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Introduction. In [3], Sharp and Taherizadeh introduced concepts of reduction and
integral closure of an ideal I of a commutative ring R (with identity) relative to an
Artinian R-module A, and they showed that these concepts have properties which reflect
some of those of the classical concepts of reduction and integral closure introduced by
Northcott and Rees in [2].

We say that the ideal I of R is a reduction of the ideal J of R relative to A if I = J and
there exists s € N such that (0:, IJ°) =(0:, J**"). (We use N (respectively N,) to denote
the set of positive (respectively non-negative) integers.) An element x of R is said to be
integrally dependent on [ relative to A if there exists n € N such that

(0 ‘A éx"'ili) c(0:4x").

In fact, this is the case if and only if / is a reduction of I + Rx relative to A [3, Lemma
(2.2)]; moreover,

I*:={y e R : y is integrally dependent on I relative to A}

is an ideal of R, called the integral closure of I relative to A, and is the largest ideal of R
which has / as a reduction relative to A. In this paper, we shall indicate the dependence of
I* on the Artinian R-module A by means of the extended notation I*“,

In fact, this notation is very relevant to this paper, because its purpose is to
investigate how the ideal I*™ depends on the Artinian module A in the context of exact
sequences: our main result is that, if

0-A—>B—->C—-0

is an exact sequence of Artinian R-modules, then [*® = [*() n [*(©),

Although this result does not appear to have any counterpart in the classical theory
of integral closure, where the underlying ring tended to be fixed at the outset, there is a
dual result which is perhaps worthy of mention. In [4, Section 1}, dual concepts of
reduction and integral closure of the ideal I relative to a Noetherian R-module N were
introduced; we shall denote the integral closure of I relative to N by I-™. However, it
turns out that this integral closure is related to the classical integral closure of Northcott
and Rees: the ring R/(0: N) is Noetherian, and, by [4, 1.6], "™ 5 (0: N) and

I'™/[(0:N)=((I+(0:N))/(0:N))",

where the ordinary, classical integral closure of an ideal J of a commutative Noetherian
ring R’ is denoted by J~. This fact means that we can quickly deduce the following.

1.1. PrROPOSITION. Let
0->L->M->N-—>0
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be an exact sequence of Noetherian modules over the commutative ring R (with identity),
and let I be an ideal of R. Then I"™ =~ =™,

Proof. Let x e "™ so that, in view of the comment immediately preceding the
statement of this proposition, there exist # € N and elements c,, . . . , ¢, € R with ¢; € I' for
i=1,...,nsuch that

"+ex" '+ ..+ e, x +c,e(0:M).
But (0: M) < (0:L)N (0:N), and so it again follows from [4, 1.6} that
x+(0:N)Ye((I+(0:N)/(0:N))" =1""™/(0:N)

and x € ™. Similarly x € I"“, and so we have proved that I~ c [~ [=™),
The reverse inclusion is almost as easy to prove. Let x e I7“ N I=™; thus there
exist n e N and elements ¢,,...,c, e Rwithc,el'fori=1,...,n such that

xX"+ex" '+, . +c,oix+c,e(0:L),
and there exist # € N and elements d,,...,d, e R withd,e['fori=1,..., h such that
x"+dx" '+, . +d,_,x+d,e(0:N).

But then

(x" + ,é c,-x”“)(x" + é} dix"") €(0:L)(0:N) = (0: M),

and it follows from this that x € I~™". This completes the proof.

We have not found it so easy to prove the corresponding result for a short exact
sequence of Artinian modules, and our proof of this dual result forms the content of the
next section.

2. The result. Throughout, R denotes a commutative ring (with identity). We begin
with some preparatory comments which will be helpful in the proof of the main result.

2.1. REMARK. Let A, B and C be Artinian R-modules, and let / be an ideal of R.
Then it follows from [3, (1.5) and (1.6)(i)] that there exists a finitely generated ideal I’
of R such that I' =/ and, for all n e N,

0:,I'")y=(0:,1"), (0:51'") = (0:51"), O:c1'")y=(0:c1).
Note that such an I’ must be a reduction of [ relative to each of A, B, C, so that, by [3,
2.4)@v)],
Ir*(A) — I*(A), Il*(B) - I*(B), I’*(C) = I*(C).
We shall make use of the following fact from [3].

2.2. PropOSITION [3, (1.7)]. Let A be an Artinian R-module, and let 1,J be ideals of R
such that 1 cJ and 1 is finitely generated by r\,...,r,. Let X,,...,X; be independent
indeterminates over R, and consider R[X, . .., X,] as a graded ring in the usual way. Let
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Ga(J)=G = @ G, be the graded R[X,, . . . , X;]-module defined as follows: forneZ,
neZ
G = {O for n>0,
" LA/0:4J7") for n=0;
the ideas of (1, p. 55] are used to turn G into a graded R[X,, . .., X,]-module in such a

way that, for a negative integer n and a € A,
X,'(a + (OZAJ‘H)) =ra + (O:AJ_"—I)

fori=1,...,s.
Then G4(J) is an Artinian R[X,, . .., X,]-module if and only if I is a reduction of J
relative to A.

2.3. CoroLLARY. Let B be an Artinian R-module, and let I,J be ideals of R such that
IcJ and 1 is finitely generated by r\, ... ,r. Let A be a submodule of B such that I is a
reduction of J relative to B/A.

Let Hg ,(J)=H = EBZ H, be defined as follows: for ne Z, set

H = {0 for n>0,
" AB/(A+(0:5J7) for n=0;
then the R-module Hg 4(J) can be turned into a graded R[X,,. .., X;]-module in such a

way that, for a negative integer n and b € B,
Xb+(A+0:5J))=rb+(A+(0:5J7""Y)
fori=1,...,s.
Then Hg 4(J) is an Artinian R[X, . . ., X;]-module.

Proof. Let Gy 4(J)=G = @ G, be defined as follows: for n € Z, set
neZ

~ {0 for n>0,
" B/(A:pJ™") for n=0;
turn the R-module G into a graded R[X|,..., X,]-module in such a way that, for a

negative integer n and b € B,
X,(b + (A :BJ_")) = r,-b + (A :BJ_"_I)

fori=1,...,s. By2.2 applied to B/A, the R[X,,. .., X,]-module Gy 4(J) is Artinian.
By Kirby’s ‘Artin-Rees’ Lemma for Artinian modules [1, Proposition 3], there exists
t e N, such that

A+(0:5J)=((A+(0:5)):5J""") forall n=t

Now let H = @) H, be defined as follows: for n € Z, set

neZ

i _{O for n>0,
" B/(A:p]Y) for n=0,
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where J* is to be interpreted as R when the integer & is negative; turn the R-module A
into a graded R[X,,...,X;]-module in such a way that, for a negative integer n and
beB,

X,(b + (A :EJ—"—I)) = r,~b + (A :B.I_"_r_l)

for i=1,...,s. It follows easily from [1, Theorem 1(ii)], together with the above-
mentioned fact that Gz (/) is an Artinian R[X,, ..., X,]-module, that H is an Artinian
R[X,,...,X,]-module.

Next note that, for all n € Z with n = —¢, we have

(A:pd "N ((A+(0:T):5J 7 N)V=A4+(0:5]7"),
while AcA+(0:5J7") for —t<n=0. It is now easy to construct an R[X,..., X]-
epimorphism H— Hy 4(J), and so the result follows.
We are now in a position to prove the main result of this note.
2.4 THEOREM. Let
0-AL B4 C—0

be an exact sequence of Artinian R-modules, and let 1 be an ideal of R. Then
1*(8)___ 1*(A)nl*(C)‘

Proof. We can assume that A is a submodule of B, that C = B/A, that f is the
inclusion map, and that g is the canonical epimorphism. By 2.1, we can, and do, assunfe
that I is finitely generated, say by r, ... ,r,.

SetJ =1**'N [+ By [3, (1.8) and (2.4)], the ideal J has I as a reduction relative to
each of A and C; our aim is to show that [ is a reduction of J relative to B.

Consider the graded R[X, ..., X;}-modules G,(J), Gz(J) and Hp 4(J), as in 2.2 and
2.3: by those results, G4(J) and Hy 4(J) are Artinian R[X,, ..., X,;]- modules. For each
n € N, there is an exact sequence of R-modules

0—A/(0:,J")—= B/(0:53J")—= B/(A+ (0:5J"))—0.
It is easy to obtain from this an exact sequence
0= G4(J)—= Gp(J)— Hpz 4(J)—0

of R[X,,...,X,]-modules and R[X,,..., X;]-homomorphisms. Hence Ggz(J) is an
Artinian R[X,,. .., X;]-module, and so it follows from 2.2 that / is a reduction of J
relative to B. Hence, by [3, (2.4)],

J = 1N O c 2B

The reverse inclusion can be proved more easily. Let K = I*®; by 2.2, and with the
notation thereof, Gz(K) is an Artinian R[X, . .., X;]-module; it is easy to see that there
exist an R[X,,...,X,]-monomorphism G,(K)— Gz(K) and an R[X,,...,X]-
epimorphism Gz(K)— Gg,4(K); hence G4(K) and Gp/4(K) are Artinian R[X,,. .., X,]-
modules; it therefore follows from 2.2 again that [ is a reduction of K relative to each of
A and B/A; and so, by [3, (2.4)] again,

K=1"® g [ O,

This completes the proof.
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2.5. ConcLupING REMARKs. It follows from 2.4 that if A is either a submodule or a
homomorphic image of the Artinian R-module B, and [ is an ideal of R, then
1*® < *™) Thus, speaking loosely, we see that the smaller the Artinian module, the
larger the integral closure of / relative to it; indeed, / *©  the integral closure of I relative
to the (Artinian!) module 0, is R itself. In the case when R is semi-local and Noetherian
and E is an Artinian injective cogenerator (see [5, p. 46]) for R, it follows from [4, 2.1]
that /*® =], the classical integral closure of / studied by Northcott and Rees;
moreover, in this situation, /- < I*® for every Artinian R-module B. It is perhaps
interesting to ask which ideals of R that contain /™ can arise as the integral closure of /
relative to some Artinian R-module. The above Theorem 2.4 might be of some assistance
with such an investigation.
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