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Starting from the equations of collisionless linear gyrokinetics for magnetised plasmas
with an imposed inhomogeneous magnetic field, we present the first known analytical,
closed-form solution for the resulting velocity-space integrals in the presence of
resonances due to both parallel streaming and constant magnetic drifts. These integrals
are written in terms of the well-known plasma dispersion function (Faddeeva &
Terent’ev, Tables of Values of the Function w(z) = exp(−z2)(1 + 2i/

√
π
∫ z

0 exp(t2) dt)
for Complex Argument, 1954. Gostekhizdat. English translation: Pergamon Press, 1961;
Fried & Conte, The Plasma Dispersion Function, 1961. Academic Press), rendering
the subsequent expressions simpler to treat analytically and more efficient to compute
numerically. We demonstrate that our results converge to the well-known ones in the
straight-magnetic-field and two-dimensional limits, and show good agreement with
the numerical solver by Gürcan (J. Comput. Phys., vol. 269, 2014, p. 156). By
way of example, we calculate the exact dispersion relation for a simple electrostatic,
ion-temperature-gradient-driven instability, and compare it with approximate kinetic and
fluid models.

Key words: fusion plasma, plasma instabilities

1. Introduction

The investigation of the linear-stability properties of magnetically confined plasmas
is crucial for the design of magnetic-confinement-fusion devices. The heat and particle
losses in these devices are dominated by turbulent fluctuations, which are themselves
excited by linear instabilities driven by the gradients of the plasma equilibrium (Rudakov
& Sagdeev 1961; Coppi, Rosenbluth & Sagdeev 1967; Pogutse 1968; Guzdar et al. 1983;
Hugill 1983; Liewer 1985; Waltz 1988; Wootton et al. 1990; Cowley, Kulsrud & Sudan
1991; Kotschenreuther et al. 1995; Xanthopoulos et al. 2007; Ongena et al. 2016). In
most cases, the strong toroidal magnetic field constrains the plasma fluctuations to have
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typical temporal scales that are slow compared to the frequency of the Larmor motion of
the particles, and to be anisotropic in space: length scales along the magnetic field are
comparable to the size of the device, while those perpendicular to it are comparable to the
Larmor radii of the particles. Therefore, the plasma dynamics can often be treated using
the gyrokinetic formalism (Frieman & Chen 1982; Sugama et al. 1996; Howes et al. 2006;
Abel et al. 2013; Catto 2019).

When solving the linear gyrokinetic equation, one inevitably encounters resonant
velocity-space integrals that need to be evaluated, analytically or numerically, to obtain the
dispersion relation for the linear modes present within the system. The most basic of these
resonances results from the parallel (to the magnetic field) streaming of particles, first
discussed by Landau (1946). However, in the presence of an inhomogeneous equilibrium
magnetic field, one is presented with a qualitatively different type of resonance due to
the magnetic drifts of the particles. Evaluating these resonant integrals analytically, in
the presence of both parallel streaming and magnetic drifts that are constant along the
magnetic field, and without further approximations (such as those used in, e.g. Terry,
Anderson & Horton 1982; Kim et al. 1994) has remained an open research question,
despite some progress being made numerically (Gürcan 2014; Gültekin & Gürcan 2018;
Gültekin & Gürcan 2020; Parisi et al. 2020). However, it is well known that there are
instabilities that exist only in the presence of curved magnetic fields, e.g. the toroidal
ion-temperature-gradient (ITG) instability (Pogutse 1968; Guzdar et al. 1983; Waltz 1988;
Kotschenreuther et al. 1995). Often, such instabilities are the dominant ones in toroidal
plasmas. Thus, the exact inclusion of the magnetic-drift resonance in the analytical
theory of linear gyrokinetics is expected to lead to qualitative changes in the behaviour
of the resulting dispersion relation and to allow for a more complete treatment of the
linear-stability properties of strongly magnetised plasmas.

In this work, we present closed forms for the aforementioned resonant integrals. These
are written in terms of the plasma dispersion function (Faddeeva & Terent’ev 1954; Fried
& Conte 1961). They allow us to find a closed expression for the drift-kinetic dispersion
relation, or an absolutely convergent series for the gyrokinetic one via Taylor expansions.
The inclusion of magnetic drifts in the linear gyrokinetic problem introduces two distinct
changes: (i) quantitatively, in that it significantly modifies the growth rates and frequencies
of linear solutions; and (ii) qualitatively, by introducing a multivalued dispersion function.
The latter has important consequences for the form of the dispersion relation and its
solution, some of which have already been described in the literature (Kuroda et al. 1998;
Sugama 1999).

The rest of the paper is organised as follows. We begin by summarising how the
gyrokinetic dispersion relation, and the resonant velocity-space integrals of which it is
comprised, emerge from the Fourier–Laplace transform of the linear gyrokinetic equations
in § 2. Then, in § 3, we discuss already-known solutions for these integrals and the
asymptotic limits in which they apply. The main result of this work is presented in § 4,
where we derive the exact solution to one particular resonant integral – the ‘generalised
plasma dispersion function’ – to which all others will be related. In § 5.1, we show both
analytically and numerically that the generalised plasma dispersion function asymptotes to
the known solutions in the cases of zero magnetic curvature and of two-dimensional (2-D)
perturbations, while § 5.2 demonstrates that our expressions are in agreement with the
numerical solver published by Gürcan (2014). Section 6 discusses the analytic continuation
of these functions and the subsequent solution to the inverse-Laplace-transform problem
by which we obtain the solution to the linear gyrokinetic system. In § 7, we show how
the results obtained in § 4 can be generalised to the gyrokinetic case via absolutely
convergent Taylor expansions. In § 8, we give an example calculation for the electrostatic
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ITG instability and compare it with known kinetic and fluid limits. Finally, our results are
summarised and possible extensions discussed in § 9.

2. Collisionless gyrokinetic linear theory

In this section, we demonstrate how the resonant kinetic integrals that are the main
focus of this paper emerge naturally from considerations of linear, collisionless local
gyrokinetic theory with constant geometric coefficients [see the discussion following
(2.10)]. Readers already familiar with gyrokinetic theory may wish to skip ahead to § 2.3,
working backwards where further clarification is required.

2.1. Gyrokinetics
As is often the case in the study of magnetically confined plasmas, we shall assume
that the fluctuations within our plasma obey the standard gyrokinetic ordering (see, e.g.
Abel et al. 2013 or Catto 2019); that is, for fluctuations with a characteristic frequency ω
and wavenumbers k‖ and k⊥ parallel and perpendicular to the equilibrium magnetic field
direction b0 = B0/B0, we have

ω

Ωs
∼ νss′

Ωs
∼ k‖

k⊥
∼ qsφ

T0s
∼ δB‖

B0
∼ δB⊥

B0
∼ ρs

L
� 1, (2.1)

where Ωs = qsB0/msc is the cyclotron frequency of species s with charge qs, equilibrium
density and temperature n0s and T0s, respectively, mass ms and thermal speed vths =√

2T0s/ms, νss′ is the typical collision frequency, ρs = vths/|Ωs| is the thermal Larmor
radius, δB‖ and δB⊥ are the fluctuations of the magnetic field parallel and perpendicular
to the equilibrium direction, respectively, and L is a typical equilibrium length scale.
It is assumed that all equilibrium quantities evolve on the (long) transport timescale
τ−1

E ∼ (ρs/L)3Ωs, and so will be considered static throughout the remainder of this paper.
Under the ordering of (2.1), the perturbed distribution function δfs consists of the

Boltzmann and gyrokinetic parts:

δfs(r, v, t) = −qsφ(r, t)
T0s

f0s(x, v) + hs(Rs, v⊥, v‖, t), (2.2)

where Rs = r − b0 × v⊥/Ωs is the guiding-centre position, and hs evolves according to
the gyrokinetic equation

∂

∂t

(
hs − qs 〈χ〉Rs

T0s
f0s

)
+ (v‖b0 + vds

) · ∇hs + vχ · ∇⊥ (hs + f0s) =
(

∂hs

∂t

)
c

. (2.3)

In the above, and throughout this paper, 〈· · · 〉Rs
denotes the standard gyroaverage at

constant Rs. Here, χ = φ − v · A/c is the gyrokinetic potential (φ and A are the scalar
and vector potential, respectively, under the Coulomb gauge ∇ · A = 0) that gives rise to
the drift velocity

vχ = c
B0

b0 × ∂ 〈χ〉Rs

∂Rs
, (2.4)

which includes the E × B drift, the parallel streaming along perturbed field lines and the
∇B drift associated with the perturbed magnetic field. This gives rise to nonlinearities
(with which we will not be concerned in this paper), as well as the familiar gyrokinetic
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drive associated with the equilibrium distribution f0s, viz.

vχ · ∇⊥f0s = − c
B0

(
b0 × ∂ 〈χ〉Rs

∂Rs

)
· ∇x

[
1

Lns

+ ηs

Lns

(
v2

v2
ths

− 3
2

)]
f0s, (2.5)

where

L−1
ns

= − 1
n0s

∂n0s

∂x
, L−1

Ts
= − 1

T0s

∂T0s

∂x
, ηs = Lns

LTs

(2.6)

are the characteristic length scales associated with the radial equilibrium gradients of
both density and temperature, respectively, ηs is their ratio, and x is the direction of the
equilibrium gradients. The magnetic drifts associated with the equilibrium field are

vds = b0

Ωs
×
[
v2

‖b0 · ∇b0 + 1
2
v2

⊥∇ log B0

]
. (2.7)

The last term on the right-hand side of (2.3) is the (linearised) collision operator, which
we henceforth neglect given that we are interested in studying collisionless dynamics. The
electromagnetic fields appearing in the gyrokinetic equation (2.3) are determined by the
quasineutrality condition

0 =
∑

s

qsδns =
∑

s

qs

[
−qsφ

T0s
n0s +

∫
d3v 〈hs〉r

]
, (2.8)

where 〈· · · 〉r denotes the gyroaverage at constant r, and by the parallel and perpendicular
parts of Ampère’s law, which are respectively

∇2
⊥A‖ = −4π

c

∑
s

qs

∫
d3v v‖ 〈hs〉r , (2.9)

∇2
⊥δB‖ = −4π

c
b0 ·

[
∇⊥×

∑
s

qs

∫
d3v 〈v⊥hs〉r

]
. (2.10)

Together, (2.3) and (2.8)–(2.10) form a closed system of equations that, in principle, allows
us to determine hs and thus the evolution of the fluctuations in our plasma. In this work,
we solve the linear part of this system in the ‘local’ limit (Beer, Cowley & Hammett
1995): we assume that the gradients of all equilibrium quantities are constant – including
the geometric coefficients b0 · ∇b0 and ∇ log B0 that appear in the magnetic drifts – and
choose orthonormal coordinates (x, y, z), in which ẑ = b0 is the direction of the magnetic
field, x̂ is, as above, the direction of the equilibrium gradients (cf. the radial direction in
toroidal geometry), and ŷ ≡ b0 × x̂ is the binormal direction (cf. the poloidal direction in
toroidal geometry). One can think of this geometry as that of a Z-pinch (see Ricci et al.
2006; Ivanov et al. 2020; Adkins et al. 2022; Ivanov, Schekochihin & Dorland 2022) due
to the assumption of constant magnetic curvature and lack of magnetic shear, which we
have implicitly assumed. Under these assumptions, the system of (2.3), (2.8)–(2.10) is
homogeneous in space, allowing us to impose periodic boundary conditions in all three
spatial dimensions.

In the next section, we consider the time evolution of a single Fourier mode and obtain
the resulting gyrokinetic dispersion relation.
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2.2. Linear gyrokinetic problem
Neglecting the nonlinear term and introducing the spatial Fourier decomposition:

hs(Rs, v⊥, v‖, t) =
∑

k

hsk(v⊥, v‖, t)eik·Rs, χ(r, t) =
∑

k

χk(t)eik·r, (2.11)

with k = k⊥ + k‖b0, the Fourier modes hsk and χk can be shown to satisfy

∂

∂t

(
hsk − qs 〈χk〉Rs

T0s
f0s

)
+ ik‖v‖hsk + iωDshsk − iωT

∗s

qs 〈χk〉Rs

T0s
f0s = 0, (2.12)

where we have defined the drift frequencies associated with the equilibrium gradients of
species s [cf. (2.5)]:

ωT
∗s = ω∗s

[
1 + ηs

(
v2

v2
ths

− 3
2

)]
, ω∗s = − kycT0s

qsB0Lns

, (2.13)

and with the equilibrium magnetic field curvature and gradient [cf. (2.7)]:

ωDs = 2v2
‖

v2
ths

ωκs + v2
⊥

v2
ths

ω∇Bs, (2.14)

where

ωκs = v2
ths

2Ωs
k⊥ · [b0 × (b0 · ∇)b0] , ω∇Bs = v2

ths

2Ωs
k⊥ · (b0 × ∇ log B0) . (2.15)

Starting from the perpendicular force balance of the gyrokinetic equilibrium [see (128) in
Abel et al. 2013], it is straightforward to show that the difference between these two drifts
is given by

ωκs − ω∇Bs = v2
ths

2Ωs
k⊥ · (b0 × ∇x)

∂

∂x

∣∣∣∣
B0

∑
s′

βs′

2
, (2.16)

where βs = 8πn0sT0s/B2
0 is the plasma beta of species s. Lastly, the gyroaveraged

Fourier-transformed gyrokinetic potential is

〈χk〉Rs
= J0(bs)

(
φk − v‖A‖k

c

)
+ 2J1(bs)

bs

T0s

qs

v2
⊥

v2
ths

δB‖k

B0
, (2.17)

while the field equations (2.8)–(2.10) can be written as (see, e.g. Howes et al. 2006)

∑
s

q2
s n0s

T0s
φk =

∑
s

qs

∫
d3v J0(bs)h̃s, (2.18)

k2
⊥A‖k = 4π

c

∑
s

qs

∫
d3v v‖J0(bs)h̃s, (2.19)

δB‖k

B0
= −1

2

∑
s

βs

n0s

∫
d3v

v2
⊥

v2
ths

2J1(bs)

bs
h̃s, (2.20)

where bs = k⊥v⊥/Ωs, and J0, J1 are the Bessel functions of the first kind (Abramowitz &
Stegun 1972) that capture finite-Larmor-radius effects. It will prove convenient to combine
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FIGURE 1. The complex p plane, with Re( p) and Im( p) shown on the horizontal and vertical
axes, respectively. The contour of integration for the inverse Laplace transform Cσ is is a vertical
straight line at Re( p) = σ , to the right of which (i.e. in the shaded grey region) the functions
ĥsk and χ̂k are guaranteed to be analytic. Singularities, such as poles (indicated by crosses) or
branch cuts (indicated by the zigzag line), could exist at Re( p) < σ .

φk, A‖k, and δB‖k into a single vector χk given by

χk =
(

qrφk

T0r
,

k‖
|k‖|

A‖k

ρrB0
,

δB‖k

B0

)T

. (2.21)

Here, and in what follows, we normalise the electromagnetic fields using an arbitrary
reference mass mr, density n0r, thermal velocity vthr, temperature T0r, and gyroradius ρr.

Following Landau (1946), we consider an initial-value problem and introduce the
Laplace transformations

ĥsk(v⊥, v‖, p) =
∫ ∞

0
dt e−pthsk(v⊥, v‖, t), χ̂k( p) =

∫ ∞

0
dt e−ptχk(t). (2.22)

Assuming there exist positive real m and M such that

∣∣hsk(v⊥, v‖, t)
∣∣ , ∣∣χk(t)

∣∣ � Memt, (2.23)

for all t > 0, and picking any real σ with σ > m, the integrals in (2.22) converge and the
transformed distributions ĥsk and fields χ̂k are analytic for all complex values of p with
Re( p) � σ . The inverse transformations are given by

hsk(v⊥, v‖, t) = 1
2πi

∫
Cσ

dp eptĥsk(v⊥, v‖, p), χk(t) = 1
2πi

∫
Cσ

dp eptχ̂k( p), (2.24)

where the contour of integration Cσ is along a straight line parallel to the imaginary axis
and intersecting the real axis at Re( p) = σ , as in figure 1 (this is the so-called Bromwich
contour).
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Performing the Laplace transform as in (2.22), (2.12) straightforwardly becomes

ĥsk = p + iωT
∗s

p + ik‖v‖+iωDs

qs
〈
χ̂k
〉
Rs

T0s
f0s + gsk

p + ik‖v‖+iωDs
, (2.25)

where gsk is the initial condition:

gsk(v⊥, v‖) = hsk(v⊥, v‖, t = 0) −
qs
〈
χ̂k(t = 0)

〉
Rs

T0s
f0s. (2.26)

Then, normalising the characteristic frequencies to the parallel-streaming rate1

ζs = ip
|k‖|vths

, ζ∗s = ω∗s

|k‖|vths
, ζκs = ωκs

|k‖|vths
, ζ∇Bs = ω∇Bs

|k‖|vths
, (2.27)

and defining the dimensionless velocity variables

u = k‖
|k‖|

v‖
vths

, μ = v2
⊥

v2
ths

, (2.28)

we substitute (2.25) into the Laplace transforms of the field equations (2.18)–(2.20) to
obtain the linear eigenvalue problem

Lχ̂k + G = 0, (2.29)

in which L is the linear coefficient matrix and G is the vector of the initial conditions of
the fields. The components of L are given by

Lφφ = −
∑

s

q2
s n0sT0r

q2
r n0rT0s

{
1 +

[
ζs − ζ∗s + ηsζ∗s

(
∂a + ∂b + 3

2

)]
I (s)

a,b

∣∣∣
a=b=1

}
, (2.30)

LφA = 2
∑

s

q2
s n0svthsT0r

q2
r n0rvthrT0s

[
ζs − ζ∗s + ηsζ∗s

(
∂a + ∂b + 3

2

)]
J (s)

a,b

∣∣∣
a=b=1

, (2.31)

LφB =
∑

s

qsn0s

qrn0r

[
ζs − ζ∗s + ηsζ∗s

(
∂a + ∂b + 3

2

)]
∂b K(s)

a,b

∣∣∣
a=b=1

, (2.32)

LAφ = −
∑

s

q2
s n0svthsT0r

q2
r n0rvthrT0s

[
ζs − ζ∗s + ηsζ∗s

(
∂a + ∂b + 3

2

)]
J (s)

a,b

∣∣∣
a=b=1

, (2.33)

LAA = −B2
0(k⊥ρr)

2

8πn0rT0r
− 2

∑
s

q2
s n0smr

q2
r n0rms

[
ζs − ζ∗s + ηsζ∗s

(
∂a + ∂b + 3

2

)]
∂a I (s)

a,b

∣∣∣
a=b=1

,

(2.34)

LAB =
∑

s

qsn0svths

qrn0rvthr

[
ζs − ζ∗s + ηsζ∗s

(
∂a + ∂b + 3

2

)]
∂b L(s)

a,b

∣∣∣
a=b=1

, (2.35)

LBφ = −
∑

s

βs

2
qsT0r

qrT0s

[
ζs − ζ∗s + ηsζ∗s

(
∂a + ∂b + 3

2

)]
∂b K(s)

a,b

∣∣∣
a=b=1

, (2.36)

1Note that normalising to |k‖|vths rather than k‖vths means that the condition for analyticity Re( p) � σ > 0 implies
Im(ζs) > 0, regardless of the sign of k‖.
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8 P.G. Ivanov and T. Adkins

LBA =
∑

s

βs
qsT0rvths

qrT0svthr

[
ζs − ζ∗s + ηsζ∗s

(
∂a + ∂b + 3

2

)]
∂b L(s)

a,b

∣∣∣
a=b=1

, (2.37)

LBB = −1 +
∑

s

βs

2

[
ζs − ζ∗s + ηsζ∗s

(
∂a + ∂b + 3

2

)]
∂2

b M(s)
a,b

∣∣∣
a=b=1

, (2.38)

where we have defined the following integrals

I (s)
a,b = 1√

π

∫ ∞

−∞
du
∫ ∞

0
dμ

e−au2−bμ

u − ζs + (2u2ζκs + μζBs
)J2

0(bs), (2.39)

J (s)
a,b = 1√

π

∫ ∞

−∞
du
∫ ∞

0
dμ

ue−au2−bμ

u − ζs + (2u2ζκs + μζBs
)J2

0(bs), (2.40)

K(s)
a,b = 1√

π

∫ ∞

−∞
du
∫ ∞

0
dμ

e−au2−bμ

u − ζs + (2u2ζκs + μζBs
) 2J0(bs)J1(bs)

bs
, (2.41)

L(s)
a,b = 1√

π

∫ ∞

−∞
du
∫ ∞

0
dμ

ue−au2−bμ

u − ζs + (2u2ζκs + μζBs
) 2J0(bs)J1(bs)

bs
, (2.42)

M(s)
a,b = 1√

π

∫ ∞

−∞
du
∫ ∞

0
dμ

e−au2−bμ

u − ζs + (2u2ζκs + μζBs
) [2J1(bs)

bs

]2

. (2.43)

Here, and throughout the remainder of this paper, the parameters a and b are assumed
to be both real and positive, ensuring integral convergence. Finally, the components of
G = (Gφ, GA, GB)

T are given by

Gφ =
∑

s

qsn0s

qrn0r

1
n0s

∫
d3v

gsk

p + ik‖v‖+iωDs
J0(bs), (2.44)

GA =
∑

s

qsn0svths

qrn0rvthr

1
n0s

∫
d3v

v‖
vths

gsk

p + ik‖v‖+iωDs
J0(bs), (2.45)

GB = −
∑

s

βs

2
1

n0s

∫
d3v

v2
⊥

v2
ths

gsk

p + ik‖v‖+iωDs

2J1(bs)

bs
. (2.46)

The eigenvalue problem (2.29) can be inverted to solve for the fields in the usual way,
viz.

χ̂k( p) = (adj L)G
det L

, (2.47)

where adj L and det L are the adjugate matrix and determinant of the linear matrix
L, respectively. The time-dependent fields are then determined by the inverse Laplace
transform of (2.47). As discussed above, the integrals in (2.24) are, before analytic
continuation, defined for Re( p) � σ > 0. For these values of p, Im(ζs) > 0, and so the
integrals in (2.39)–(2.43) converge and are analytic functions of p. Note that the equation

D( p) ≡ det L( p) = 0 (2.48)

is commonly known as the ‘dispersion relation’, while we shall refer to D itself as the
‘dispersion function’.
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2.3. Drift-kinetic limit
To evaluate the integrals (2.39)–(2.43), we specialise to the drift-kinetic limit, in which
the perpendicular wavenumbers of the perturbations are assumed small in comparison to
the species’ gyroradii, viz.

bs ∼ k⊥ρs � 1. (2.49)

In this limit, the Bessel functions can be expanded as

J0(bs) = 1 + O(b2
s ), 2J1(bs)/bs = 1 + O(b2

s ), (2.50)

meaning that, to leading order in bs, the contributions of the Bessel functions to the
integrals (2.39)–(2.43) are equal to one, and we may write

I(s)a,b = I (s)
a,b = K(s)

a,b = M(s)
a,b, J(s)

a,b = J (s)
a,b = L(s)

a,b, (2.51)

where I(s)a,b and J(s)
a,b are given by

I(s)a,b(ζs, ζκs, ζBs) = 1√
π

∫ ∞

−∞
du
∫ ∞

0
dμ

e−au2−bμ

u − ζs + (2u2ζκs + μζBs
) , (2.52)

J(s)
a,b(ζs, ζκs, ζBs) = 1√

π

∫ ∞

−∞
du
∫ ∞

0
dμ

ue−au2−bμ

u − ζs + (2u2ζκs + μζBs
) . (2.53)

Furthermore, we consider the particular case in which the difference between the curvature
and ∇B drifts, given by the right-hand side of (2.16) is zero and so their associated drift
frequencies can be taken to be equal, viz.

ωκs = ω∇Bs ≡ ωds ⇒ ζκs = ζ∇Bs ≡ ζds. (2.54)

Note that neither approximation should be interpreted as a consequence of some
asymptotic ordering of the parameters describing our gyrokinetic system of equations.
Instead, they should be viewed as formal approximations that allow us to obtain a solvable
case of a more general one. Their relaxation is discussed in § 7.

With these simplifications, we have reduced our problem to the evaluation of

Ia,b(ζ, ζd) = 1√
π

∫ ∞

−∞
du
∫ ∞

0
dμ

e−au2−bμ

u − ζ + ζd
(
2u2 + μ

) , (2.55)

Ja,b(ζ, ζd) = 1√
π

∫ ∞

−∞
du
∫ ∞

0
dμ

ue−au2−bμ

u − ζ + ζd
(
2u2 + μ

) , (2.56)

where we have used (2.54) and have dropped the species index for the sake of compactness
of notation.

3. Previous solutions

Before tackling the task of analytically integrating (2.55) and (2.56), we shall briefly
discuss some special cases in which these expressions are already known within the
literature. A reader already familiar with these solutions may wish to skip ahead to § 4,
working backwards if further clarification is required.
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(a) (b) (c)

FIGURE 2. The Landau prescription for the contour of integration CL that gives the analytic
continuation of (3.1). As the Laplace transform demands Re( p) � σ > 0, the pole u = ζ
is located in the upper-half plane [where Im(ζ ) > 0, see footnote 1], above the contour of
integration, as in panel (a). Therefore, the appropriate analytic continuation for Re( p) � 0
[i.e. Im(ζ ) � 0] demands that the contour must be deformed so as to always remain below the
pole, as in panels (b, c). Cauchy’s integral theorem ensures that we are free to deform the contour
without changing the value of the integral, so long as it does not cross the pole.

3.1. The plasma dispersion function and Landau’s solution
In the absence of magnetic drifts (i.e. when ζd = 0), (2.55) and (2.56) can straight-
forwardly be written in terms of the well-studied plasma dispersion function (Faddeeva
& Terent’ev 1954; Fried & Conte 1961):

Z(ζ ) ≡ 1√
π

∫ ∞

−∞
du

e−u2

u − ζ
, (3.1)

where the integral is defined for Im(ζ ) > 0 with the integration contour along the real u
axis, as in figure 2(a). In particular, we have that

Ia,b

∣∣
ζd=0 = 1

b
Za(ζ ), Ja,b

∣∣
ζd=0 = 1

b

[
1√
a

+ ζZa(ζ )

]
, (3.2)

where we have, for the sake of brevity, introduced the shorthand notation

Za(ζ ) ≡ Z(
√

aζ ). (3.3)

The integral in (3.1) can be analytically continued to Im(ζ ) � 0 by deforming the contour
of integration in such a way as to always keep the pole above it, as shown in figure 2(b, c).
This is known as the Landau prescription, and the resultant contour is the well-known
Landau contour CL (Landau 1946).

The plasma dispersion function (3.1) is ubiquitous in calculations of linear waves
and instabilities in systems with a spatially uniform magnetic field; notable examples
include the electron-temperature-gradient (see, e.g. Liu 1971; Lee et al. 1987) and
ion-temperature-gradient (see, e.g. Rudakov & Sagdeev 1961; Coppi et al. 1966; Sauter,
Vaclavik & Skiff 1990; Brunner & Vaclavik 1998; Smolyakov, Yagi & Kishimoto 2002)
instabilities, the latter of which we shall consider in § 8. It is also worth noting that
the Bessel functions can easily be incorporated into the integrals if ζd = 0 because the
resonant denominators are independent of μ. The resulting expressions involve modified
Bessel functions and are well known in the literature (see, e.g. Howes et al. 2006).
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3.2. Two-dimensional limit
In the 2-D limit, k‖ → 0 with ζ ∼ ζd → ∞, it can be shown (via, e.g. a partial-fractions
expansion of the integrand) that (2.55) can be expressed exactly in terms of products of
the plasma dispersion function (Biglari, Diamond & Rosenbluth 1989), viz.

I1,1 = − 1
2ζd

Z(
√

Ω)2 + O
(
ζ−2

d

)
, J1,1 = O

(
ζ−2

d

)
, Ω = ζ

2ζd
, (3.4)

with the integral for Ja,b vanishing to leading order because the integrand in (2.56) is
manifestly odd in u in this limit. The analytic continuation for (3.4) is significantly more
subtle than in the case of the plasma dispersion function (3.1), owing to the presence
of the branch point at ζ = 0; we shall delay discussion of these subtleties until § 6. The
solution (3.4) has been used extensively in the investigation of 2-D ITG instabilities (see,
e.g. Similon et al. 1984; Biglari et al. 1989; Kuroda et al. 1998; Sugama 1999; Ricci et al.
2006; Helander et al. 2011; Mishchenko, Plunk & Helander 2018; Zocco et al. 2018).

3.3. Numerical methods
Owing to their analytical complexity, previous literature has also been devoted to the
numerical evaluation of (2.55) and (2.56) (see Beer & Hammett 1996; Gürcan 2014;
Gültekin & Gürcan 2018; Gültekin & Gürcan 2020; Parisi et al. 2020 and references
contained therein). In many cases, this involves expressing these integrals in terms of
one-dimensional integrals. For example, writing

1
u − ζ + ζd(2u2 + μ)

= i
∫ sgn[Im(ζ )]∞

0
dλ e−iλ[u−ζ+ζd(2u2+μ)] (3.5)

allows the integration over u and μ in (2.55) and (2.56) to be done analytically, leaving an
integral over λ that can be evaluated numerically (cf. Beer & Hammett 1996; Parisi et al.
2020). While this method is quite general – in that it also allows the direct inclusion of the
Bessel functions in (2.39)–(2.43) – the numerical evaluation of the resultant expressions
can often be slow, numerical errors may be difficult to quantify, and subtleties like
multivaluedness and branch cuts easy to overlook. This motivates the goal of the present
study, viz. to find expressions for these integrals in terms of known functions that can be
better understood analytically and more readily computed numerically.

4. The generalised plasma dispersion function

In this section, we detail the method by which (2.55) and (2.56) can be expressed in
terms of the plasma dispersion function (3.1), making the resultant expressions simpler to
treat both analytically and numerically. When solving the integrals, we will assume that
p remains within the region of analyticity Re( p) � σ > 0, with σ defined after (2.23).
The analytic continuation will be performed only after obtaining expressions for (2.55)
and (2.56) in terms of known functions. In the main text, we present the integration of
(2.55); all other required expressions follow directly from this single integral and have
been relegated to appendices A and B due to their complexity. The remainder of this
section proceeds as follows. Section 4.1 discusses the multivalued nature of the integrand
of (2.55) before evaluating the integral over u in terms of plasma dispersion function (3.1),
allowing us, in § 4.2, to obtain a closed form expression for (2.55) upon evaluating the
remaining integral over μ. In § 4.3, we discuss how the ∂a and ∂b derivatives of (2.55) and
(2.56) can be obtained, with detailed calculations relegated to appendix B. Then, in § 4.4,
we discuss some important properties of (2.55) and (2.56).
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4.1. Multivaluedness
To begin, it shall be useful to consider the integral over u separately, and so we write (2.55)
as follows:

Ia,b =
∫ ∞

0
dμ e−bμĨa, Ĩa = 1√

π

∫ ∞

−∞
du

e−au2

u − ζ + ζd(2u2 + μ)
. (4.1)

Now, for each value of μ, the denominator of Ĩa has two zeros at

u = −1 ± √
1 + 8ζd(ζ − ζdμ)

4ζd
(4.2)

that produce poles on opposite sides of the integration contour along the real u axis.
Unsurprisingly, given the presence of square roots in (4.2), Ĩa is a multivalued function. In
particular, we shall find that Ĩa, and thus Ia,b, has two branches, just like the square root. To
define these two branches, we need to choose a branch cut, which will allow us to ‘label’
the two zeros in (4.2). Note that this choice cannot (and does not) affect the time evolution
of the potentials that results from the inverse Laplace transform of (2.21). It turns out to be
analytically convenient to consider the ‘principal’ branch cut for the square-root function,
for which

√
z is discontinuous across Re(z) < 0. We can then define the two branches of

the square root, +√z and −√z, where the principal branch satisfies +√z > 0 for all positive
real z, and sgn[Im( +√z)] = sgn[Im(z)].

At this point, it is non-trivial to define the second branch of Ia,b. The choice of a
branch for the square root does not determine the branch of the integral (4.1) but only
the labels of the zeros in (4.2) – observe that (4.1) makes no reference to any multivalued
functions. Indeed, the function Ia,b is defined as the integral in (4.1) only for Im(ζ ) > 0;
the multivaluedness becomes relevant after one considers the analytic continuation to
Im(ζ ) < 0. To make this explicit, until we perform said continuation, we will make use of
the labels Ĩ+a and I+a,b to indicate that our expressions only apply to this one branch.

Choosing to work with +
√, the zeros in (4.2) can be written as

u = ∓u±, u± ≡
+√1 + 8ζd(ζ − ζdμ) ± 1

4ζd
. (4.3)

Using a partial-fraction expansion of the integrand, it follows that

Ĩ+a = 1
2ζd(u+ + u−)

(
1√
π

∫ ∞

−∞
du

e−au2

u − u−
− 1√

π

∫ ∞

−∞
du

e−au2

u + u+

)
. (4.4)

Now, given that Im(ζ ) > 0, the sign of the imaginary part of +√1 + 8ζd(ζ − ζdμ) is
determined by the sign of ζd, viz.

sgn
[
Im +
√

1 + 8ζd(ζ − ζdμ)
]

= sgn(ζd), (4.5)

and so (4.3) implies that Im(u±) > 0. Therefore, the first integral in the brackets in (4.4)
is manifestly the plasma dispersion function, as the imaginary part of the pole at u = u−
has the correct sign for the definition (3.1), i.e. Im(u−) > 0. The second integral has a pole
at u = −u+ with the opposite sign of its imaginary part, i.e. Im(−u+) < 0, meaning that
it can also be turned into a plasma dispersion function under a straightforward change of
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variables u �→ −u (this effectively flips the pole from being below the real u axis to being
above it). Thus, it follows that (4.4) can be written as

Ĩ+a = 1
2ζd

Za(u+) + Za(u−)

u+ + u−
, (4.6)

where we have used the shorthand notation (3.3) for Za.

4.2. Explicit evaluation of I+a,b

Using (4.6), our expression for I+a,b thus becomes:

I+a,b = 1
2ζd

∫ ∞

0
dμ e−bμ Za(u+) + Za(u−)

u+ + u−
. (4.7)

Using (4.3), together with the property Z′(u) = −2[1 + uZ(u)], it can be deduced that

μ = ζ

ζd
+ 1

4ζ 2
d

− (u2
+ + u2

−
)

(4.8)

and
eau2

±

u+ + u−
= 1√

a
∂

∂μ

[
eau2

±Za(u±)
]
. (4.9)

It is then a matter of straightforward algebra to show that (4.7) can be rewritten as

I+a,b = 1
2
√

aζd

∫ ∞

0
dμ e−(b−a)μ ∂

∂μ

[
e−aμZa(u+)Za(u−)

]
. (4.10)

Observe that (2.30)–(2.38) only reference Ia,b, and its derivatives with respect to a and
b, evaluated at a = b = 1. We thus set a = b in (4.10) and, noting that Za(u±) → 0 as
μ → ∞ since Im(u±) > 0, we find

I+a,a = − 1
2
√

aζd
Za(ζ

+
+ )Za(ζ

+
− ), (4.11)

where we have introduced

ζ+
± = u±|μ=0 =

+√1 + 8ζdζ ± 1
4ζd

. (4.12)

From (4.11) and (4.12), it is clear that Ia,a is a multivalued function with a branch point
at ζ = −1/8ζd. Its second branch can be obtained by considering the −

√ branch of the
square root in (4.12). This means that both branches can be summarised by defining

ζ λ± ≡
λ
√

1 + 8ζdζ ± 1
4ζd

= λ
+√1 + 8ζdζ ± 1

4ζd
, (4.13)

where λ = ± labels the branch. Therefore, Ia,a can be written as

Iλa,a = − 1
2
√

aζd
Za(ζ

λ
+)Za(ζ

λ
−). (4.14)

Equation (4.14) is the key result of this paper. We shall henceforth refer to it as
the generalised plasma dispersion function, in that it is the generalisation of the usual
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plasma dispersion function (3.1) to include the resonances associated with the magnetic
drifts arising in a non-uniform magnetic field. In § 5.1, we show that, in the appropriate
limits, the generalised plasma dispersion function reduces to the already-known solutions
discussed in § 3. It is worth stressing that (4.14) is an exact result: no approximations have
been made in deriving it from (2.55). Furthermore, the fact that (4.14) is composed of
a product of plasma dispersion functions, for the evaluation of which there are numerous
efficient algorithms, means that it is very fast to evaluate numerically. In § 5.2, we compare
our expression for Ia,b with the numerical solver of Gürcan (2014).

It can be shown, via a similar procedure to that used to obtain (4.10) (see appendix A),
that the related integral J+

a,b (2.56) can be expressed exactly in terms of I+a,b and plasma
dispersion functions as

(
1 − 2b

a

)
J+

a,b = 1
2aζd

[
Za(ζ

+
+ ) − Za(ζ

+
− )
]+ b

2aζd
I+a,b, (4.15)

and so

Jλa,a = − 1
2aζd

[
Za(ζ

λ
+) − Za(ζ

λ
−)
]− 1

2ζd
Iλa,a. (4.16)

It is crucial to realise that the λ = + branch of the functions Iλa,a and Jλa,a is the ‘more
important’ one, in the sense that it is the branch that is equal to the integrals (2.55)
and (2.56) for Im(ζ ) > 0. Thus, it is also the branch that is used in the inverse Laplace
transform over Cσ , as in (2.24). Therefore, we shall refer to the λ = +1 branch as the
‘principal’ branch of Iλa,a and Jλa,a.

4.3. Derivatives of the generalised plasma dispersion function
In addition to (2.55) and (2.56), the matrix elements (2.30)–(2.38) require the partial
derivatives of these expressions with respect to a and b. There are two factors that conspire
to simplify the necessary calculations. First, we only need Ia,b, Ja,b and their derivatives
at a = b = 1. Second, the derivatives ∂a and ∂b often appear in the combination ∂a + ∂b.
Notice that, by the chain rule,

(∂a + ∂b)fa,b

∣∣
a=b=1 = ∂afa,a

∣∣
a=1 (4.17)

for any (appropriately smooth) function f . Using this, we can rewrite (2.30)–(2.38) in a
way that involves only Ia,a, Ja,a, ∂aIa,b|a=b, ∂bIa,b|a=b, ∂2

b Ia,b|a=b, and ∂bJa,b|a=b. For example,

LφB =
∑

s

qsn0s

qrn0r

[
ζs − ζ∗s + ηsζ∗s

(
∂a + 3

2

)] (
∂b I(s)a,b

∣∣∣
a=b

)∣∣∣
a=1

, (4.18)

where we have also taken advantage of (2.51). Due to their unwieldy length, the
calculations of the required derivatives of Ia,b and Ja,b are relegated to appendix B.

4.4. Branches of the dispersion function
Our choice of the principal branch cut for the square root gives the branches of the
dispersion function D (see § 2.2) several nice properties stemming from the relationship
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+√z∗ = +√z∗ for any complex z. In appendix C, we show that Ia,a and Ja,a satisfy

Iλa,a(−ζ ∗,−ζd) = −Iλa,a(ζ, ζd)
∗, (4.19)

Jλa,a(−ζ ∗,−ζd) = Jλa,a(ζ, ζd)
∗, (4.20)

and

Iλa,a(ζ
∗, ζd) = I−λa,a(ζ, ζd)

∗, (4.21)

Jλa,a(ζ
∗, ζd) = J−λ

a,a(ζ, ζd)
∗. (4.22)

Relations (4.19)–(4.22) are also valid for the a and b derivatives of Ia,b and Ja,b. Of course,
the functions Ia,b and Ja,b are double-valued for each of the species s, and so the dispersion
function D has 2N branches for a system with N species. Letting λ ≡ (λ1, λ2, . . . , λN) be
the vector of choices of the branch for each species, we can prove that D satisfies (see
appendix C)

Dλ( p∗,−k) = Dλ( p, k)∗, (4.23)

Dλ(−p∗, k) = D−λ( p, k)∗. (4.24)

These imply two different pairings of roots of the dispersion relation (2.48); see figures 11
and 12 in appendix C for a visual illustration of (4.23) and (4.24). Note that when using
the superscript λ, we are referring to a particular branch, while without it, D refers to all
branches simultaneously.

Equation (4.23) implies that solutions to the dispersion relation, i.e. D = 0, come in
pairs ( p, ky) ↔ ( p∗,−ky), which is the condition for the fields φ, A‖, and δB‖ to remain
real for all t. Therefore, such a pairing is bound to exist for all roots of D = 0, i.e. when
all branches are considered. The choice of the principal branch of the square root makes
this pairing also valid within each individual branch of D, hence justifying our adoption
of it in § 4.1. In § 6, we shall see that there is a better choice of branch for the purposes of
performing the inverse Laplace transform.

Additionally, (4.24) says that if p is a solution to D = 0 for a given poloidal wavenumber
ky, then so is −p∗ for the same ky but for a different branch. At first glance, this might seem
to imply that solutions to (2.48) always come in pairs, one stable and one unstable. While
this is true if all branches of D are considered, the time evolution given by the inverse
Laplace transform (2.24) does not necessarily pick up contributions from all solutions
to D = 0; one cannot mix-and-match roots from different branches at will. In § 6, we
shall see that the roots of (2.48) picked up by (2.24) depend on the choice of branch
cut. However, only the principal branch, given by λ = (+,+, . . . ,+), contributes linearly
unstable solutions.

5. Comparison with known results
5.1. Asymptotic expansions of Ia,b

Let us now show that (4.14) asymptotes to the known limits discussed in § 3, as it should.
First, in the limit of ζd → 0, i.e. the limit of vanishing magnetic curvature, we employ the
expansions

ζ+
+ = 1

2ζd
+ ζ − 2ζdζ

2 + O
(
ζ 2

d

)
, (5.1)

ζ+
− = ζ − 2ζdζ

2 + 8ζ 2
d ζ 3 + O

(
ζ 3

d

)
, (5.2)
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(a) (b) (c) (d )

FIGURE 3. A plot of the principal branch I+1,1(ζ, ζd) in the complex plane for decreasing values
of ζd (from left to right). The black cross denotes the branch point ζ = −1/8ζd. Panel (d) shows
I+1,1(ζ, 0) = Z(ζ ). As ζd → 0+, the branch point, alongside the entire branch cut, is pushed
towards Re(ζ ) → −∞. If ζd were negative, the branch cut would instead join the branch point
with Re(ζ ) → +∞, to which the branch cut would be pushed in the limit of ζd → 0−.

and the asymptotic form Z(ζ ) ∼ −ζ−1 for finite Im(ζ ) but |Re(ζ )| → ∞, to find

Za(ζ
+
+ ) ∼ −2ζd√

a
, Za(ζ

+
− ) ∼ Za(ζ ). (5.3)

Therefore, in the limit ζd → 0, the principal branch satisfies

I+a,a ∼ 1
a

Za(ζ ), (5.4)

in agreement with (3.2). This is visualised in figure 3. One can perform an analogous
calculation with J+

a,b to obtain the second expression in (3.2). Note that the second branch
satisfies

I−a,a ∼ −1
a

Za(−ζ ) (5.5)

in the limit ζd → 0, which is not related to the correct expression for Ia,a at zero magnetic
curvature. The ‘connection’ between the two branches, viz. the branch cut, is ‘sent to
infinity’ as ζd → 0 (see figure 3), and so the second branch I−a,a is ‘lost’ in the limit of zero
magnetic curvature. In this way, the dispersion function loses all but one of its branches
and becomes single-valued.

Similarly, the 2-D limit can be found by taking the limit ζ ∼ ζd → ∞, which is
equivalent to dropping the u term from the denominators in (2.55) and (2.56). In this
case,

ζ+
± = +

√
ζ

2ζd
± 1

4ζd
+ O(ζ−2

d ), (5.6)

and so one obtains (3.4).
Figure 4 compares the exact expressions (4.14) and (4.16) with their known asymptotic

limits in the case of vanishing magnetic drifts (3.2) and 2-D perturbations (3.4),
respectively. It is evident that, while these known asymptotic limits are obtained in the
cases of small and large ζd, they are not a good approximation of Ia,b and Ja,b for ζd ∼ 1,
as one would expect.
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(a) (b)

(c)

FIGURE 4. Plots of the asymptotic convergence of Ia,b and Ja,b to their known limits. Panels
(a, b) demonstrate the convergence of I+1,1 and J+

1,1, given by (4.14) and (4.16), to their small-
and large-ζd limits, given by (3.2) and (3.4), respectively. We define the relative difference of
two functions f and g as |f − g|/ min{|f |, |g|}. Note that this is ill-defined if one of the functions
is identically zero, so for the J1,1 comparison in panel (b), we plot simply |J1,1| because we
expect to recover J1,1 = 0 in the 2-D limit (3.4). The solid and dotted lines in panels (a, b) show
the average and maximum relative difference, respectively, as computed over a grid of 32 × 32
points for ζ , equally spaced in Re(ζ ) ∈ [1, 1], Im(ζ ) ∈ [0, 1], for each value of ζd. Panel (c)
demonstrates the convergence of the real (dashed) and imaginary (dash–dotted) parts of I+1,1 to
the small- and large-ζd limits for a fixed ζ = 1 + i, which are given by Z(ζ ) and −Z2(

√
Ω)/ζd,

with Ω = ζ/2ζd, respectively.

5.2. Numerical comparison with Gürcan (2014)
Gürcan (2014) consider a very similar problem to that on which this paper has focused but
from a numerical perspective. In particular, they discuss the numerical integration of the
function

Inm(ζα, ζβ, b) = 2√
π

∫ ∞

0
dx⊥

∫ ∞

−∞
dx‖

xn
⊥xm

‖ J2
0(

√
2bx⊥)e−x2

‖−x2
⊥

x2
‖ + x2

⊥/2 + ζα − ζβx‖
, (5.7)

defined for Im(ζα) > 0, real ζβ and b, and n > 1. With a few algebraic manipulations, it
can be shown that, for odd n,

Inm

(
− ζ

2ζd
,− 1

2ζd
, 0
)

= − 1
ζd

{
(−∂a)

m/2(−∂b)
(n−1)/2I+a,b(ζ, ζd)|a=b=1 for m even,

(−∂a)
(m−1)/2(−∂b)

(n−1)/2J+
a,b(ζ, ζd)|a=b=1 for m odd.

(5.8)
The above expression is actually correct only for ζd < 0, otherwise (5.7) computes
the second (λ = −) branch of Ia,b, Ja,b and their derivatives. In the case ζd < 0, the
requirement Im(ζα) > 0 implies that Im(ζ ) > 0. Figure 5 shows a comparison between
the values obtained via the results of this work [represented by (4.14), (4.16), (B12)–(B15)]
and the Gürcan (2014) result (5.7) in the region Re(ζ ) ∈ [−10, 10], Im(ζ ) ∈ [0, 10],
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FIGURE 5. Mean (solid) and maximum (dotted) relative difference (defined as in figure 4)
between expressions (4.14), (4.16), (B12)–(B15) and their equivalents derived from (5.8),
computed via the code published at https://github.com/gurcani/zpdgen. For each ζd, we
evaluated the respective functions at an equally spaced grid of 32 × 32 points in the region
Re(ζ ) ∈ [−10, 10], Im(ζ ) ∈ [0, 10].

ζd ∈ [−10,−0.001]. There is good agreement for all tested values of ζ and ζd, with less
than 1 % relative difference in most cases. It is important to stress that as our solution
uses only standard functions, e.g. the plasma dispersion function Z and √, for which there
exist very efficient numerical algorithms. We found that even a naïve, unoptimised Python
implementation took anywhere between 20 and 80 times less time to compute Ia,b, Ja,b and
their derivatives than the direct numerical integration of (5.7) implemented in Fortran at
https://github.com/gurcani/zpdgen.

6. Analytic continuation for the inverse Laplace transform

Together, the expressions (4.14) and (4.16) for Ia,a and Ja,a, respectively, along with the
derivatives (B12)–(B15), allow us to calculate L and hence the Laplace-transformed fields
(2.47). Recall that to determine the evolution of the system as a function of time, we need
to compute the inverse Laplace transform

χk(t) = 1
2πi

∫
Cσ

dp eptχ̂k( p), (6.1)

where the contour of integration Cσ is once again as in figure 1, and we remind the reader
that χ̂k( p) is given by

χ̂k( p) = (adj L)G
det L

, (6.2)

where the vector of initial conditions G is given by (2.44)–(2.46).
The results of § 4.2 show that the entries of L have branch points at ζs = −1/8ζds, or

equivalently, at p = ps, where

ps ≡ ik2
‖v

2
ths

8ωds
, (6.3)
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FIGURE 6. This diagram shows the ‘principal’ (in blue) and ‘dispersion’ (in black) branch
cuts for a plasma with one negatively and one positively charged species, labelled as s1 and
s2, respectively.

but are otherwise free of poles since, apart from the square roots and the associated branch
cuts, they are composed of entire functions. Recall that we have defined the branches of the
dispersion function D using the principal branch of the square root in (4.3). Therefore, the
relevant branch Dλ that enters the inverse Laplace transform is the principal branch given
by λ = (+, . . . ,+). This has branch cuts that connect the branch points ζs = −1/8ζds
to ζs → −sgn(ζds)∞, or, equivalently, p = ps to p → isgn(ζds)∞. While this choice of
the principal branch and branch cuts was convenient for obtaining the closed forms of
Ia,b, Ja,b, and D, and their properties, it is not necessarily the best one for performing
the inverse Laplace transform (6.1). Instead, we would like to rotate the branch cuts by
sgn(ζds)π/2 around ps, so that they are parallel to the real p axis, as shown in figure 6. Let
us call the branch D of the dispersion function obtained this way the ‘dispersion’ branch.
Crucially, the rotation of the branch cuts does not disturb the values of the dispersion
function at Re( p) > 0. Therefore, D( p) = D(+,...+)( p) for Re( p) > 0. This ensures that
the ‘unphysical’ unstable zeros of the other branches of the dispersion function, which are
a consequence of (4.24), do not contribute to the solution (see also discussion in § 4.4);
the only unstable solutions that are picked up by the inverse Laplace transform are those
of the principal branch.

With this choice for the branch cuts of the dispersion function, we are ready to perform
the inverse Laplace transform (6.1). This is done in the usual way, viz. by pushing the
integration contour Cσ towards Re( p) → −∞, with the proviso that it must be deformed
so as not to cross any singularities, e.g. poles or branch cuts. Pushing the contour to the
vertical line at Re( p) = ρ, we find the new integration contour Cρ (see figure 7). Since
there are no singularities between Cσ and Cρ , Cauchy’s integral theorem ensures that the
integrals over these two contours are equal. Taking the limit of ρ → −∞, it is evident
that the contributions arising from the vertical segments of Cρ are exponentially small
[they are exponentially small at any t > 0 because the integrand of the inverse Laplace
transformation (2.24) contains a factor eρt], while those arising from the integration along
the horizontal segments leading towards and away from the poles cancel, leaving the
contributions from the poles. The integration around the branch cuts is more subtle and
will be discussed shortly.

There are several singularities present in (6.2) and hence in the integrand in (6.1). The
first is the so-called ‘ballistic response’ associated with the initial conditions contained
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FIGURE 7. Same as in figure 1, except that the contour associated with the inverse Laplace
transformation (6.1) has now been shifted to Re( p) = ρ, deforming it such that it does not cross
any of the poles or the branch cut. We denote this new contour Cρ . The original contour is
shown by the vertical dashed line. The integrals along Cσ and Cρ are equal by Cauchy’s integral
theorem.

within G, arising from simple poles located along Re( p) = 0, viz.

lim
ρ→−∞

1
2πi

∫
Cρ

dp ept gsk

p + ik‖v‖+iωDs
= gske−i(k‖v‖+ωDs)t, (6.4)

where we have assumed that gsk is a smooth function. Plugging this into (2.44)–(2.46), we
find that the contribution to χk(t) due to the ballistic response can be written as

χk0(t) =
∑

s

∫
d3v L−1(−ik‖v‖−iωDs)gske−i(k‖v‖+ωDs)t

(
qsn0s

qrn0r

1
n0s

J0(bs),
qsn0svths

qrn0rvthr

1
n0s

v‖
vths

J0(bs),−βs

2
1

n0s

v2
⊥

v2
ths

2J1(bs)

bs

)T

. (6.5)

There is a wealth of interesting physics that can arise from the ballistic response, see, e.g.
Ewart et al. (2022) and references therein, in the context of the Vlasov–Poisson system.
However, this is not the focus of the present work and so will not be discussed further.

Another source of non-analyticity are the solutions to the dispersion relation D = 0,
should any of these exist. The contributions to (6.1) arising from the zeros p = pj of D can
be written as ∑

j

Res[χ̂k( p), pj]epjt. (6.6)

It is evident that unlike the ballistic response, whose time dependence is an oscillating
exponential, the terms (6.6) can, in general, be exponentially decaying (i.e. stable) for
Re( pj) < 0 or growing (i.e. unstable) for Re( pj) > 0.

Finally, singularities may arise from the functions (2.39)–(2.43) that are contained
within both adj L and det L. As discussed above, these functions are free of poles, but are
multivalued. Deforming the integration contour Cρ around their branch cuts (see figure 7)
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gives a non-trivial contribution to (6.1). Letting Bs(t) be the contribution from the integral
around the branch cut due to a given species s, we can finally write the full solution for
χk(t) as

χk(t) = χk0(t) +
∑

j

Res[χ̂k( p), pj]epjt +
∑

s

Bs(t). (6.7)

In appendix D, we show that, in the long-time limit t → ∞, the branch-cut contribution
Bs for each species is dominated by that arising from the branch point itself, and exhibits
an algebraic decay ∝ t−3/2. The same algebraic decay was found by Kim et al. (1994)
and Kuroda et al. (1998) in their treatment of the toroidal ITG mode. Such a ‘continuum
mode’ (Kuroda et al. 1998; Sugama 1999) is a direct consequence of the multivaluedness
of (2.55) and (2.56), in that such multivaluedness gives rise to a branch point and to the
resulting discontinuity. This behaviour is qualitatively different from that of a plasma in
a straight magnetic field, whose dispersion function is single-valued, meaning that there
are no branch cuts and hence no continuum modes. Note that non-exponentially decaying
solutions to similar initial-value problems can also be found in other contexts; see, e.g.
Taylor (1965) and Sedlàček (1995).

Equation (6.7) is our final expression for the time evolution of χk(t). Depending on
whether there are any unstable solutions, we find that either: (i) there are solutions to
D( p) = 0 for Re( p) > 0, in which case, the long-time solution is dominated by the
solution with largest Re( p); or (ii) there are no solutions to D( p) = 0 for Re( p) > 0,
in which case, the long-time solution is dominated by the ballistic response (6.4) and
by waves with frequencies ω = ips = −k2

‖v
2
ths/8ωds that exhibit a non-exponential decay

∝ t−3/2.

7. From drift kinetics to gyrokinetics

The analytical forms of the integrals derived in § 4 are not without their limitations: in
their derivation, we assumed both the drift-kinetic limit and the case of equal magnetic
drifts (see § 2.3). We will now devote some space to a brief discussion of how one can
relax these assumptions.

7.1. Bessel functions
The drift-kinetic assumption is perhaps the more egregious approximation, especially
given that the presence of finite-Larmor-radius effects can have a non-trivial impact on
the plasma dynamics (see, e.g. Smolyakov et al. 2002; Parisi et al. 2020, 2022, and
references therein). Thankfully, however, it can be relaxed if one is willing to pay the
price of complicated analytical expressions. Noting that 2J0(bs)J1(bs) = −∂J2

0(bs)/∂bs, it
is clear that the Bessel functions J0 and J1 always appear quadratically in (2.39)–(2.43), for
which there are known, rapidly converging Taylor series (Neumann 1871; Watson 1966):

J2
n(bs) =

∞∑
m=0

(−1)m(2n + 2m)!
m!(2n + m)![(n + m)!]2

(
bs

2

)2n+2m

. (7.1)

Using this expansion in (2.39)–(2.43), one can, in principle, compute each of the resulting
integrals analytically and thus obtain an absolutely convergent series for the resulting
gyrokinetic dispersion relation. This is done by noticing that their argument bs only
appears quadratically as b2

s = μk2
⊥ρ2

s and thus the additional factors of μ can be handled by
partial differentiation with respect to b before setting a = b in (2.39)–(2.43). For example,
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(2.39) would give

I (s)
a,b(ζs, ζds, ζds) =

∞∑
m=0

(2m)!
(m!)4

(
k⊥ρs

2

)2m

∂m
b Ia,b(ζs, ζds), (7.2)

with the other required integrals, viz. J (s)
a,b and ∂aI (s)

a,b, satisfying similar expressions.
We remind the reader that I (s)

a,b refers to the FLR-containing integral (2.39), while Ia,b
is the integral (2.55) on which we have focused throughout most of this paper. Doing
this calculation by hand seems rather daunting given the complicated expressions even
for the low-order derivatives ∂2

b Ia,b and ∂bJa,b [see (B14) and (B15), respectively]. In
practice, however, only a few terms would be needed due to the rapid convergence of
the Taylor series (7.1). Those wishing to compute these terms to an arbitrary order may
want to do so by using symbolic libraries (e.g. those in Wolfram Mathematica) to calculate
the derivatives analytically, which can then be imported into an associated numerical
solver. An alternative approach would be to implement a recursive scheme to calculate
numerically the mth-order derivatives from the (m − 1)th ones.

7.2. General magnetic drifts
Our second approximation was to neglect the difference between the curvature and
∇B drifts, taking their associated drift frequencies to be equal, i.e. ζκs = ζ∇Bs, as
in (2.54). While this approximation is relatively well satisfied in the context of
magnetic-confinement fusion, there are certainly other systems in which it is not, e.g. space
and astrophysical plasmas. By a simple change of variables to μ′ = ζBsμ/ζκs in (2.52), we
find

I(s)a,b(ζs, ζκs, ζBs) = 1√
π

∫ ∞

−∞
du
∫ ∞

0
dμ

e−au2−bμ

u − ζs + (2u2ζκs + μζBs
)

= ζκs√
πζBs

∫ ∞

−∞
du
∫ ∞

0
dμ′ e−au2−(bζκs/ζBs)μ

′

u − ζs + ζκs
(
2u2 + μ′) . (7.3)

Therefore, the integral (2.52) that enters (2.30)–(2.38) at a = b can be found in terms of
the known integrals (2.55) via

I(s)a,a(ζs, ζκs, ζBs) = ζκs

ζBs
Ia,b(ζs, ζκs), (7.4)

where now b = aζκs/ζBs. Finally, to find Ia,b for a �= b, one can Taylor expand

Ia,b =
∞∑

m=0

(b − a)m

m!
∂m

b Ia,b

∣∣
a=b . (7.5)

Fortunately, just as in § 7.1, one can find closed, albeit complicated, analytical expressions
for ∂m

b Ia,b|a=b for any m. The expansion should converge for arbitrary positive a and b
since (7.5) is equivalent to expanding e−(b−a)μ in (4.10) using its absolutely convergent
Taylor series.

8. Electrostatic ITG: a detailed example

To illustrate the results of § 4, we provide an explicit calculation of the dispersion
relation in the simple case of an electrostatic, ion-scale, temperature-gradient-driven
instability, and compare the solution with well-known kinetic and fluid limits.
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In particular, we consider a two-species plasma of ions and electrons of comparable
temperatures, T0i ∼ T0e. Since we want to consider electrostatic physics, we assume

βs ∼ (k⊥ds)
−2 � 1, (8.1)

where ds = √msc2/4πn0sq2
s is the skin depth of species s. Therefore, to lowest order, A‖k

and δB‖k do not contribute to (2.17), and (2.29) simplifies to

Lφφ

qrφ̂k

T0r
+ Gφ = 0. (8.2)

This implies that the dispersion relation is given simply by Lφφ = 0. Furthermore, we
consider the frequencies of the perturbations to be comparable to the parallel streaming
and drift frequencies of the ions, as well as the magnetic-drift frequency, viz.

p ∼ k‖vthi ∼ ωdi ∼ ω∗i ∼ ηiω∗i. (8.3)

The relevant equilibrium length scales in our problem are thus the ion-density and
ion-temperature gradients L−1

ni
and L−1

Ti
, respectively [see (2.6)], and the gradient of the

magnetic field L−1
B ≡ −∂ ln B0/∂x. In the small-mass-ratio limit, me/mi � 1, (8.3) implies

k‖vthe ∼
√

mi

me
k‖vthi � p, (8.4)

i.e. the electrons stream quickly along the fields lines. Thus, ζe ∼ ζ∗e � ζi ∼ ζ∗i, and
the electron contributions to Lφφ can be ignored. Choosing qr = qi = Ze, T0r = T0i, and
n0r = n0i, the expression (2.30) simplifies to

− Lφφ = 1 + τ +
[
ζi − ζ∗i + ηiζ∗i

(
∂a + 3

2

)]
I(i)a,a

∣∣
a=1

, (8.5)

where τ ≡ T0i/ZT0e is the temperature ratio. To avoid carrying around an extra minus sign,
we shall define D ≡ −Lφφ , the object in whose zeros we shall be interested. Using (4.14),
we obtain the principal branch of the ITG dispersion relation:

D = 1 + τ − ζ − ζ∗
2ζd

Z+Z−+ηζ∗
2ζd

[
(ζ+Z−+ζ−Z+) +

(
ζ

ζd
+ 1

4ζ 2
d

− 1
)

Z+Z−

]
= 0, (8.6)

where we have dropped the i subscripts, ζ± are given by (4.12) and we are using the
shorthand notation Z± ≡ Z(ζ±). Note that the principal branch (i.e. λ = +) is implicitly
used everywhere, but we have dropped the associated superscripts to reduce the notational
clutter.

We can use (5.2) and (5.6) to verify that (8.6) converges to the correct limits in the case
of: vanishingly small magnetic gradients (i.e. ζd → 0)

Dslab = 1 + τ + (ζ − ζ∗)Z(ζ ) − ηζ∗

[
ζ + ζ 2Z(ζ ) − 1

2
Z(ζ )

]
= 0; (8.7)

and of 2-D perturbations (i.e. ζ ∼ ζ∗ ∼ ζd → ∞)

D2D = 1 + τ − (Ω − Ω∗)Z(
√

Ω)2 + ηΩ∗
[
2
√

ΩZ(
√

Ω) + (2Ω − 1) Z(
√

Ω)2
]

= 0,

(8.8)
where Ω = ζ/2ζd = ip/2ωd and Ω∗ = ζ∗/2ζd = ω∗/2ωd. Note that (8.8) agrees with the
expressions obtained by Biglari et al. (1989) and Zocco et al. (2018) in a similar limit to
(8.3).
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FIGURE 8. A comparison between the growth rate and frequency of the most unstable solution
to the kinetic dispersion relation with magnetic effects (8.6) and the slab dispersion relation
(8.7), represented by the solid and dotted lines, respectively. Here, ρs = ρi/

√
2τ is the ion sound

radius, and we have set τ = 0.1 and τLB/2LTi = 2.

In figure 8, we compare the solutions to (8.6) and (8.7) for the case of zero density
gradient, viz. ω∗ = 0, but non-zero temperature gradient, so ηω∗ ∝ L−1

Ti
�= 0. The growth

rates agree well only at simultaneously large perpendicular and small parallel wavelengths;
this is to be expected given that the slab dispersion relation (8.7) does not capture the effect
of magnetic drifts, which are most important at large parallel wavelengths. There is poorer
agreement between the frequencies of the two dispersion relations.

We can also compare the solutions to (8.6) with those obtained from a simple three-field
fluid model of the ITG instability in a slab with magnetic curvature. The model consists
of the following equations:

τ
∂ϕ

∂t
+ ∂u‖

∂z
− ρivthi

LB

∂

∂y

[
(1 + τ)ϕ + δTi

T0i

]
= 0, (8.9)

∂u‖
∂t

+ v2
thi

2
∂

∂z

[
(1 + τ)ϕ + δTi

T0i

]
− 2ρivthi

LB

∂u‖
∂y

= 0, (8.10)

∂

∂t
δTi

T0i
+ 2

3
∂u‖
∂z

+ ρivthi

2LTi

∂ϕ

∂y
− 2

3
ρivthi

LB

∂

∂y

[
(1 + τ)ϕ + 7

2
δTi

T0i

]
= 0, (8.11)

where ϕ ≡ Zeφ/T0i, u‖, and δTi/T0i are the perturbed electrostatic potential, ion parallel
flow, and ion temperature, respectively. These equations can be derived by substituting a
perturbed Maxwellian for hi in the ion gyrokinetic equation and taking the three relevant
velocity moments (cf. Newton, Cowley & Loureiro 2010 or the cold-ion fluid model of
Ivanov et al. 2022 but with additional τ ∼ 1 terms). Figure 9 shows a comparison between
the kinetic and fluid growth rates at a fixed value of τ and varying k‖LB. We see that the
fluid approximation is decent for small k‖LB, but fails for larger ones because of its lack of
kinetic effects. Making the ions cold, i.e. lowering τ , improves the accuracy of the fluid
approximation, as in figure 10.
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FIGURE 9. A comparison between the growth rate and frequency of the most unstable solution
to the kinetic dispersion relation (8.6) and that obtained from the fluid equations (8.9)–(8.11),
represented by the solid and dotted lines, respectively. The parameters used are the same as in
figure 8.

FIGURE 10. A comparison between the growth rate and frequency of the most unstable solution
to the kinetic dispersion relation (8.6) and that of the fluid equations (8.9)–(8.11), represented by
the solid and dotted lines. Here, we have set k‖LB = 1 and τLB/2LTi = 2.

9. Summary and discussion

We have considered the problem of local linear gyrokinetics in a curved magnetic field,
expressing the associated dispersion relation in terms of velocity-space integrals featuring
resonances arising both from parallel streaming and from magnetic drifts (§ 2). Previously,
exact solutions for these integrals were known either in the absence of magnetic drifts –
leading to the well-known plasma dispersion function Z(ζ ) – or in the 2-D limit (§ 3).
In the case of drift kinetics (i.e. no finite-Larmor-radius effects) and equal magnetic
drifts, we showed that these resonances can in fact be handled simultaneously without any
additional approximations or expansions, and that the integrals can be expressed exactly
in terms of a generalised plasma dispersion function consisting of products of Z functions
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and their derivatives (§ 4). Since there exist known algorithms for the computation of
the Z function, the resulting expressions are efficient to evaluate numerically and can
easily be handled analytically through known asymptotic expansions. Solutions to the
exact dispersion relation for the electrostatic ITG instability, derived using this method,
were then compared with approximate solutions in the previously known limits, showing
poor agreement for the majority of parameters and wavenumbers considered (§ 8). This
demonstrates that to properly capture the growth rate and frequency of kinetic instabilities
in the presence of a curved magnetic field, one must simultaneously resolve the resonances
associated with parallel streaming and magnetic drifts, for which this paper provides the
first known exact analytical solution.

In § 7, we discussed how the assumptions of no finite-Larmor-radius effects and equal
magnetic drifts can be relaxed using absolutely convergent Taylor-series expansions, and
thus solve the more general linear gyrokinetic system. This results in expressions that
naturally capture the multivaluedness of the underlying dispersion relation and handle the
integration of resonant denominators exactly.

An immediate practical application of this work would be to use the derived analytical
expressions to implement an efficient and accurate solver for drift-kinetic/gyrokinetic
instabilities in the local limit considered in this paper. Such a solver could be used to
benchmark both reduced models and gyrokinetic solvers. It could also be exploited to
explore the equilibrium parameter space in search of new instabilities or to investigate the
properties of subdominant ones, i.e. those whose growth rate is smaller than the largest
growth rate in the system; this is typically difficult to do in most gyrokinetic solvers. Such
subdominant instabilities have been proposed as one of the possible explanations for the
lack of saturation observed in certain electromagnetic gyrokinetic simulations. With this
in mind, we consider the implementation of such a gyrokinetic dispersion-relation solver
to be a natural extension of this work that will produce a useful practical tool in the study
of gyrokinetic instabilities and turbulence.
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Appendix A. Calculation of Ja,b

In this appendix, we derive the expression (4.15) for Ja,b. The calculation proceeds in a
similar way to that of Ia,b in § 4.2. Starting from (2.56), we consider the integral over u
separately and so write

Ja,b =
∫ ∞

0
dμ e−bμJ̃a, J̃a = 1√

π

∫ ∞

−∞
du

ue−au2

u − ζ + ζd(2u2 + μ)
. (A1)
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Defining u± as in (4.3) and making the same choice for the branch cut and square-root
branch, a partial-fractions expansion of the integrand yields

J̃+
a = 1

2ζd(u+ + u−)

(
u−√
π

∫ ∞

−∞
du

e−au2

u − u−
+ u+√

π

∫ ∞

−∞
du

e−au2

u + u+

)
. (A2)

As previously, the sign of the imaginary part of u± is always positive. Therefore, the first
integral in the brackets in (A2) is manifestly the plasma dispersion function, while the
second can be turned into a plasma dispersion function under the change of variables
u �→ −u. Thus, it follows that (A2) can be written as

J̃+
a = − 1

2ζd

u+Za(u+) − u−Za(u−)

u+ + u−
. (A3)

Using the property (confirmed by direct calculation)

u±Za(u±) = − 1√
a

+ u+ + u−
a

∂Za(u±)

∂μ
, (A4)

we can write J̃+
a as

J̃+
a = − 1

2aζd

∂

∂μ

[
Za(u+) − Za(u−)

]
. (A5)

Alternatively, using

u± = 1
2

(u+ + u−) ± 1
4ζd

, (A6)

we can also write

J̃+
a = − 1

4ζd

[
Za(u+) − Za(u−)

]− 1
4ζd

Ĩ+a . (A7)

Therefore, by substitution into the first expression in (A1), we find

J+
a,b = − 1

4ζd

∫ ∞

0
dμ e−bμ

[
Za(u+) − Za(u−)

]− 1
4ζd

∫ ∞

0
dμ e−bμĨ+a

= − 1
4bζd

[
Za(ζ+) − Za(ζ−)

]+ a
2b

J+
a,b−

1
4ζd

I+a,b, (A8)

where, in going from the first line to the second, we have integrated by parts in the first
integral and have used (A5). Equation (A8) can be straightforwardly rearranged to yield
(4.15).

Appendix B. Calculation of derivatives of Ia,b

Even though we are unable to evaluate (4.7) exactly in the case where a and b are
distinct, we are still able to find its derivatives with respect to a and b at a = b = 1, a task
to which this appendix is devoted.
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B.1. Derivatives for general a and b
To avoid clutter, we shall suppress the λ = + indices until appendix B.2. For this
subsection, assume that all expressions Ia,b, Ja,b, Qa,b, and ζ± come with a λ = +.

Using (4.3), we can show that

∂Za(u±)

∂a
= −u±(u+ + u−)

a
∂Za(u±)

∂μ
, (B1)

and so the derivative of (4.7) with respect to a becomes

∂aIa,b = − 1
2aζd

∫ ∞

0
dμ e−bμ

[
u+

∂Za(u+)

∂μ
+ u−

∂Za(u−)

∂μ

]

= − 1
2aζd

∫ ∞

0
dμ e−bμ

{
1

2ζd

∂

∂μ

[
Za(u+) − Za(u−)

]+ [u−
∂Za(u+)

∂μ
+ u+

∂Za(u−)

∂μ

]}

= 1
2aζd

[
ζ−Za(ζ+) + ζ+Za(ζ−)

]+ 1
2ζd

Ja,b − 1
2a

Ia,b − b
a

Qa,b, (B2)

where we have defined the integral

Qa,b = 1
2ζd

∫ ∞

0
dμ e−bμ

[
u−Za(u+) + u+Za(u−)

]
. (B3)

In going from the first line of (B2) to the second, we made use of the fact, obvious from
the definition (4.3), that

u± = u∓ ± 1
2ζd

, (B4)

while going from the second to the third, we have recognised the first expression in the
curly brackets as (A5) and integrated by parts the second.

Similarly, taking a derivative of (4.7) with respect to b, and making use of (4.8) and
(4.12), we have that

∂bIa,b = −(ζ 2
+ + ζ 2

−)Ia,b + 1
2ζd

∫ ∞

0
dμ e−bμ

u2
+ + u2

−
u+ + u−

[
Za(u+) + Za(u−)

]
. (B5)

Since

(
u2

+ + u2
−
) [

Za(u+) + Za(u−)
] = (u+ + u−)

[
u−Za(u+) + u+Za(u−)

]
+ (u+ − u−)

[
u+Za(u+) − u−Za(u−)

]
, (B6)

(B5) becomes

∂bIa,b = −(ζ 2
+ + ζ 2

−)Ia,b − 1
2ζd

Ja,b + Qa,b, (B7)

where we have made use of (A5) again. It is clear from (B2) and (B7) that we need to find
Qa,b to obtain expressions for ∂aIa,b and ∂bIa,b. Though it is possible to do so via direct
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manipulation of the integrand of (B3), we prefer an alternative approach. Using

u
u − ζ + ζd(2u2 + μ)

= 1 + ζ − ζd(2u2 + μ)

u − ζ + ζd(2u2 + μ)
(B8)

in (2.56) gives

Ja,b = 1√
ab

+ ζ Ia,b + ζd(2∂a + ∂b)Ia,b. (B9)

Substituting (B2) and (B7) into (B9), and rearranging, we obtain the following expression
for Qa,b in terms of Ia,b and Ja,b:

(
1 − 2b

a

)
Qa,b = − 1√

abζd
− 1

aζd

[
ζ−Za(ζ+) + ζ+Za(ζ−)

]+ 1
2ζd

Ja,b +
(

1
a

+ 1
4ζ 2

d

)
Ia,b.

(B10)
In a similar way, taking a ∂b derivative of (4.15), we find

(
1 − 2b

a

)
∂bJa,b = 2

a

(
Ja,b + 1

4ζd
Ia,b

)
+ b

2aζd
∂bIa,b. (B11)

B.2. Derivatives at a = b
Finally, using (4.15), (B2), (B7) and (B10), setting a = b and simultaneously expressing
both branches using (4.13), we obtain

∂aIλa,b

∣∣
a=b

= 1
a3/2ζd

+
(

1
2a

− 1
4ζ 2

d

)
Iλa,a − 1

2aζ 2
d

[
Za(ζ

λ
+) − Za(ζ

λ
−)
]

− 1
2aζd

[
ζ λ−Za(ζ

λ
+) + ζ λ+Za(ζ

λ
−)
]
, (B12)

∂bIλa,b

∣∣
a=b

= 1
a3/2ζd

−
(

1
a

+ ζ

ζd

)
Iλa,a + 1

aζd

[
ζ λ+Za(ζ

λ
+) + ζ λ−Za(ζ

λ
−)
]
, (B13)

∂2
b Iλa,b

∣∣
a=b

= − 1
a5/2ζd

− 2
a

Qλa,a −
(

1
a

+ ζ

2ζd
+ 1

2ζ 2
d

)
∂b Iλa,b

∣∣
a=b

− 1
ζd

∂b Jλa,b

∣∣
a=b

, (B14)

∂bJλa,b

∣∣
a=b

= − 1
2a3/2ζ 2

d
+ 1

2ζd

(
2
a

+ ζ

ζd

)
Iλa,a − 1

2aζ 2
d

[
ζ λ+Za(ζ

λ
+) + ζ λ−Za(ζ

λ
−)
]

+ 1
a2ζd

[
Za(ζ

λ
+) − Za(ζ

λ
−)
]
, (B15)

Qλa,a = 1
a3/2ζd

−
(

1
a

+ 1
4ζ 2

d

)
Iλa,a + 1

aζd

[
ζ λ−Za(ζ

λ
+) + ζ λ+Za(ζ

λ
−)
]− 1

2ζd
Jλa,a. (B16)

Appendix C. Properties of the branches of the dispersion function

The main convenience of choosing the branch cut along the negative real line in § 4.1 is
the relationship +√z∗ = +√z∗ for any z ∈ C. It is then easy to see that the expressions (4.13)
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satisfy

ζ λ±(−ζ ∗,−ζd) = −ζ λ±(ζ, ζd)
∗, (C1)

ζ λ±(ζ ∗, ζd) = ζ λ±(ζ, ζd)
∗, (C2)

and that (4.13) implies

ζ−λ
± = −ζ λ∓. (C3)

Additionally, it is straightforward to show that the Z function satisfies

Z(ζ ∗) = −Z(−ζ )∗. (C4)

Then, using (4.14) and (C1)–(C4), we have

Iλa,a(−ζ ∗,−ζd) = − 1
2
√

a(−ζd)
Za(−ζ λ∗+ )Za(−ζ λ∗− )

= 1
2
√

aζd
[−Za(ζ

λ
+)]∗[−Za(ζ

λ
−)]∗

= −Iλa,a(ζ, ζd)
∗ (C5)

and

Iλa,a(ζ
∗, ζd) = − 1

2
√

aζd
Za(ζ

λ∗
+ )Za(ζ

λ∗
− )

= − 1
2
√

aζd
[−Za(−ζ λ+)]∗[−Za(−ζ λ−)]∗

= − 1
2
√

aζd
Za(ζ

−λ
− )∗Za(ζ

−λ
+ )∗

= I−λa,a(ζ, ζd)
∗. (C6)

Similarly, using (4.16), we find

Jλa,a(−ζ ∗,−ζd) = Jλa,a(ζ, ζd)
∗, (C7)

Jλa,a(ζ
∗, ζd) = J−λ

a,a(ζ, ζd)
∗. (C8)

The derivatives of Ia,b, given by (B12)–(B14), and ∂bJa,b|a=b, given by (B15), can also be
shown to have the properties (C5)–(C6) and (C7)–(C8), respectively.

Recall that the frequencies, which enter the dispersion matrix elements (2.30)–(2.38),
are functions of ζs ∝ p, ζ∗s ∝ ky, and ζds ∝ ky [see (2.13), (2.15), (2.27) and (2.54)]. It is
then evident that p �→ p∗ maps ζs �→ −ζ ∗

s , p �→ −p∗ maps ζs �→ ζ ∗
s , and the inversion

k �→ −k results in ζ∗s �→ −ζ∗s and ζds �→ −ζds (recall that the sign of the parallel
wavenumber k‖ does not enter the normalised frequencies, as we noted in footnote 1).
Combining this with (C5)–(C8), it is then straightforward to show that the dispersion
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matrix L and its elements (2.30)–(2.38) satisfy⎛
⎝Lλφφ LλφA LλφB

LλAφ LλAA LλAB
LλBφ LλBA LλBB

⎞
⎠ ( p∗,−k) =

⎛
⎝ Lλφφ −LλφA LλφB

−LλAφ LλAA −LλAB
LλBφ −LλBA LλBB

⎞
⎠

∗

( p, k), (C9)

and
Lλ(−p∗, k) = L−λ( p, k)∗ (C10)

where the vector λ = (λ1, λ2, . . . , λN) labels the branches the double-valued functions
that constitute L for each of the N particle species. Therefore, for the dispersion function
D = det L, we have, from (C9),

Dλ( p∗,−k) = Dλ( p, k)∗, (C11)

and, from (C10),
Dλ(−p∗, k) = D−λ( p, k)∗. (C12)

Figures 11 and 12 show an example of the four branches of the dispersion function in
the case of a two-species plasma. In particular, the property (C12) is illustrated clearly in
figure 11.

Appendix D. Integral around the branch cut

This appendix is devoted to calculating the asymptotic contribution to (6.1) in the
limit t → ∞ arising from the integral around one of the branch cuts of χ̂k( p). Similar
calculations already exist in the literature (e.g. Kim et al. 1994; Kuroda et al. 1998); we
are including one here for completeness.

Recall that there is one branch cut for each particle species, associated with the branch
point ps (6.3). We choose the branch cut to be parallel to the real p axis and denote the
contour around this branch cut Cbr, as in figure 13. Here, Cbr consists of a semi-circular
arc Cε of radius ε around the branch point, where we choose ε ∼ t−2 and two horizontal,
semi-infinite segments C± along Im( p) = Im( ps) ± ε, viz.∫

Cbr

dp eptχ̂k( p) =
∫

C−+Cε+C+
dp eptχ̂k( p). (D1)

Let us calculate each of the contributions to (D1) in turn.
For Cε, we change variables to p = ps + εeiθ for θ ∈ [−π/2,π/2]. It straightforwardly

follows that, since ε ∼ t−2,∣∣∣∣
∫

Cε

dp eptχ̂k( p)

∣∣∣∣ � ∣∣χ̂k( ps)
∣∣ [1 + O(ε)] ε

∫ π/2

−π/2
dθ eεt cos θ = O(t−2). (D2)

Turning our attention to C±, we set p = ps + ξ ± iε and find

∫
C±

dp eptχ̂k( p) = ∓
∫ 0

−∞
dξ eξ te( ps±iε)tχ̂k( p + ps ± iε)

= ∓
[∫ −δ

−∞
+
∫ 0

−δ

]
dξ eξ te( ps±iε)tχ̂k( p + ps ± iε), (D3)
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(a) (b)

(c) (d )

FIGURE 11. A plot in the complex plane of the dispersion function D( p) = Lφφ for an
electrostatic, two-species plasma composed of ion and electrons, for the following parameters:
mi/me = 2, qi = −qe = e, T0i = T0e, kyρi = 1, k‖LB = 1, and LTi = LB. The panels show the
four branches of D, labelled by λ = (λi, λe) as shown (see § 4.4). Here, we are using the principal
branch cut for the square root. The colour brightness shows the magnitude |D|, while its hue
shows the phase arg D. The relation (C12), Dλ(−p∗, k) = D−λ( p, k)∗, is evident in the pairs
(a)–(d) and (b)–(c): flipping the sign of λ corresponds to mirroring the real part of p and taking
the complex conjugate of D (note the change in colour). Furthermore, crossing the electron
branch cut flips the sign of λe and so corresponds to jumping horizontally between the panels;
crossing the ion branch cut corresponds to jumping vertically between them.

where we have split the integration interval using some positive real δ � 1. The first
integral in the square brackets of (D3) is bounded by an exponential, viz.

∣∣∣∣
∫ −δ

−∞
dξ eξ te( ps±iε)tχ̂k(ξ + ps ± iε)

∣∣∣∣ � e−δt
∫ −δ

−∞
dξ |χ̂k(ξ + ps ± iε)| = O(e−δt), (D4)

and so it is exponentially small in the limit of t → ∞. For the second integral, we know
that |ξ | � δ � 1, and so it is natural to Taylor-expand the integrand. Note that the function
χ̂k contains both parts that are discontinuous across the branch cut (related to species s),
as well as some that are continuous (related to species other than s). The discontinuity is
due to the square-root terms in Ia,b and Ja,b, manifest in the expression for ζ± (4.13). These
square roots appear only as arguments of analytic functions. Therefore, the discontinuity
of χ̂k across the branch cut can be made explicit by writing

χ̂k = χ̂k( p, +√p − ps), (D5)
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(a) (b)

(c) (d )

FIGURE 12. The same as figure 11 but with the branch cuts rotated to point towards Re( p) →
−∞. As previously, crossing the electron branch cut flips the sign of λe and so corresponds
to jumping horizontally between the panels, while crossing the ion branch cut corresponds to
jumping vertically between the panels. For practical purposes, we are only interested in the
‘dispersion’ branch D (see discussion in § 6) shown in panel (a) as it is that one that enters
the inverse Laplace transform.

FIGURE 13. The contour of integration Cbr around the branch cut – chosen to be parallel to the
real p axis – with the latter indicated by the zigzag line. The C± are the horizontal, semi-infinite
segments along Im( p) = Im( ps) ± ε that connect the vertical contour at Re( p) → −∞ (see
figure 7) to the semi-circular arc Cε around the branch point.
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where χ̂k is an analytic function of both of its arguments. (The principal branch is the
appropriate one for

√
p − ps only after performing the rotation of the branch cuts to align

them in the horizontal direction in the p complex plane, see § 6.) Noting that

+√p − ps = +
√

ξ + O(ε), (D6)
+√p − ps = − +

√
ξ + O(ε), (D7)

for p = ps + ξ ± iε, respectively, we find

∫ 0

−δ

dξ eξ te( ps±iε)tχ̂k(ξ + ps ± iε) ≈
∫ 0

−δ

dξ eξ tepst

[
χ̂k( ps) ± +

√
ξ

∂χ̂k( ps)

∂ +√p − ps

]
, (D8)

where we have ignored terms O(δ) or O(ε) in the square brackets and ∂χ̂k( ps)/∂
+√p − ps

denotes the partial derivative of χ̂k with respect to its second parameter in (D5) evaluated
at p = ps, i.e. at ξ = 0. Using (D8), we then find[∫

C−
+
∫

C+

]
dp eptχ̂k( p) ∼ 2epst

∫ 0

−δ

dξ eξ t +
√

ξ
∂χ̂k( ps)

∂ +√p − ps
as t → ∞. (D9)

Using ∫ 0

−δ

dξ eξ t
√

ξ = t−3/2
∫ 0

−tδ
dη eη√η ∼ t−3/2 i

√
π

2
as t → ∞, (D10)

we finally arrive at∫
Cbr

dp eptχ̂k( p) ∼ t−3/2eipst
√

π
∂χ̂k( ps)

∂ +√p − ps
as t → ∞, (D11)

which is the required result.

REFERENCES

ABEL, I.G., PLUNK, G.G., WANG, E., BARNES, M., COWLEY, S.C., DORLAND, W. &
SCHEKOCHIHIN, A.A. 2013 Multiscale gyrokinetics for rotating tokamak plasmas: fluctuations,
transport and energy flows. Rep. Prog. Phys. 76, 116201.

ABRAMOWITZ, M. & STEGUN, I.A. 1972 Handbook of Mathematical Functions.
ADKINS, T., SCHEKOCHIHIN, A.A., IVANOV, P.G. & ROACH, C.M. 2022 Electromagnetic instabilities

and plasma turbulence driven by electron-temperature gradient. J. Plasma Phys. 88, 905880410.
BEER, M.A., COWLEY, S.C. & HAMMETT, G.W. 1995 Field-aligned coordinates for nonlinear

simulations of tokamak turbulence. Phys. Plasmas 2, 2687.
BEER, M.A. & HAMMETT, G.W. 1996 Toroidal gyrofluid equations for simulations of tokamak

turbulence. Phys. Plasmas 3, 4046.
BIGLARI, H., DIAMOND, P.H. & ROSENBLUTH, M.N. 1989 Toroidal ion-pressure-gradient-driven drift

instabilities and transport revisited. Phys. Fluids B 1, 109.
BRUNNER, S. & VACLAVIK, J. 1998 Global approach to the spectral problem of microinstabilities in a

cylindrical plasma using a gyrokinetic model. Phys. Plasmas 5, 365.
CATTO, P.J. 2019 Practical gyrokinetics. J. Plasma Phys. 85, 925850301.
COPPI, B., FURTH, H.P., ROSENBLUTH, M.N. & SAGDEEV, R.Z. 1966 Drift instability due to impurity

ions. Phys. Rev. Lett. 17, 377.
COPPI, B., ROSENBLUTH, M.N. & SAGDEEV, R.Z. 1967 Instabilities due to temperature gradients in

complex magnetic field configurations. Phys. Fluids 10, 582.

https://doi.org/10.1017/S0022377823000077 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377823000077


An analytical form of the dispersion function for local linear gyrokinetics 35

COWLEY, S.C., KULSRUD, R.M. & SUDAN, R. 1991 Considerations of ion-temperature-gradient-driven
turbulence. Phys. Fluids B 3, 2767.

EWART, R.J., BROWN, A., ADKINS, T. & SCHEKOCHIHIN, A.A. 2022 Collisionless relaxation of a
lynden-bell plasma. J. Plasma Phys. 88, 925880501.

FADDEEVA, V.N. & TERENT’EV, N.M. 1954 Tables of Values of the Function w(z) = exp(−z2)(1 +
2i/

√
π
∫ z

0 exp(t2) dt) for Complex Argument. Gostekhizdat, English translation: Pergamon Press,
1961.

FRIED, B.D. & CONTE, S.D. 1961 The Plasma Dispersion Function. Academic Press.
FRIEMAN, E.A. & CHEN, L. 1982 Nonlinear gyrokinetic equations for low-frequency electromagnetic

waves in general plasma equilibria. Phys. Fluids 25, 502.
GÜLTEKIN, Ö. & GÜRCAN, Ö.D. 2020 Generalized curvature modified plasma dispersion functions and

Dupree renormalization of toroidal ITG. Plasma Phys. Control. Fusion 62, 025018.
GÜLTEKIN, Ö. & GÜRCAN, Ö. D. 2018 Stable and unstable roots of ion temperature gradient driven mode

using curvature modified plasma dispersion functions. Plasma Phys. Control. Fusion 60, 025021.
GÜRCAN, Ö.D. 2014 Numerical computation of the modified plasma dispersion function with curvature.

J. Comput. Phys. 269, 156.
GUZDAR, P.N., CHEN, L., TANG, W.M. & RUTHERFORD, P.H. 1983 Ion-temperature-gradient instability

in toroidal plasmas. Phys. Fluids 26, 673.
HELANDER, P., MISHCHENKO, A., KLEIBER, R. & XANTHOPOULOS, P. 2011 Oscillations of zonal flows

in stellarators. Plasma Phys. Control. Fusion 53, 054006.
HOWES, G.G., COWLEY, S.C., DORLAND, W., HAMMETT, G.W., QUATAERT, E. & SCHEKOCHIHIN,

A.A. 2006 Astrophysical gyrokinetics: basic equations and linear theory. Astrophys. J. 651, 590.
HUGILL, J. 1983 Transport in tokamaks – a review of experiment. Nucl. Fusion 23, 331.
IVANOV, P.G., SCHEKOCHIHIN, A.A. & DORLAND, W. 2022 Dimits transition in three-dimensional

ion-temperature-gradient turbulence. J. Plasma Phys. 88, 905880506.
IVANOV, P.G., SCHEKOCHIHIN, A.A., DORLAND, W., FIELD, A.R. & PARRA, F.I. 2020 Zonally

dominated dynamics and Dimits threshold in curvature-driven ITG turbulence. J. Plasma Phys.
86, 855860502.

KIM, J.Y., KISHIMOTO, Y., HORTON, W. & TAJIMA, T. 1994 Kinetic resonance damping rate of the
toroidal ion temperature gradient mode. Phys. Plasmas 1, 927.

KOTSCHENREUTHER, M., DORLAND, W., BEER, M.A. & HAMMETT, G.W. 1995 Quantitative
predictions of tokamak energy confinement from first-principles simulations with kinetic effects.
Phys. Plasmas 2, 2381.

KURODA, T., SUGAMA, H., KANNO, R., OKAMOTO, M. & HORTON, W. 1998 Initial value problem of
the toroidal ion temperature gradient mode. J. Phys. Soc. Japan 67, 3787.

LANDAU, L. 1946 On the vibration of the electronic plasma. Zh. Eksp. Teor. Fiz. 16, 574.
LEE, Y.C., DONG, J.Q., GUZDAR, P.N. & LIU, C.S. 1987 Collisionless electron temperature gradient

instability. Phys. Fluids 30, 1331.
LIEWER, P.C. 1985 Measurements of microturbulence in tokamaks and comparisons with theories of

turbulence and anomalous transport. Nucl. Fusion 25, 543.
LIU, C.S. 1971 Instabilities in a magnetoplasma with skin current. Phys. Rev. Lett. 27, 1637–1640.
MISHCHENKO, A., PLUNK, G.G. & HELANDER, P. 2018 Electrostatic stability of electron-positron

plasmas in dipole geometry. J. Plasma Phys. 84, 905840201.
NEUMANN, C. 1871 Ueber die Entwickelung einer Function nach Quadraten und Produkten der

Fourier-Bessel’schen Functionen. Math. Ann. 3, 581.
NEWTON, S.L., COWLEY, S.C. & LOUREIRO, N.F. 2010 Understanding the effect of sheared flow on

microinstabilities. Plasma Phys. Control. Fusion 52, 125001.
ONGENA, J., KOCH, R., WOLF, R. & ZOHM, H. 2016 Magnetic-confinement fusion. Nat. Phys. 12, 398.
PARISI, J.F., PARRA, F.I., ROACH, C.M., GIROUD, C., DORLAND, W., HATCH, D.R., BARNES, M.,

HILLESHEIM, J.C., AIBA, N., BALL, J., et al. 2020 Toroidal and slab ETG instability dominance
in the linear spectrum of JET-ILW pedestals. Nucl. Fusion 60, 126045.

PARISI, J.F., PARRA, F.I., ROACH, C.M., HARDMAN, M.R., SCHEKOCHIHIN, A.A., ABEL, I.G.,
AIBA, N., BALL, J., BARNES, M., CHAPMAN-OPLOPOIOU, B., et al. 2022 Three-dimensional

https://doi.org/10.1017/S0022377823000077 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377823000077


36 P.G. Ivanov and T. Adkins

inhomogeneity of electron-temperature-gradient turbulence in the edge of tokamak plasmas. Nucl.
Fusion 62, 086045.

POGUTSE, O.P. 1968 Magnetic drift instability in a collisionless plasma. Plasma Phys. 10, 649.
RICCI, P., ROGERS, B.N., DORLAND, W. & BARNES, M. 2006 Gyrokinetic linear theory of the entropy

mode in a Z pinch. Phys. Plasmas 13, 062102.
RUDAKOV, L.I. & SAGDEEV, R.Z. 1961 On the instability of inhomogeneous rarefied plasma in a strong

magnetic field. Dokl. Acad. Nauk SSSR 138, 581.
SAUTER, O., VACLAVIK, J. & SKIFF, F. 1990 A nonlocal analysis of electrostatic waves in hot

inhomogeneous bounded plasmas. Phys. Fluids B 2, 475.
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