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TRANSFORMATION GROUPS OF
STRONG CHARACTERISTIC 0

SABER ELAYDI

I t is shown that a transformation group (X, T, IT) is of strong

characteristic 0 if and only if i t is of P-strong

characteristic 0 for some replete semigroup P in the phase

group, provided that all orbit closures are compact. I t is shown

also that, under certain conditions, (X, T, TT) is of P-strong

characteristic 0 if and only if (X x X, T, ir x IT) is Liapunov

stable.

By a transformation group we mean a triple (X, T, TT) , where X is a

locally compact Hausdorff space and T is a generative group [5] acting on

X by TT ; that is IT : X x T •*• X is a continuous map satisfying

(1) TT(X, 0) = a; for every x € X , where 0 denotes the

identity of T , and

(2) TT(IT(X, S) , t) = TT(X, s+t) for x € X and s, t € T .

For brevity ir(x, t) is denoted by xt .

In 1970 Ahmad [?] introduced the notion of characteristic 0 in

continuous flows using prolongation sets. In the same year Hajek [6]

extended the notions of prolongation to transformation groups. Using

Hajek's ideas, Knight [7] was able to define and study transformation

groups of characteristic 0 . This study was later pursued by Elaydi and

Kaul [4], [3]. In an attempt to generalize the unilateral versions of

prolongations the author [2] introduced the P-prolongations, where P is
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a replete semigroup in T [5]. Then the property of characteristic 0

is generalized to that of P-characteristic 0 [2]. Following these ideas

Elaydi and Kaul [3] studied the property of strong characteristic 0 , a

stronger version of characteristic 0 .

In this paper we define the property of P-strong characteristic 0

in a way similar to that of P-characteristic 0 .

For the convenience of the reader we give the definitions of the basic

notions used. For x € X and a replete semigroup P in T , we have the

following definitions:

(1) the P-limit set of x ,

LP(x) = fHxtP | t € P} ;

(2) the P-prolongation set of x ,

u{x) = niVP | V is a neighborhood of x} .

p
We remark here that L (x) is always closed and invariant. The set

U (x) is closed and P-invariant; that is if (x)t c u{x) for each

t € P . Furthermore, y € ZT(x) if and only if there are nets {x.} in
1s

X and \p • } in P with x . •+• x and x . p . •+y [ 2 ] .
1s If 1s Z-

Let £* - X u {°°} be the one point compactification of X . Then

(X, T, ir) can be extended to (X*, T, n*) , where I T ^ X , t) = TT(X, t) for

x Z X and t € T and TT*(°°, t ) = °° for t E T . The P-l imit se t and

the P-prolongation se t of x f. X* in (X*, 7, IT*) are denoted by

L*(x) and D\(x) , r espec t ive ly . The closure of a set A in X* i s

denoted by A* .

A point x € X i s sa id to be of P-strong cha rac t e r i s t i c 0 i f

whenever there are nets {x.} in X and [p •} in P with x. -*• x and
Ir 1s Is

x.p. -*• y , then xp. -*• y . If in the above definition P is replaced by
1s Is 1s

T , then x is said to be of strong characteristic 0 [3]. As in [2], x

is said to be of {P-characteristic 0}{characteristic 0} if

{IT (X) = xP}{#(x) = x?} . {X, T, IT) is said to have the property if every

point in X possesses that property. I t is clear that if x is of
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P-strong characteristic 0 , then i t is of P-characteristic 0 .

THEOREM 1. A transformation group {X, T, IT) is of strong

characteristic 0 if and only if it is of P-strong characteristic 0 ,

for some replete semigroup P in T , provided that xT is compact for

each x € X .

Proof. The necessity is clear.

The proof of the sufficiency consists of three steps.

(i) We first show that the squared flow (X x X, T, H) , where

fi((*. y), *) = (T(X, t) , it(y, t)) , is of P-characteristic 0 .

Let

{(x., w.)} i n x x x and {PA i n p such that (x. , y .) -> (x, y) ,
U U U Is Lr

(x . , y .)p • •*• {a, b) . This implies tha t x . -*• x , y. •* y , x.p. •* a and

y.p. •+ b . I t follows tha t xp. -*• a and yp. -»• b and consequently

(x, y)p. + {a, b) . Thus ( a , b) € (x, y)P . Hence if (x , y) c (x, y)P .
Is

Since i t is always true that (x, y)P c ZT (x, y) , (x, y)P = u(x, y) .

Therefore (x, y) i s of P-characteristic 0 . In fact we have shown that

(x, y) i s of P-strong characteristic 0 .

( i i ) In this step we show that {X x X, T, v) is of charactistic

0 .

(x, y) € X x X and l e t (a, b) € D (x, y) . Then there are nets

We f i r s t show that (x, y)T i s minimal for each (x, y) t X x X .

P"1

Since (x, y)T c XT x yT i s compact, L (x, y) ± 0 , where

P"1 = {p"1 € T | p € P} . Let ( c , d) € LP (x, y) . Then

p-1 p-1
(e , d) € ( e , d)T<z L (x, y) c if (x, j/) . Thus

(x, y) € / ( e , d) = (e , d)P .

This implies that

P"1

(x, z / ) r c ( e , d)y c L (x,

P" 1

Let ( e , f) € (x , y)T . Then ( e , / ) € L (x, #) . Therefore, as above,
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(x, y)T c (e, f)T and consequently, (x, y)T is minimal. Since

L (x, i/) * 0 , i t follows that

(x , y)T = (z, j/)P = L (x, y) .

Let (g, h) € £>(x, y) . Then there are nets \[g •, h.)} in X x X and

{t^} in T such tha t ( ^ , h?\ + (x , y) and ( ^ , T K ) ^ -»• (g, h) . Forh

each £ ,

Thus

[g., h.)^ € l.?., h.)T = U-, ^IP ; j

It follows from [2] that (#, h) i u(x, y) = (x, y)P = (x, j/)2" .

D(x, y) c: (x, y)T . Hence I?(x, t/) = (x, y)T . This shows that

{X x X, T, if) is of characteristic 0 .

(iii) We now show that (X, T, TT) is of strong characteristic 0 .

Assume there is a point x € X which is not of strong characteristic 0 .

Then there are nets {x.} in X and {*•} in T such that x. -»• x ,

x.t. -*• y € X and xt. —/-*• y . Since xT is compact, we may assume that

xt. -*• z € X . Now fx., x] -*• (x, x) and (x., x)t. •* (y, z) implies that

(y, z) € D(x, x) . From (2) i t follows tha t (y, z) € (x, x)T .

Consequently, y = z and we thus have a contradict ion.

The proof of the theorem i s now complete.

We say t h a t a subset M of X i s Liapunov s table i f for each

neighborhood V of M there exis ts a neighborhood V of M such tha t

VT a U . A transformation group {X, T, IT) i s Liapunov s table i f xT i s

Liapunov s table for each x € X .

THEOREM 2. If a transformation group (X, T, TT) i s of P-strong

characteristic, then the squared transformation group (X x X, T, TT) is

Liapxmov stable, provided that either X is locally connected or (x, y)T

is connected for each (x , y) € X x x . The converse holds whenever xT

is compact for each x i X .

Proof. ( i) Assume that X is locally connected and suppose that for

some ( x , y) € X x x , ( x , y)T i s no t Liapunov s t a b l e . S ince ( x , y)T

i s minimal (Theorem l ) , i t fol lows t h a t VT 3 ( x , y)T f o r every
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neighborhood V of (x , y) . There e x i s t s a neighborhood U of (x , y)T

and a neighborhood f i l t e r {v.} of connected open neighborhoods of (x , y)

and a ne t {*.} in T with V.t. cj: U for each £ . Since V.t. i s a l so

connected, t h e r e e x i s t s ( x . , y.) <: V. such t h a t (x., y.)t. € 3£/ ( the

boundary of £/ ) . Since 9£/ i s compact, we may assume t h a t

fx . , y-)t. •* ( e , d) € W . I t follows t h a t {a, d) € D(x, y) . This

implies by Theorem 1 t h a t ( e , d) € (x , y)T cz U and we thus have a

condic t ion . This shows t h a t (X x X, T, TT) i s Liapunov s t a b l e .

(ii) Assume that (x, y)T is connected for each (x, y) € X x X .

I f (x , t/)T i s not Liapunov s t a b l e for some (x , y) € X x X , then the re

i s a neighborhood £/ of ( x , y) and t h e r e e x i s t ne t s {(#•> £/•)} in V

and {*.} in T such t h a t ( x . , w.) -»• (x , y) and ( x . , y.)t. \ U for

each i, . Since (x., y .)T is connected, [x., y .}T n 8£/ # 0 for each
Is 1s 1s 1s*

i . Let (a., b.) € D{x., y.) n 9(/ for each i . Without loss of

generality, we may assume that [a., b.) -*• (a, b) € W . Hence

(a, b) € D(x, y) 14, 1.6]. It follows from Theorem 1 that
(a, b) € (x, y)T and we thus have a contradiction. Hence (X x X, T, if)

is Liapunov stable.

To prove the converse under the assumption that xT is compact for

each x € X we show first that X *• X is of characteristic 0 . If for

some (x, y) (. X *• X , D{x, y) + (x, y)T , then let

(a, b) € 0(x, y) - (x, y)T . There exists a neighborhood U of (x,

such that (a, b) |f U . Since (x, y)T is Liapunov stable, there exists a

neighborhood V of (x, y)T with VT c U . Thus

(a, b) € £(x, £/) c VT c y and we thus have a contradiction. Consequently,

X x x is of characteristic 0 . Assume that there exists a point z € X

which is not of P-strong characteristic 0 . Then there are nets {s.}
1s

in X and \p.} in P such that z. •*• z , z .p. •*• d and zp. —/->• d .

Since zP is compact, we may assume that zp. •*• o . Thus
Is

(e, d) i. D{z, z) = (2, z)P . Thus e = d and we then have a

contradiction. This completes the proof of the theorem.
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