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( rece ived F e b r u a r y 17, 1969) 

1. In t roduc t ion . The K t r a n s f o r m a t i o n (also cal led the Mei je r 
t r a n s f o r m a t i o n ) has been extended by Zeman ian [1 ; 2] to a c l a s s of 
gene ra l i zed funct ions, X 1 , . F o r f e K1 , he defined the K 

7 (JL, a ' | i , a' 
t r a n s f o r m of f by 

(1) k f = < f ( x ) , «s/sx K (sx) >, Re s > <r = m a x ( a , 0) 
p. ^ f 

In [2, Section 6 .6 ] the following i nve r s ion t h e o r e m for the K t r a n s f o r m 
of f is p roven : 

(2) f(x 
1 cr + i r 

) = l im — f (k f ) ( s ) \ f s x I (sx)dî 
r->oo cr- î r 

in the s e n s e of weak conve rgence in D'( I ) . Here , cr is any fixed r e a l 
number g r e a t e r than cr , (i is z e r o or a complex number with pos i t ive 

r e a l p a r t and Df(I) is the space of Schwartz d i s t r ibu t ions on I = (0 , oo). 
In the convent ional s e n s e where the K t r a n s f o r m of a su i tab ly r e s t r i c t e d 
function f(x) is given by 

(3) k [f(x)] = f f(x) \ [sx K (sx)dx 
Li J . Li 

the i nve r s ion fo rmula is a l so given by Equat ion (2) [3, page 125] . 

Weiss [4] sugges ted that, in the convent ional s e n s e , Equat ion (2) 
can be der ived f r o m the Hankel i nve r s ion t h e o r e m . It i s the p u r p o s e of 
th is pape r to show this de r iva t ion in the genera l i zed s e n s e . 
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We f i r s t r e c a l l o u r d e f i n i t i o n of t h e g e n e r a l i z e d H a n k e l t r a n s f o r m 

a t i o n [ 5 ] . O u r n o t a t i o n s h a l l b e t h a t of [ 5 ] . F o r a r e a l n u m b e r |JL and 

a p o s i t i v e r e a l n u m b e r a , 3- i s d e f i n e d a s t h e s p a c e of s m o o t h 
(JL, a 

f u n c t i o n s cj)(x) f o r w h i c h 

(4) T £'*(<!>) - s u p | e " a V f l ' ^ S k ( 4 ) ) | < oo, k = 0 , 1 , 2 
0<X<QO ^ 

i ' h e r e 

S = (x ^ 2 D x ^ D x ^ 2 and D = T ; 

fy i s a F r é c h e t s p a c e w h e n s u p p l i e d w i t h t h e t o p o l o g y g e n e r a t e d 
|d, a 

b y t h e c o l l e c t i o n of s e m i n o r m s {TV~' } . F o r e a c h f i x e d c o m p l e x n u m b e r 

y i n t h e s t r i p Q, = { y : | I m y | < a , y ^ O o r a n e g a t i v e n u m b e r ) , 
4- c o n t a i n s t h e f u n c t i o n \ fyx J (yx) . T h e H a n k e l t r a n s f o r m a t i o n , 
°\±, a. \i 
h , i s d e f i n e d o n t h e d u a l s p a c e 4 1 a s f o l l o w s . L e t \i b e r e s t r i c t e d 

to -~ < UL < oo. T h e n f o r f e # ' 
°|JL, a 

(5) ( h f ) ( y ) # < f ( x ) , N ^ x J ( y x ) ) , y e ft 
M* H* 

If y i s r e s t r i c t e d to t h e p o s i t i v e r e a l a x i s , t h e n (5) i s i n v e r t e d b y 

(6) f(x) = l i m f ( h f ) ( y ) N ^ J ( x y ) d y 
r->oo 0 * * 

in t h e s e n s e of w e a k c o n v e r g e n c e i n D ' ( I ) . 

2 . D e r i v a t i o n of t h e K i n v e r s i o n t h e o r e m . We s h a l l n o w d e r i v e 
t h e t r a n s f o r m p a i r (1) and (2) f r o m t h e p a i r (5) and ( 6 ) . In o r d e r to 
a s s i g n a s e n s e to t h e K t r a n s f o r m of f e $•' w e p r o v e 

|JL, a 

L E M M A 1 . L e t |JL b e r e s t r i c t e d to -jr <_ (JL < 0 and l e t 

s e r = { s : R e s > 0 , s / 0 } . T h e n NJ"SX K ( S X ) e 4 
— JJL °[i, a 
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P r o o f . It i s e a s i l y s h o w n t h a t 

| e " " a V ^ S k N/SIE K (sx)| 
H- V 

- a x 2k +f i + i , X-|J.T, / v i 
3 s r (sx) r K (sx) 

If w e n o w r e s t r i c t s a s in t h e h y p o t h e s i s , t h e s e r i e s and a s y m p t o t i c 
e x p a n s i o n s of K (z) [6 , p a g e s 5 and 8 6 ] y i e l d 

( s x ) ^ K ( s x ) < 

- 2 u - 2 ^ + 2 
a . x • + a ^ x ^ + 

1 2 

c x " ^ e - | s | x 

+ b + b x + 
0 1 

0 < x < 1 

1 < x < oo 

T h e r e f o r e , f o r -~ < JJL < 0 , 

T^' a (^Jrsx K (sx)) < oo 
K (JL 

L E M M A 2 . L e t p. b e r e s t r i c t e d to -\ < \x < 0 and l e t s e F. 

L e t F ( s ) = k f = < f ( x ) , \ f i x K ( sx ) > , f G 4 1 . T h e n , in t h e s e n s e 
JJL JJL 4\x, a 

of w e a k c o n v e r g e n c e i n D ' ( I ) , 

1 l r 

f(x) = l i m - f F ( s ) NTSX I ( s x ) d s . 
T T l J . |JL r->oo - î r 

P r o o f . C o n s i d e r t h e t r a n s f o r m p a i r (5) and (6) . B y v i r t u e of 
E q u a t i o n s 7 and 15 of [6 , p a g e s 4 - 5 ] , w e c a n w r i t e (5) a s 

(7) (hf)(y) = - S£(x), e
- 1 * ^ + * ) l r 4^$ K (-ixy)> 

LL TT * LL 

+ - / f ( x ) , e ^ ^ ^ y K ( i x y ) > 

S u b s t i t u t i n g (7) i n t o (6) w e o b t a i n 
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(8) f(x) = l i m \ - f F(-iy)e~
lz{[X + z h ^ J (xy)dy 

r->oo L 0 r 

+ - f F ( i y ) e ^ ( ^ + ^ ) T T ^ J (xy)dyj 
17 n M- J 

Let -iy = s in the first integral and let iy = s in the second integral 
of (8). We obtain 

f(x) = lim i - f F(s)e"1^(H ' + ^ ) T T ( i x s ) 2 J ( i x s ) i d s 
r->oo 1 0 

1 / r w^Hfo+iK + - f F(s)e 2 ^ 2 ' (-ixs)2 J (-ixs)(-ids) 
* 0 ^ 

The lemma follows from the identities [6], 

I (z) = e"2 ^ J (iz) 

I (z) = e ^ 1 ^ J (-iz) 
\x Li 

and the observation that if C is a right-hand semicircle of radius ô 
around the origin^ 

T f F(s) N/S7 I (sx)ds -* 0 as 5 -> 0 
' 1 ^ Li w l "O 

uniformly on compact subsets of 0 < x < oo. 

THEOREM. Let LJL be restricted to -f- < \x < 0 and let s e T. 
Let F(s) = k f , f e 4' for some a > 0 . Then for a fixed real non-

hi 0L i , a 

negative cr , 
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cr+ir 
(x) = l im — f F ( s ) \fsx I (sx)d£ 

TU J u. 
r-* oo o"- î r 

in the s e n s e of weak conve rgence in D'(I) . 

P roof . The c a s e w h e r e cr = 0 is contained in L e m m a 2. We 
t h e r e f o r e let c be a fixed n u m b e r g r e a t e r than z e r o . We sha l l show 
tha t in the s e n s e of weak convergence in D'(I), 

cr + i r 
(9) l im ~ f F ( s ) N^SX I (sx)d 

r-> oo î r r 

Let cb(x) £ D(I) • Then we wish to show that 

cr + i r 
(10) < - , f <ff(t) , NTS! K ( s t ) > \TslE I ( s x ) d s , <b(x) > 

\ TTl ^ . X |Jl ' (JL ' 

c o n v e r g e s to z e r o a s r -*» oo. Since cf> G D(I) and by the s m o o t h n e s s of 
the in tegrand , it follows that (10) is an i t e r a t ed i n t e g r a l on (s , x) having 
a cont inuous in tegrand and a finite domain of i n t eg ra t ion . Thus , (10) 
b e c o m e s 

cr+ir oo 
- f <^f(t), N/Tt K ( s t )> f cb(x) N/ÏX I (sx)dxds 

af ter we change the o r d e r of i n t eg ra t ion . By an a r g u m e n t based on 
cr + i r 

R i e m a n n s u m s for the i n t eg ra l f ' ' * ds , the las t e x p r e s s i o n can 
i r 

be w r i t t e n as 

cr + i r oo 
(11) <(f(t) , - f N/"st K (st) f cb(x) NTSX I ( s x ) d x d s > . 
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To show that (11) c o n v e r g e s to z e r o , we sha l l show that the t es t ing 
function in (11) c o n v e r g e s in $ to z e r o . Let 

j j i , a 

cr+ir 
U (t) = - f \Tst K (st) f (K(x) \ T S X I (sx)dxds 

r TT1 J^ M- n M-

In te rchang ing the o r d e r of i n t eg ra t i on and c a r r y i n g the o p e r a t o r S 

under the i n t e g r a l s igns , we have 

u A °° cr+ir 
S U (t) = - f (|)(x) f S (NTSÏ K (st)) N/IX" I (sx)dsd^ 

LL, t r TT1 J ./ . J l , t |JL LL 

oo cr + i r 
= - f * ( x ) f (N/Tt K ( s t ) ) S (<silx I (sx))dsdx 

T T l J J . jJL LL, X jJL 

k 
f <h(x) S V (x , t)dx 

J - v u. x r o ^' x r 

cr + i r 
w h e r e V ( x , t ) = — f \/~st K (st) N/7X I (sx)ds . 

r T T l J . |JL JJL 

By s u c c e s s i v e i n t e g r a t i o n s by p a r t s and b e c a u s e cf> is s m o o t h with 
c o m p a c t suppor t on (0 , oo) , 

00 

(12) S U (t) = f V ( x , t ) S k cj>(x)dx 
M-.t r J

0
 r ^ , X 

We now eva lua te V (x , t) by [6, page 90] 

( s i (sx)K (s t )ds = 2 9 [xl , . ( sx)K (st) + tK , . ( s t ) I (sx) ] 
J \X [l X - t Ll+1 JJL |JL + 1 (JL 
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and b r e a k up (12) into i n t eg ra l s I , I_, and I with in tegra t ion on 

0 <C x < t - ô , t - ô < . x < t + ô and t + ô < x < oo, r e s p e c t i v e l y . 

_ a t -u,- — 
We sha l l show that N (t) = e t I (t) can be m a d e a r b i t r a r i l y 

r 2 
s m a l l un i formly on 0 < t < » , 1 < r < oo by choosing ô s m a l l enough. 

F o r convenience , let L|J(X) = S cj>(x) and let supp <\)(x.) = [ A , B ] C (0 , oo), 

If t + Ô < A or t - ô > B , then i|i(x) = 0 and N (t) = 0 . 

Thus we only have to cons ide r the in t e rva l A - 6 < t < B + 6 . Using 
a sympto t i c e x p r e s s i o n s for I (z) and K (z) we have, upon simplifying, 

(13) N (t) = e " a V ^ f *& {^ -1 e i r ( x _ t ) 

t-ô 2jri I X _ t 

( e - ( 7 ( x + t ) _ l ) _ i r ( x + t ) + i | -
^ j ^ e J . (1 + 0 ( | r | )) dx 

The in tegrand in (13) is uni formly bounded on the domain A = 
{(x , t) : A < x < B , A - ô < t < B + o } for a l l r > 1 . We sha l l 

show this for the t e r m involving (x - t) as it is quite c l ea r for the 
o ther t e r m s . Indeed, 

^o-(x-t) » 3 2 

and t h e r e f o r e r e m a i n s bounded for a l l (x , t) e A . Hence, given 
an e > 0 , we can choose ô so s m a l l that | N ( t ) | < e for a l l r > 0 , 
0 < t < oo, and A < x < B . 

The un i form conve rgence to z e r o of the e x p r e s s i o n s 
- a t -[X--J - a t -LI-4-

e t dl and e t I is ver i f ied in a s i m i l a r m a n n e r . Thus 
i 3 

(11) c o n v e r g e s to z e r o for any choice of <j>'(x) e D(I) as r -* oo. 

An analogous proof shows that 

1 " i r 

(14) l im - f F ( s ) NTSX" I (sx)ds = 0 . 
T T l «/ LI 

r-> oo cr- i r 
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The theorem now follows from Equations (9), (14) and Lemma 2. 

3. Remarks , (i) It must be pointed out that the inversion 
theorem as proven here is valid for JJL restr icted to -\ < (JL < 0 . 
This is a departure from the theorem given in [2], where JJL is zero or 
a complex number such that 0 < Re JJL < oo. Fur thermore , the path of 
integration in our case may be taken along any line through or to the 
right of the imaginary axis whereas the o~ in [2] has to be a positive 
number. These differences, which are not critical, result from the 
different topologies assigned to the fundamental spaces & and 

°|JL, a 
% • 

u, a 

(ii) In [5], an I-transformation of generalized functions was 
developed and an inversion theorem was stated without proof. This 
theorem may be proven in essentially the same steps as employed here . 
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