

and let

V2 = L =

Let V = L U Vx U V29 and let JB(«) be a conformal mapping of D onto 7

such that B{eiβ) = oo. Let F(«) - £ε for « e V. Let

let

let

D ( r , θ l 9 θ 2 ) = {z: \z\ = r, θ, < a r g z ^

S ( a , b , θ ) = {z: a^ \z\ ^ b ,
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S = £>(l,τr/2, 2ίr) U D(e,0,πl2) U S{l,e,O) U S(l,e,:r

and let

T = Z)(l,0,2τr) U Z>(£,O,π) U S[l,e,O) U S(l, έ?, JΓ/2).

Clearly, S 5 T §i C{F, oo) and there exists a path Γ to oo in V along the

upper portion of the boundary of V such that CΓ{F, oo) = S. However,

if Γ' were a path to oo in 7 such that T c CΓ, (F, oo), then Γ' must meet

both the upper and the lower half planes infinitely often so that, since Γf

has no basic point of accumulation on the negative real axis, we must have

that 0 e CΓ, {F, oo) and hence T ψ CΓ, {F, oo). It follows that T is not a

curvilinear cluster set of F at oo. Setting f(z) = F{B{z)), Kχ = S and K2 = T,

we obtain the result claimed.

In spite of the two previous examples, the following theorem shows

that there are, except in trivial cases, many curvilinear cluster sets of / at

eiβ.

THEOREM 1. If f is a continuous function in D and if Iί(f,eίθ) ψ C(f,eiθ)

then the cardinality of the set of curvilinear cluster sets of f at eiθ is equal to the

cardinality of the set of real numbers.

Proof The cardinality of the set of all continua on the Riemann

sphere is equal to the cardinality of the set of real numbers, and since

each curvilinear cluster set of / at eiθ must be a continuum, the cardinality

of the set of all curvilinear cluster sets of / at eiθ is not greater than the

cardinality of the set of real numbers.

If Il{f,eiθ)¥=C{f,eiθ), then there exists a path T to eίθ such that

Cr(/, eiθ) ψ C(/, e*o). Let w0 be a point in C(/, eiθ) - Cr(f, eid) and let K =

Cr(f,eiθ) Let r0 = ^ ( % U L ) , the chordal distance on W between w0 and K,

and let r be a fixed real number such that 0 < r < r0. For each natural

number n such that r + \\n < r0, set

and set

Hn= {z(Ξ D: f(z) e GJ Π { z e D: \z-eίθ\ < l / n } .

Finally, let Jn be the component of Hn containing T (where T is shortened,

if necessary, so that T is contained in Hn). Since C{f,eiθ) is a connected
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set containing both K and w09 there exists a point zn e Jn such that

JZfifizJfK) = r- We may assume that znψ zm for nφm. Let {7W} be a

collection of disjoint subarcs of T such that the sets {Tn} converge to eiθ,

Tn c Jn9 and the chordal diameter of f(Tn) on W is less than ljn. Since

zn

 G Jn and /Λ is a connected set, we can replace Tn by a simple arc 7ή9

where ϊ'n c Jn, zn e Γn, and the end points of r£ are the end points of ϊn.

Replacing each Tn by Tή but leaving all other points of T fixed, and by

then judiciously deleting the loops from the resulting path, we obtain a

path Γ to eiθ with the property that KaCΓ(f,eiθ) and that:

if and only if t^r. Thus we see that our construction of Γ depended on

the choice of r, and that a different choice of r would lead to a different

curvilinear cluster set CΓ{f, eίθ). Thus the cardinality of the set of curvili-

near cluster sets of / at eiθ is not less than the cardinality of the set of

real numbers in the open interval (0, r0). Thus the theorem is proved.

3. The Sets Ks

The Jordan arc s is a crosscut of D at eiθ if 5 has endpoints eiθi and eiθ*9

where

and s c D u {eiθ*} U {eiθ*}. If 5 = {sn} is a sequence of crosscuts of D at

eiθ, we say that 5 converges to eiθ if the diameter of Sn tends to zero as n

goes to oo. For each sequence S of crosscuts of D at eiθ converging to

eiθ, let

K8(f)= n : = 1 ( U n = , / ( 5 j ) ,

where / is a function defined in D. As we will be considering specific

functions, Ks(f) will be abbreviated simply by Ks.

If L is a continuum and / is a continuous function in D, then L will

be called a permissible continuum for f at eiθ if

(1) Π(/,^)cIcC(/,^), and

(2) L Π Ks¥= Φ for each sequence S of crosscuts of D

at eiθ converging to eiθ.

We note that if L is a permissible continuum for / at eίθ and if L c Ka
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C{f,eiθ), where K is a continuum, then K is also a permissible continuum

for / at eiθ.

THEOREM 2. If a continuum L is a curvilinear cluster set of the continuous

function f at eiθ, then L is a permissible continuum for f at eiθ.

Proof Clearly condition (1) above must be satisfied by L. If S = {sn}

is a sequence of crosscuts of D at eiθ converging to eiθ, and if L = Cr{f,eiθ),

where 7 is a path to eiθ, then ϊ Π snηf= φ for n sufficiently large, so that

Ks Π Lψ φ. Thus condition (2) is satisfied and the theorem is proved.

Unfortunately, the condition that L is a permissible continuum for /

ait eiθ is not sufficient for L to be a curvilinear cluster set of / at eiθ, as can

easily be verified from Examples 1 and 2 above. As Example 2 demonst-

rates, the added condition that / be a meromorphic function does not help.

It should be noted that two permissible continua for a function / at

eiθ may be disjoint, even if / is meromorphic. Any example of an ambigu-

ous point (in the sense of Bagemihl) will suffice (see [2] or [3, p. 86]).

Although it is not essential to our main purpose, we note some interest-

ing relationships between various types of cluster sets and certain of the

sets Ks. Let Z(f, eiθ) denote the set of all points w of the Riemann sphere

W for which there exists a sequence S of crosscuts of D converging to eiθ

such that Ks is the singleton set {w}.

THEOREM 3. If f is a continuous function in D, then Z{f,eiθ)cz U(f,eiθ).

Proof Let w be such that {w} = Ks, where S = {sn} is a sequence of

crosscuts of D at eiθ converging to eίθ. If ϊ is any path to eiθ, then

TΓ\sni=φ for n sufficiently large, and hence w^Cr(f,eiθ). Thus w<^Tί(f,eiθ)

and Z(f,ei6)a Tί(f,eiθ).

Let A(f, eiθ) be the set of asymptotic values of / at eiθ, i.e., A(f,eiθ)

is the set of all w e W for which there exists a path 7 to eiθ for which

Cr(f9e
iθ) is the singleton set {w}.

THEOREM 4. If f is a continuous function in D, then

^)c ΠKS,

where the intersection is taken over all sequences S of crosscuts of D at eiθ converging

to eiθ.
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Proof Let S = {sn} be any sequence of crosscuts of D at eiθ converg-

ing to eiθ and let w e Λ{f, eiθ). Then there exists a path T to eiθ such

that {w} = Cr{f,eiθ). But for n sufficiently large, TΓ)sn=^φ and hence

w e Ks. Thus, since S is arbitrary, W<Ξ Γ\KS and hence A(f, eiθ) c Π Ks.

That equality need not occur in either Theorems 3 or 4 is seen by the

following example.

EXAMPLE 3. There exists a function f continuous in D and a point eiθ such

that Z{f,ei6) = φ, A{f,eiθ) = φ9 Il{f,eiθ) is the closed interval [—1, 1], and

Ks*= [—1, 1] for each sequence S of crosscuts of D at eiθ converging to eiβ.

Proof Let B{z) be the conformal mapping of the disk D onto the up-

per half plane U such that B{eiθ)=0. Let F{z)=άn 1/y, where z = x + iy<EU.

Then it is easy to verify that the function in D defined by f(z) = F(B(z))

has the desired properties.

4. Sufficient Conditions

In this section we investigate some sufficient conditions for there to

exist a continuum which is a curvilinear cluster set for a continuous func-

tion and which is between two other specified continua.

THEOREM 5. Let K be a permissible continuum for the continuous function f

at eiθ such that there exists a sequence S of crosscuts converging to eiθ for which

Ks d|iC. Then there exists a path T to eiθ such that

KscCr(f,ei°)c:K.

Proof Let {Gn} be a descending chain of open connected sets such

that K= Π Gn. Let 5 = {sn}9 S'f = {sn: n^k} and let

Hn = {z(Ξ D: f(z) e Gn and \z - eid\ <±ln}.

We note that since Ks c Gn for each n, then for a fixed k we have that

sn c Hk for n sufficiently large. We claim that for each k there exists an

integer nk such that S*A is contained in a single component of Hk.

Suppose the claim is false. Let Cn be the component of Hk containing

sn, and suppose there exists a number nr greater than n such that sn' is

not contained in Cn. Then D — Hk has a component which separates sn

from sn\ But then there exists a crosscut which we will call s* of D at

eiθ such that
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f(st) c {w: ^{w,W - Gk)<lln]

where s* lies between sn and sn\ Since 5* will exist for infinitely many

different choices of n (where k is kept fixed) we have that S* = {5*} is a

sequence of crosscuts of D at eiθ converging to eίθ and Ks* aW — Gk. Since

KcGk9 we would have that Ks* Π K = φ, in violation of our hypothesis

that K is a permissible continuum for / at eiθ. Thus the claim is valid.

Let Jk be the component of Hk containing S$k. Since Hk+1 c Hk, we

have that Jk+ι c Jk and that Π Λ = {^}. Let {2fc} be a sequence of points

such that zk<Ξ Jk and {f(zk)} is dense in Ks. Since 2fc and ^ + 1 are both

in Jk9 they can be joined by an arc ϊk contained in Jk. Let ΐ be the

path resulting from the union of all the ϊk9 where loops are eliminated, if

necessary, such that ϊ is a path to eiθ for which

for each n. Thus we have

We note that we cannot guarantee the existence of a path ϊ to eiθ

such that Cr(f, eίθ) will be precisely either K or Ks under the hypothesis of

Theorem 5, as the following example shows.

EXAMPLE 4. There exists a continuous function f in D9 a permissible conti-

nuum K for f at eiθ

9 and a sequence S of crosscuts of D at eiθ converging to eiθ

such that Ksc K and neither K nor Ks is a curvilinear cluster set of f at eiθ.

Proof Let B{z) be a conformal mapping of D onto the upper half

plane U such that B{eίθ) — 00. For each natural number n let

Un = {zt=U: w - 1 / 4 ^ \z\ ^ n

Vn = {zeU: \z-n\ =1/5},

Yn= {ZEΪ U: \z-n\

and

Tn = {z<=U: \z\ = n

By the Tietze Extension Theorem there exists a function F continuous in

U such that F{z) = Arg z for z e Un9 F{z) = i for 2; e 7 n , F(2) = 2̂ : for 2; G Γn,

and F{z) = -6 + lH\z-n\) for 2; e F n , \F{z)\^2ic for « Φ (UJ-iFJ, and
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F(z) is real valued for each z&U such that \z — n\ i^ 1/4 for each natural

number n.

Let K be the real line and let S = {sn} where

s n = {z<ΞU: \z\ = » + l/4}.

Then since F(z) = Arg z for 2; e sn we have that /ζs = [0, π\. But for any

path 7 to 00, we have that 7 ΐ\Tnψ φ for n sufficiently large, so that

2ίreC r (F, 00) and hence Ks Ψ Cr(F, 00). However, if K a Cr{F, co)9 then r

must meet infinitely many of the sets yn. But this means that 7 must

meet infinitely many of the sets Vn9 so that i e Cr{F, 00). Thus Cr{F, 00)^K,

and neither if nor X5 is a curvilinear cluster set of F at 00. Setting

/(z) = F{B{z)) we have the corresponding result for / at eiθ.

As an immediate result of Theorem 5, we obtain the following corol-

lary.

COROLLARY. If f is a continuous function in D and there exists a sequence

S of crosscuts of D at eiθ converging to eίθ such that Ks is a permissible continuum

for f at eίθ, then Ks is a curvilinear cluster set for f at eίθ.

THEOREM 6. Let f be a continuous function in D and let K be a continuum

which is a curvilinear cluster set of f at eίθ. If S is a sequence of crosscuts of D

at eίθ converging to eiθ such that Ks — Kψ φ, then there exists a path 7 to eiθ

such that

K$Cr(f,e^)ciKO Ks.

Proof Let S = {sn} and let {Gn} be a descending chain of open con-

nected sets such that Ks = Π Gn. Let H(n,k) be the component of f"\G^

such that 5^ is contained in H(n,k). For a fixed n and for k sufficiently

large we have that f(sk) c Gn so that for each natural number n, H{n, k)

will exist for k sufficiently large.

Let Γ be a path to eiθ such that CΓ{f,eiθ) = K, let w e Ks — K, and

let {zk} be a sequence of points such that zk e 5̂  and f{zk)-±w. For each

natural number n choose an integer kn such that H{n, kn) exists, kn ^ n, and

choose points φn and qn on Γ Π H{n,kn) such that pn comes before qn on

Γ, where Γ is oriented toward eiθ, and such that the chordal diameter in

W of the image of Γ between pn and qn is less than \\n. It is possible
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to alter Γ by replacing the portions of Γ between the points pn and qn by

arcs Tn9 where ϊn c H(n, kn) and zkn e rn. Infinitely many replacements

can be made so that Γ is altered into a curve ϊ such that CΓ{f,ei6)c:Cr(f9e
iθ)

and w e Cr{f,eiθ). Since all the new points of Γ are contained in H(n,Jcn)

for some integer n, and since 7 ^ = 0 GΛ, we have that

Thus T is the desired path to eiθ.

We note that the method of the proof can be extended to construct a

path ϊ such that Cr(f,eiθ) = ϋίU ϋΓ̂ , but we do not present the details here.

THEOREM 7. Let f be a continuous function in D for which Π(/, eiθ)=^C(f, eiθ).

If there exists an ascending chain of permissible continua {Kn} for f at eiθ and

a sequence [Sn] of sequences of crosscuts of D at eiθ converging to eiθ such that Kx

is a curvilinear cluster set of f at eiθ and for each natural number n9Kn+1 — Kn\J KSn,

then there exists a sequence {K'n} of continua together with a sequence {Tn} of paths

to eiθ such that KncK'n<z Kn+1 and CYn(f,e^) = K'n.

Theorem 7 follows immediately from Theorem 6 and is, in some sense,

a clarification of Theorem 1.
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