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Introduction

This paper deals with the problem of reconstructing a scheme X from its derived category
D(X) (where D(X) is some kind of derived category such as D%(X) or Dperf(X)). Does
an equivalence @: D(X) = D(Y) induce an isomorphism X ~ Y? The answer is positive
with great generality for the category Dper if we assume that the equivalence respects
®-products [3,4]. If & does not preserve ®-products, the answer is more difficult. As
a negative answer, there are examples of non-isomorphic varieties with equivalent D?:
abelian varieties and K3 surfaces [15-18], varieties connected by some kinds of flops
[6,9,11] and many others where Y is a moduli space of certain kind of sheaves on
X [5,8,10]. On the contrary, one has the fundamental result of Bondal and Orlov [7]
that states that if X is a smooth projective variety over a field £ with ample or antiample
canonical sheaf and the equivalence @ is k-linear and graded, then X ~ Y. So X is
determined by the k-linear and graded structure of D%(X). Not even the triangulated
structure of D2(X) is required. The aim of this paper is to extend this result in two
directions.

Firstly, we shall replace the smoothness condition on X by a Gorenstein condition: X
is a Gorenstein, connected and equidimensional projective k-scheme. Note that X may
be non-irreducible or even non-reduced. With this hypothesis on X we shall prove that
the Bondal and Orlov result (Theorem 1.15) still holds.

Theorem. Let X be a connected equidimensional Gorenstein projective k-scheme with
ample canonical or antiample canonical sheaf. If D = Dyers(X) (respectively, D%(X)) is
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equivalent as a graded category to Dyert(X') (respectively, D%(X")) for some other proper
k-scheme X', then X is isomorphic to X'.

Again, only the k-linear graded structure of Dpert(X) (or DY(X)) is involved. If we
consider the triangulated structure (i.e. we assume that @ is exact), this result is obtained
in [2] by different methods.

The original proof of Bondal and Orlov is based on identifying (categorically) the
objects of D%(X) that are isomorphic to the skyscraper sheaf of a closed point (up to
translations). From this, one can identify invertible sheaves and then the topology of X.
Finally, the Serre functor allows us to construct the ring structure. In our case, we shall
identify what we have called Gorenstein 0-cycles, Z,, supported at a closed point z. By
this we mean a zero-dimensional closed subscheme Z, C X supported at a closed point
2 and such that Oz, is perfect (as an Ox-module) and Z, is Gorenstein. These objects
also allow us to identify invertible sheaves and the proof then works as in the smooth
case.

As in [7], one can apply this reconstruction theorem to calculate the group of exact
autoequivalences of D%(X). One obtains the same result as Bondal and Orlov (see Corol-
lary 1.17 and [2]).

Secondly, we shall give a relative version of Bondal and Orlov result (Theorem 2.10).
By this we mean the following. Assume that X is a Gorenstein scheme (i.e. its local rings
are Gorenstein) and let f: X — T be a proper morphism. Then D%(X) has a T-linear
structure (this roughly means that one can multiply objects of D%(X) by objects of
Dperi(T); see Definition 2.1 for details). Assume also that the relative dualizing complex
f'Or is an invertible sheaf wy /7, placed at degree dim X —dim 7" (this holds, for example,
for any f: X — T if T is Gorenstein). Then we shall prove that if wx,r is either
T-ample or T-antiample, then X is determined (as a T-scheme) by DY(X) with its
T-linear structure. The precise statement is as follows.

Theorem. Let X be a Gorenstein scheme, let f: X — T be a proper morphism of
finite Tor-dimension and let T' be a Cohen—Macaulay scheme. Let Dx 1 be the relative
dualizing complex. Assume that Dx /1 =~ wX/T[n], n € Z, where wx,r is an invertible
sheaf which is either T-ample or T-antiample. If X’ — T is another Gorenstein T-scheme
and one has a T-linear equivalence Dpere(X) = Dpere(X'), then X ~ X' (isomorphism
of T-schemes).

Note that the definition of the T-linear structure of D%(X) does not require the trian-
gulated structure of either D2(X) or Dyert(T).

As in the absolute case, one can apply this reconstruction theorem to calculate the
group of exact T-linear autoequivalences of D%(X) (see Corollary 2.12). Let us see some
other immediate applications of this relative reconstruction theorem.

(a) Let X be a projective Gorenstein k-scheme of dimension n. Assume that the canon-
ical sheaf wx is neither ample nor antiample (i.e. we are not under the Bondal and
Orlov hypothesis). Choose a finite and flat morphism X — P™ which induces a
P™-linear structure on Dpeys(X). Since it is an affine morphism, the relative dual-
izing sheaf wy p» is P"-ample. Then X is determined, as a scheme over P", by
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the P"-linear structure of Dpe,s(X) (or D2(X)). Of course, natural questions arise:
how many P"-linear structures admit Dpe,(X)? Can one recognize the P"-linear
structures coming from finite and flat morphisms X — P™?

(b) Let
X X'
N

be two birational proper morphisms between Gorenstein schemes. Let K €
DP(X xy X') be an object of finite homological dimension over X (this is a tech-
nical condition that ensures that the associated integral functor maps bounded
complexes to bounded complexes). The associated integral functor

$r: DY(X) — DY(X')

is a Y-linear functor. If either X or X’ has a Y-ample or a Y-antiample relative
dualizing sheaf and @k is an equivalence, then X ~ X’ as Y-schemes. For example,
if X is the blow-up of ¥ along a regular centre, then wx/y is Y-antiample.

Conventions

Throughout the paper a scheme means a connected and equidimensional scheme. The
latter means that all the irreducible components of X have the same dimension. All
schemes are also assumed to be quasi-compact and quasi-separated.

1. Absolute case

In this section k is a field and we deal with k-linear graded categories with finite Homs.

1.1. Serre functor
Let D be a k-linear category. For any P, @ € D we shall denote
Hom* (P, Q) = @ Hom™ (P, Q).
neEZ

Definition 1.1. An object P € D is called a perfect object if Hom®(P, Q) is finite
dimensional for any ) € D. We denote Dy, the faithful subcategory of perfect objects.
It is a triangulated subcategory.

Any autoequivalence @: D — D preserves perfectness, i.e. induces an autoequivalence
d: Dperf — Dperf.

Definition 1.2. A covariant functor S: Dpert — Dpert is called a Serre functor if it
is a category equivalence and there are bi-functorial isomorphisms

va.p: Homp(A, B)* = Homp(B, S(A))

for any A, B € Dpert.
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Any autoequivalence ®@: Dper — Dperr commutes with a Serre functor. Any Serre
functor is graded and exact. Moreover, if it exists, it is unique up to a graded natural
isomorphism.

Example 1.3. Let X be a proper k-scheme of dimension n and let D = D2(X). Then
P € D is a perfect object if and only if P is a perfect complex, i.e. Dperf = Dpert(X).
For this, see the proof of [12, Lemma 1.2].

Assume in addition that X is Gorenstein. The dualizing complex is isomorphic to
wx|[n], where wx is an invertible sheaf (the canonical sheaf), n is the dimension of X
and the functor

(1) ® wx|[n] (1.1)
is a Serre functor.

Remark 1.4. For any scheme X the subcategory Dpert(X) of D%(X) can be recognized
categorically: an object P € D%(X) belongs to Dpert(X) if and only if for any Q there
exists an integer ng such that Hom" (P, Q) = 0 for any n > ng.

Proposition 1.5. Let X be a proper k-scheme of dimension n. Then Dper¢(X) has a
Serre functor if and only if X is Gorenstein.

Proof. For any P,Q € Dpe¢(X) one has by duality

Hom(P,Q)* = Hom (Q, p Q% DX)7

where Dx is the dualizing complex of X over k. If S: Dpere(X) — Dpert(X) is a Serre
functor, then the identity S(P) — S(P) gives a morphism

L
S(P) - P® Dx.

This morphism becomes an isomorphism after taking Hom(@Q), -) for any perfect Q. Hence,
it is an isomorphism:

L
S(P) =P ® Dx.
In particular, Dy is perfect. Since S is an autoequivalence, one must have
L v
Dx ® DX ~ Ox.

By [1, Theorem 1.5.2], Dx ~ Lr], r € Z, where L is an invertible sheaf. Hence, X is
Gorenstein. 0
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1.2. Gorenstein 0-cycles

Definition 1.6. Let X be a scheme and let x € X be a closed point. A Gorenstein
0-cycle supported at x is a closed subscheme Z, < X supported at x such that

(i) Z, is a Gorenstein zero-dimensional scheme,
(ii) Oz, is an Ox-module of finite Tor-dimension, i.e. Oz, € Dpers(X).
Remark 1.7. Let X be a Gorenstein scheme.

1. Let Z — X be a closed subscheme supported at a closed point z € X and let n be
the dimension of the local ring of Ox at x. Then Z is Gorenstein if and only if

(S,Xtréx (Oz, Ox) ~ OZ

In particular, any local complete intersection (l.c.i.) zero cycle is Gorenstein (see
[12] for the definition of an l.c.i. zero cycle).

2. For any closed point € X there exists a Gorenstein O-cycle Z, supported at x. In
fact it is enough to take an l.c.i. zero cycle supported at = (which exists because X
is Cohen-Macaulay [12, Lemma 1.9]).

3. The set

2 ={0, for all closed points z € X
and all Gorenstein 0-cycles Z, supported on x}

is a spanning class for D%(X). This follows from [13, Lemma 3.4].

1.3. Reconstruction of a Gorenstein k-scheme from the derived category of
perfect complexes

For any object P € D we shall define Op = Hom(P, P). It is a finite k-algebra, possibly
non-commutative. The product is given by composition: f-g = fog.

For any P, @ € D the set Hom(P, @) has a natural structure of right Op-modules and
another one of left Og-modules:

f'g:fog7 hf:hofv fEHOHl(P,Q), gEOPv hEOQ

In particular, Hom™ (P, P) is a left and right Op-module.

Example 1.8. Let Z be a zero-dimensional closed subscheme of a k-scheme X. Then
HomDZ(X)(Oz,Oz) = OZ

(since Z is zero dimensional, we identify Oz with its global sections). That is, if we take
P = Oz, then Op = Oz.
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Definition 1.9. An object P € Dperf is called a Gorenstein 0-cycle object of codi-
mension s, if

(i) S(P) =~ Pls],

)

(ii) Hom<°(P,P) =0,

(iii) Op := Hom"(P, P) is a commutative local k-algebra,
v)

(i

Hom* (P, P) is a monogenerated right Op-module.

Proposition 1.10. Let X be a Gorenstein proper k-scheme of dimension n with ample
canonical or anticanonical sheaf. Then an object P € Dyeri(X) is a Gorenstein 0-cycle
object if and only if P ~ Oy _[r], r € Z, is isomorphic (up to translation) to the structure
sheaf of a Gorenstein 0-cycle supported at a closed point x € X.

Remark 1.11. Since X has an ample invertible sheaf, it is projective.

Proof. The structure sheaf of a Gorenstein 0-cycle supported at a closed point obvi-
ously satisfies conditions (i)—(iv) of Definition 1.9.

Suppose now that P € Dpef(X) satisfies (i)—(iv). Let H* be the cohomology sheaves
of P. If follows immediately from (i) that s = n and H’ ® wy ~ H' Since wx is
either an ample or an antiample sheaf, we conclude that 7’ are finite length sheaves,
i.e. their supports consist of isolated closed points. Sheaves with the support in differ-
ent points are homologically orthogonal, therefore any such object decomposes into the
direct sum of those which have the support of all cohomology sheaves in a single point.
By (iii), the object P is indecomposable; hence, all H’ have their support in a single
point. Now, condition (ii) implies that all but one of the cohomology sheaves are trivial.
Indeed, suppose that H® # 0, H/ # 0,3 < j and H™ = 0 for m < i or m > j. Then
Hom' ™7 (P, P) = Hom(H?, #7) # 0. Hence, P ~ M[r], where M is a coherent O x-module
of finite Tor-dimension supported at a closed point x. The surjection M — M/m,M
induces a surjection (of right Op-modules)

Hom" (M, M) — Hom"™ (M, M /m,M) — 0

By (iv), one concludes that Hom" (M, M /m, M) is a monogenerated Op-module. Then
M/m,M is a one-dimensional k(z)-vector space. By Nakayama, M is monogenerated,
ie. M ~ Ox/Z, with T an m,-primary ideal. To conclude, we have to prove that Ox /T
is Gorenstein. We have to prove that Extg, (Ox /T, Ox) ~ Ox /I. The surjection Ox —
Ox /T — 0 induces a surjection

SXtT(LQX (Ox/I, Ox) — gthX (Ox/I, Ox/I) —0

which is an isomorphism because they have the same dimension as k-vector spaces.
Finally, &xt, (Ox/Z,0x/Z) is isomorphic to Ox /T because it is a monogenerated
Ox /Z-module (by (iv)) and has the same dimension as Ox /Z. This completes the proof.

(I
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Definition 1.12. An object L € D is called invertible if, for any Gorenstein 0-cycle
object P € D, there exists s € Z such that

(i) Hom®(L, P) ~ Op (isomorphism of left Op-modules),
(ii) Hom'(L, P) = 0 for i # s.

Proposition 1.13. Let X be a Gorenstein scheme. Assume that all Gorenstein 0-cycle
objects have the form Ogz_|s] for some Gorenstein 0-cycle Z, supported at a closed point
x, s € Z. Then an object L € D is invertible if and only if L ~ L[t] for some invertible
sheaf L on X, t € Z.

Proof. The converse is obvious. Now let 2? be the cohomology sheaves of an invertible
object L. Consider the spectral sequence

EP = Hom?(H™%,0z,) = Ext?*9(L,03,)

and let H% be the non-trivial cohomology sheaf with maximal index. Then for any closed
point € X in the support of H%, Hom(H%, Oy, ) # 0. Moreover, Hom(H%, Oy ) and
Extl(’Hq",(’)Zm) are intact by the differentials of the spectral sequence. Therefore, in
view of the definition of an invertible object, we conclude that, for any point x from the
support of H9P,

(a) Hom(H%®, 0z, )~ Oy,
(b) Ext'(H®, 04, ) =0.

Since X is connected, and due to Lemma 1.14, H9% is invertible. It follows that
Ext’(H%,0z,) = 0 for i > 0. Hence, Hom(H% ', Oy ) are intact by differentials of the
spectral sequence. This means that Hom(H% !, Oz ) =0 for any z € X, i.e. H?~1 = 0.
Repeating this argument for H? with smaller g, we easily see that all H?, except g = qq,
are trivial. This proves the proposition. O

Lemma 1.14. Let O be a commutative noetherian local ring with maximal ideal m and
M a finite O-module. Let I be an m-primary ideal such that O/I is a zero-dimensional
Gorenstein ring. Then M ~ O if and only if

(a) Homp(M,O/I) ~ O/I,
(b) Exty(M,0/1) = 0.

Proof. Let us define O = O/I. For any O-module N let us define NV = Homg (N, O).
Since O is Gorenstein, the natural map N — NVV is an isomorphism (N of finite type).
Now (M/IM)V ~ O by (a). Hence, M/IM ~ (M/IM)"V ~ O. One has then an
epimorphism O Iy M that becomes an isomorphism after taking Home(, O). Let K be
the kernel of f. By (b), one obtains that Home (K, Q) = 0; that is, (K/IK)" = 0. Then

K/IK =0 and by Nakayama K = 0. |
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Theorem 1.15. Let X be a connected equidimensional Gorenstein projective k-
scheme with ample canonical or antiample canonical sheaf. If D = D,es(X) is equivalent
as a graded category to Dpert(X') for some other proper k-scheme X', then X is isomor-
phic to X'.

Proof. While saying that two isomorphism classes of objects, one in Dpers(X) and
the other in Dye(X’), are equal, we mean that the former is taken to the latter by
the primary equivalence Dpert(X) — Dpere(X'). First note that X’ is Gorenstein by
Proposition 1.5. As in [7], we proceed in several steps.

Step 1. Denote by Gp the set of isomorphism classes of the Gorenstein 0-cycle objects
in D, and by Gx the set of isomorphism classes of objects in Dpes(X):

Gx :={0gz,[r], x € X, Z, is a Gorenstein 0-cycle supported at x, r € Z}.

By Proposition 1.10, Gp ~ Gx. Obviously, Gx' C Gp.
Now we shall identify two 0-cycle Gorenstein objects whenever they have the same
support. Let us define

Pp =Gp/~,

where P ~ @ if Hom®*(P,Q) # 0. Analogously, Px = Gx/~. One still has Px, C
Pp. Suppose that there is an object [P] in Pp which is not contained in Px-. Since
two different objects in Pp are mutually orthogonal, it follows that P € Dper(X') is
orthogonal to the structure sheaf of any Gorenstein 0-cycle Oz ,, 2’ € X’. Hence, P
is zero. Therefore, Px: = Pp = Px. We conclude that Gx: = Gp. Let P € Gp. Since
Px: = Pp, there exists a Gorenstein 0-cycle Z,, , 2, € X', such that [P] = [(’)Z%]. Hence,
for any 2’ € X', x' # a3, P is orthogonal to Oz ,. Hence, P € Dye(X') is supported
at the single point x{,. As shown in the proof of Proposition 1.10, P is isomorphic (up to
translation) to the structure sheaf of a Gorenstein 0-cycle of X’ supported at x. Hence,
PegGx.

Step 2. Denote by Lp the set of isomorphism classes of invertible objects in D; denote
by Lx the set of isomorphism classes of objects in Dpers(X) defined by

Lx :={L[r], L is an invertible sheaf on X, r € Z}.

By Step 1, both X and X’ satisfy the assumptions of Proposition 1.13. It follows that
EX = [,D - LX"

Step 3. Let us fix some invertible object Ly in D, which is an invertible sheaf on X.
By Step 2, Lo can be regarded, up to translation, as an invertible sheaf on X’. Moreover,
changing, if necessary, the equivalence Dpert(X) — Dpers(X') by the translation functor,
we can assume that Lo, regarded as an object on X'| is a genuine invertible sheaf (the
same precision as in [7] can be taken). Obviously, by Step 1, the set gp C Gp,

gp = {P € Gp, Hom(Ly, P) ~ Op},
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coincides with both sets

gx =1{0z,, r € X, Z, is a Gorenstein 0-cycle supported at =}
and

gx ={0z,,, 2’ € X', Z, is a Gorenstein 0-cycle supported at z'}.

If we define pp := gp/~ (analogously px, px/) we obtain px = pp = px-; this gives us
a pointwise identification of X and X'.

Step 4. Now let Ix (respectively, Ix/) be the subset in Lp of isomorphism classes of
invertible sheaves on X (respectively, on X').
They can be recognized from the graded category structure as follows:

Ix'=lx =Ilp:={L € Lp: Hom(L, P) ~ Op for any P € gp}.

For o« € Hom(Lq, Ly), where Ly,Ls € Ip, and P € gp, denote by o} the induced
morphism
Hom(Ls, P) — Hom(Ly, P)

and by W, the subset of those objects P € gp for which a} is an isomorphism. Note
that if P € W, and @ ~ P, then Q € W,,. Hence, U, := W,/~ is a subset of pp.
By [14], an algebraic variety has an ample system of invertible objects. This means that
Uy, where a runs over all elements in Hom(Lq, Ls), and Ly and Ly run over the elements
in Ip, constitute a basis for the Zariski topologies of both X and X'. It follows that the
topologies of X and X’ coincide.

Step 5. Now the rest of the proof is identical to that in [7]; we indicate it briefly. Since
codimensions of all Gorenstein 0-cycle objects are equal to the dimensions of X and X',
we have dim X = dim X'. Twisting by the canonical sheaf on X and X’ induces equal
transformation on the set Ip. Let L; = S*Lo[—ni], i.e. {L;} it is the orbit of Ly with
respect to twisting by the canonical sheaf on X or X’. Then, since wy is either ample or
antiample, the set of all U,, where a runs over all elements in Hom(L;, L;), 4,5 € Z, is
the basis for the Zariski topology on X, and hence on X’. This means that wyx- is also
ample or antiample.

For all pairs (7, ) there are natural isomorphisms

Hom(L;, L;) ~ Hom(Lg, L;_;)

that induce a ring structure in the graded algebra A over k with graded components
A; = Hom(Lg, L;). If we denote by B (respectively, B’) the graded algebra with graded
components B; = Homy (Ox,w’) (respectively, B! = Homy (Ox/,w%:)), we have iso-
morphisms of graded algebras

B~A~DB

and then
X = Proj B = Proj B’ = X'.
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Remark 1.16. Since any graded equivalence D2(X) — D%(X') induces an equivalence
between perfect objects, one also obtains Theorem 1.15 for the category D2%(X).

The same methods as in [7] yield the following.

Corollary 1.17. Let X be a connected equidimensional Gorenstein projective
k-scheme with ample canonical or anticanonical sheaf. Then the group Aut D%(X) of
isomorphism classes of exact autoequivalences D%(X) — D%(X) is the semi-direct prod-
uct of its subgroups Pic X & Z and Aut X, Z being generated by the translation functor:

Aut DY(X) ~ Aut X x (Pic X & Z).

2. Relative case

Now we shall relativize the ampleness or antiampleness of the canonical sheaf. We con-
sider a Gorenstein scheme X together with a proper morphism X — T such that the
relative canonical sheaf wx 7 is either T-ample or T-antiample. We shall then see that
X is determined by the T-linear structure of D%(X).

2.1. T-linear structure

Definition 2.1. Let T be a scheme. A T-linear structure on a graded category D is a
bigraded functor

Dperi(T) x D — D,
(E,P)— ER P,

satisfying functorial isomorphisms:
1. ¢p: Or ® P ~ P,
L
2. Ve, 0p: E1® (E2® P) ~ (51 Do 52) ® P.

Definition 2.2. A T-linear category is a graded category endowed with a T-linear
structure. A T-linear functor F': D — D’ between T-linear categories is a functor satis-
fying a bifunctorial isomorphism F(€ ® P) ~ £ @ F(P), £ € Dpert(T'), P € D, which is
compatible with ¢p and 9¢, ¢, p in the obvious sense.

2.2. Local homomorphisms: RHom}.

Definition 2.3. Let P and ) be two objects of a T-linear category D. We shall denote
by RHom% (P, Q) the object of Dyers(T), if it exists, satisfying

HOIIleerf(T)((S‘,}R,HOIH}(F)7 Q)) = HOHlD(S ® P, Q)
Taking £ = Op[—i], one obtains
HY(T,RHom% (P, Q)) = Homk (P, Q),

where HY(T,E) := H'RI(T,£). We shall define Hom’ (P, Q) = H!(RHom%.(P,Q)).
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Composition
The identity RHomY (P, Q) — RHomY (P, Q) gives a morphism in D:

ep: RHom} (P, Q) ® P — Q.
Then one can define a composition
RHom$(Q, R) ©o, RHom$(P, Q) — RHom3(P, R),

which corresponds to the composition

RHom$(Q, R) ®o, RHom} (P, Q) ® P 25 RHom$(Q, R) ® Q ~ R.

Taking cohomology, one obtains morphisms
Hom’y(Q, R) @0, Homy(P, Q) — Homi (P, R).

Example 2.4. Let f: X — T be a T-scheme. Then Dpe(X) and D2(X) have a
natural T-linear structure: for any £ € Dpers(T) and P € Dpere(X) (respectively, P €
D%(X)) one defines

L
EQP:=Lf*€ 3o, P.

If f has finite Tor-dimension (e.g. either T regular or f flat) and P,Q € Dpere(X),
then RHom?% (P, Q) exists. Indeed,

RHom% (P, Q) := Rf.RHomg, (P, Q).

The hypothesis of finite Tor-dimension ensures that R f,RHomg, (P, Q) is perfect.

Let X — T and X' — T be two T-schemes and let K € D%(X xr X') be an object
of finite homological dimension over X (see [13, Definition 2.1]). One has the integral
functor

P : DY(X) — DE(X),
L
M — Rq, (Lp*M & K),
where p and ¢ are the projections from X X7 X’ to X and X', respectively. Then @ is

T-linear (as a consequence of the projection formula).

Any T-linear autoequivalence @: D — D preserves RHomY,, i.e.

RHom}(P, Q) ~ RHom¥((P), &(Q)).

2.3. T-Serre functor

Definition 2.5. Let D be a T-linear category such that RHom%.(P, Q) exists for any
P and Q. A T-Serre functor is an autoequivalence St: D — D satisfying a bifunctorial
isomorphism

RHOHL}(P, Q)v = RHOIH/}(Q, ST(P))ﬂ Pa Q € Da
where we define £¥ = RHomy, (€, Or) for any € € Dpert(T).
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Taking Hom(&,-), £ € Dpers(T), in the above isomorphism, one obtains

L
Hom (5 Do, RHomS (P, Q), OT) ~ Homp (€ © Q, Sr(P)).
In particular,
HOIHD (Q, ST(P)) = HOHlecrf(T) (RHOIH%(P, Q), OT)

Any T-linear autoequivalence ¢: D — D commutes with a T-Serre functor. A T-Serre
functor, if it exists, is unique up to a natural isomorphism.

Proposition 2.6. Let f: X — T be a proper morphism of finite Tor-dimension. Let
Dx/r = f'Or be the dualizing complex of X over T. Then Dyeri(X) has a T-Serre
functor if and only if Dx,r ~ wx,r[d], d € Z, wx,r is an invertible sheaf on X (the
relative canonical sheaf). Moreover, if X and T are Cohen—Macaulay, then

St ~ (1) @ wx/r(n],
where n = dim X — dim S.

Proof. First recall that RHom%.(P, Q) = Rf,.RHomg, (P, Q). Relative duality yields

an isomorphism
RHom7 (P, Q)" = RHom%(RHomg, (P, Q),Dx/r).
Since P is perfect,
~ L
RHom§ (RHomb, (P, Q), Dx/r) = RHom(Q, P G, Dx/r ).

Hence, if Dx/p ~ wx/r[d], then (=) ®o, wx/r[d] is a Serre functor. Conversely, if St is
a T-Serre functor, one has

Hom(Q, S7(P)) = Hom(RHom3 (P, Q), Or) = Hom (Q, P Do, Dy/r)-

Hence, the identity St (P) — St(P) gives a morphism

L
ST(P) — P Koy DX/T-

One proves as in Proposition 1.5 that Dx 7 ~ wx,r[d]. Finally, let us see that if X and
T are Cohen—Macaulay, then d = dim X — dim7T. Let x € X be a closed point and let
t = f(z). One has

Hom'(k(z),Ox) = Homi(k(x),wX/T) = Hom' (k(z), Dxr[—d]) = Hom'~%(k(t), Or).

Hence, depth Ox , = d + depth Op ;. Since X and T are Cohen-Macaulay (and equidi-
mensional), dim X = depthOx , = d + depthOp; = d+ dim7T. O
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Proposition 2.7. One has a natural isomorphism
RHom?.(P,Q) = RHom}(Sr(P), S7(Q))-
Proof. Indeed,
RHom (P, Q) ~ RHom}(P, Q)" ~ RHom$(Q, Sr(P))" ~ RHom3(Sr(P), Sr(Q))-

O

2.4. Reconstruction of a T-scheme from the T-linear category of Dperr(X)

Now we shall show that a T-scheme X can be uniquely reconstructed from the T-linear
category Dperf(X), provided that X is Gorenstein and the relative dualizing sheaf wx
is either T-ample or T-antiample.

First we proceed to reconstruct Gorenstein O-cycles of X from the T-linear structure
of Dpcrf(X).

Definition 2.8. Let D be a T-linear category. A 0-cycle Gorenstein object P € D of
relative codimension s is an object satisfying the following:

1. S7(P) ~ P[s];
2. Hom3" (P, P) = 0;
3. Hom{.(P, P) is supported at a closed point ¢ € T

4. Hom) (P, P) is a commutative and local algebra;

5. HomgdimT(P, P) is a monogenerated right Op-module.

Proposition 2.9. Let X be a Gorenstein scheme, let f: X — T be a proper morphism
of finite Tor-dimension. Let Dx 7 = f'Or be the relative dualizing complex. Assume
that Dx/p ~ wx/r[n], n = dimX — dim7T, wx,r, an invertible sheaf which is either
T-ample or T-antiample. Then an object P € Dyer(X) is a Gorenstein 0-cycle object if
and only if P ~ Oy _[r], r € Z, is isomorphic (up to translation) to the structure sheaf of
a Gorenstein 0-cycle supported at a closed point x € X.

Proof. Sp(P) ~ P[s] implies that s = dim X — dim7" and that the support of P is
finite over T'. Condition 3 of Definition 2.8 implies that P is supported at the fibre of ¢.
Hence, the support of P is a finite number of closed points on the fibre of s. The rest of
the proof is like the absolute case (Proposition 1.10). O

Once we have identified Gorenstein 0-cycles of X, Proposition 1.13 identifies invertible

sheaves. Now we can proceed as in the absolute case to give a relative reconstruction
theorem.
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Theorem 2.10. Let X be a Gorenstein scheme, let f: X — T be a proper morphism
of finite Tor-dimension and let T' be a Cohen-Macaulay scheme. Let Dx 1 be the relative
dualizing complex. Assume that Dx 7 ~ wX/T[n], n € Z, where wxr is an invertible
sheaf which is either T-ample or T-antiample. If X' — T is another Gorenstein T-scheme
and one has a T-linear equivalence

Dperf(X) l> Dperf(X/)y
then X ~ X’ (an isomorphism of T-schemes).

Proof. We follow the same steps as in the proof of Theorem 1.15. We mention the
necessary changes to be made.

Step 1. The same arguments as in the proof of Theorem 1.15 give an identification
Gx =G = Gx/ (note that X' is assumed to be Gorenstein).

Step 2. This remains unchanged.

Step 3. We obtain again an identification Px = P = Px. Let us denote by Pr the
set of closed points of T. We have a map

fX: Px — PT,
[P] — supp(Hom.(P, P)).

Analogously for X', fx/: Px, — Pr. The identification Px = Px- is compatible with
fx and fx/. We denote f: Pp — Pr.

Step 4. One again obtains [x = Ip = [x/. For each affine open subset V of T" and
each a € I'(V, Homy (L1, La)), we define

Wve) ={Pegp: f([P]) eV
and ap: Homr(La, P)|y — Homy (L, P)|y is an isomorphism}

and Uy,q) = Wiv,a)/~, which is contained in Pp. These Uy, where o runs over all
elements in I'(V, Homy (L4, Lo)), L1 and Lo run over all elements in Ip and V' runs over
all affine open subsets of T', constitute a basis for the Zariski topologies of both X and X’.

Step 5. Since codimensions of all Gorenstein 0-cycle objects are equal to the relative
dimensions of X and X’, we have dim X = dim X'. Twisting by the relative canonical
sheaf on X and X’ induce equal transformation on the set Ip. Let L; = StLg[—ni],
i.e. {L;} is the orbit of Ly with respect to twisting by the relative canonical sheaf on X
or X'. Then, since wx/,r is either (relatively) ample or antiample, the set of all Uy,
where o runs over all elements in I'(V, Homy (L;, L;)), i,j € Z, is a basis for the Zariski
topology on Xy = f;l(V) for sufficiently small V', and hence on X{,. This means that
wx /7 is also (relatively) ample or antiample.

By Proposition 2.7, for all pairs (4, j) there are natural isomorphisms

HomT(Li, LJ) ~ HOI’HT (LQ, Lj—i)a
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which induce a ring structure in the graded Or-algebra A with graded components A; =
Homr (Lo, L;). If we denote by B (respectively, B’) the graded algebra with graded com-
ponents B; = ’HomT(OX,wX/T) o~ fX*wX/T (respectively, B, = Homp(Ox, wX,/T) ~
Ixr W b /T) we have isomorphisms of graded Or-algebras

B~ Ax~PB

and then
X = ProjB = Proj B = X',
an isomorphism of T-schemes. U

Remark 2.11. If T is a Gorenstein and proper scheme over a field k, then the Goren-
stein assumption on X' is unnecessary. Indeed, the transitivity of the dualizing complex
gives an isomorphism

L
Dx/ /i, ~ Dx//r @0, Lg*Dryy,

with g: X’ — T the structure morphism. Now Dx//p is an invertible sheaf (up
to translations) because Dper(X’) has a T-Serre functor, following the equivalence
Dypert(X) o~ Dpert(X'). Moreover, Dy /i 18 an invertible sheaf because T is Gorenstein.
Hence, Dy, is an invertible sheaf, i.e. X' is Gorenstein.

Assume now that T is either affine or regular. One can easily adapt the methods of [7]
to obtain the group of exact T-linear autoequivalences D%(X) — D%(X), as follows.

Corollary 2.12. Let X — T be as in the preceding theorem and assume that T
is either affine or regular. Then the group Autr D%(X) of isomorphism classes of exact
T-linear autoequivalences D%(X) — D%(X) is the semi-direct product of its subgroups
Pic X @ Z and Auty X, Z being generated by the translation functor:

Auty D%(X) ~ Auty X x (PicX @ Z).

Acknowledgements. This work was supported by Research Projects MTM2006-
04779 (MEC) and SA001A07 (JCYL).

References

1. L. L. AvRaMOV, S. B. IYENGAR, AND J. LIPMAN, Reflexivity and rigidity for complexes,
IT, Schemes, preprint (arXiv:1001.3450v1; math.AG).

2. M. BALLARD, Derived categories of sheaves on singular schemes with an application to
reconstruction, Adv. Math. 227 (2011), 895-919.

3. P. BALMER, Presheaves of triangulated categories and reconstruction of schemes, Math.
Annalen 324 (2002), 557-580.

4. P. BALMER, The spectrum of prime ideals in tensor triangulated categories, J. Reine
Angew. Math. 588 (2005), 149-168.

5. C. Barrocci, U. BRuzzo, D. HERNANDEZ RUIPEREZ AND J. M. MUNOZ PORRAS,
Mirror symmetry on K3 surfaces via Fourier—Mukai transform, Commun. Math. Phys.
195 (1998), 79-93.

6. A. I BONDAL AND D. O. ORLOV, Semi orthogonal decomposition for algebraic varieties,
MPIM Preprint 95/15 (arXiv:alg-geom/9506012v1; 1995).

https://doi.org/10.1017/50013091510000076 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091510000076

796

11.

12.

13.

14.

15.

16.

17.

18.

C. Sancho de Salas and F. Sancho de Salas

A. I. BoNDAL AND D. O. ORLOV, Reconstruction of a variety from the derived category
and groups of autoequivalences, Compositio Math. 125 (2001), 327-344.

T. BRIDGELAND, Fourier-Mukai transforms for elliptic surfaces, J. Reine Angew. Math.
498 (1998), 115-133.

T. BRIDGELAND, Flops and derived categories, Invent. Math. 147 (2002), 613-632.

T. BRIDGELAND AND A. MACIOCIA, Fourier—Mukai transforms for K3 and elliptic fibra-
tions, J. Alg. Geom. 11 (2002), 629-657.

J.-C. CHEN, Flops and equivalences of derived categories for threefolds with only terminal
Gorenstein singularities, J. Diff. Geom. 61 (2002), 227-261.

D. HERNANDEZ RUIPEREZ, A. C. LOPEZ MARTIN AND F. SANCHO DE SALAS, Fourier—
Mukai transforms for Gorenstein schemes, Adv. Math. 211 (2007), 594-620.

D. HERNANDEZ RUIPEREZ, A. C. LOPEZ MARTIN AND F. SANCHO DE SALAS, Relative
integral functors for singular fibrations and singular partners, J. Eur. Math. Soc. 11
(2009), 597-625.

L. ILLUSIE, Existence de résolutions globals, in Séminaire de Géométrie Algébrique du
Bois-Marie 1966-1967 (SGA 6), Exposé 2, Lecture Notes in Mathematics, Volume 225
(Springer, 1971).

S. MukAl, Duality between D(X) and D(X) with its application to Picard sheaves,
Nagoya Math. J. 81 (1981), 153-175.

S. MUKAI, On the moduli space of bundles on K3 surfaces, I, in Vector bundles on algebraic
varieties, Tata Institute of Fundamental Research Studies in Mathematics, Volume 11,
pp. 341-413 (Tata Institute of Fundamental Research, Bombay, 1987).

D. O. OrLov, Equivalences of derived categories and K3 surfaces, J. Math. Sci. 84
(1997), 1361-1381.

A. POLISHCHUK, Symplectic biextensions and a generalization of the Fourier—Mukai trans-
form, Math. Res. Lett. 3 (1996), 813-828.

https://doi.org/10.1017/50013091510000076 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091510000076

