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A NOTE ON HYPERGEOMETRIC POLYNOMIALS
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Abstract

In a paper which appeared in this journal, Manocha and Sharma [6] obtained some results
of Carlitz [4], Halim and Salam [5] and generalized a few of them by using fractional
derivatives. The present paper is concerned with some erroneous results of this paper [6].
Many more sums of the product of hypergeometric polynomials are also obtained.

1. Introduction

Let D% be an operator of a fractional derivative having the order b, as usually
defined by

= = x (i i)
J dxb T(a-b) { }

which holds for all values of b except b = a and a is neither zero nor a negative
integer.

In our investigations, we shall use the following result which may be verified
from (1.1) and the binomial theorem

x(
m+a-1)Y(c)(c) \-n,c + m; 1

where w, « are non-negative integers, \x\ < 1 and 2FX is Gauss's hypergeometric
polynomial [8, page 45(1)]. Other elementary identities to be used are

( a + l ) m = ( - l ) m ( - a - m ) m and (a + l)n = (a + l ) m (o + m + 1)B_M.

(1.3)
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In an attempt to generalize some results of Carlitz [4] and Halim and Salam [5],
Manocha and Sharma [6, page 475(30,32,34)] obtained the following results

mxm(-yy-m \-(n-m),c + m; 1
\

y = I '"

and

-m, d + n — m;

b + n — m;

-n,c,b - d;

.1 + c — a ~ n,\ — d — n;

y ( b n)m r(at( \r(b) (__r\ =

-n, c,\ — b — n\
x/y

a, I - d - n;

-n, c,1 - b — n\
*F,

.a, 1 - d - n;

b)ln

, (1-4)

•]
(1.5)

(1.6)

respectively. Here 3F2 and L(£\x) are generalized hypergeometric function [8,
page 73(2)] and associated Laguerre polynomial [8, page 200(1)] respectively.

It does not appear to have been observed previously that (1.4) to (1.6) are not
correct, although many workers have used them lately.

By making use of fractional derivatives, we give corrections to results (1.4) and
(1.5) in Section 2. Later in Section 3, we apply manipulations of series to get
summation for product of hypergeometric polynomials which are further special-
ized in terms of Jacobi [8, page 254(1)] and Laguerre type polynomials. One of the
special cases of these results yields the correct form of the result (1.6).

2. Use of fractional derivatives

Consider an elementary result

px(\-y)lp-y(l-x)t _ pxlp-yt

which may be written in the form

~ (-l)"xm(l - y)my"(l - x)"?m+n

m\n\ = L
m, n = 0

(-l)nxmy"tm+n

(2-1)

(2.2)
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Now multiplying both sides of (2.2) by xc 1yd l, applying the operators
D*~a, D$~b on both sides and using the results (1.1) and (1.2), we get

to to (a)m(b)n.mml (n - m)\ 2

-{n-m),c

m ;

X2FX

-m, d + n — m;

_b + n — m\
y

f(-y)"(d)n

(b)nn\

-n, c , l — b — n;

.a, 1 — d — n;

x/y

(2-3)

which is the correct form of the result (1.4). The equation (2.3) requires that
a, b,c, d are not zero or negative integers.

We now turn to an error in equation (1.5). On equating the coefficients of t" on
both the sides in (2.3), we get

M (c)m(l-b-n)mt-x
[l-d-n)m\y

-m, d + n — m;

b + n — m;

-(n - m), c + m;

.a + m;

-n, c,1 - b - n;

.a, 1 - d - n;
x/y (2.4)

which is the result of Manocha and Sharma [6, page 475(31)].
Putting x = y = 1 in (2.4), we get

-n, c, b — d\

. 1 — d — n,\ — a — n + c;

-n, c, 1 — b — n;

.a, 1 - d - n;

(2-5)

which is the correct form of equation (1.5).
In fact equation (2.5) is a well known result of Bailey [3, page 238(2.1)] (see also

[1, page 10(26)]) but Abiodun [1, page 10] has stated that the result (2.5) is due to
Whipple [10]. However, we have not been able to find it in [10]. In fact the result
of Whipple [10, page 105(2)] (see also [2, page 14(1)] and [9, equation 11]) is

3*2

a, b,c;

e,f\ T(a)T(s + b)T(s + c)

e - a,f- a,s;

s + b,s + c;

(2-6)
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where s = e+f-a-b-c, Re(a) > 0 and Re(s) > 0, which clearly differs
from the result (2.5).

Now replacing x, y, a, b, c and m in (2.4) by x/c, y/d, 1 + a, 1 + b, -d and
n - m respectively, and making d -> oo, we get

!(«-m)!UJ ! 1

-(« - m);

.1 + b + m;

which can be put in the form of

-n,-b — n;

Ll + a;

, (2-7)

(2.8)

by using the results for Laguerre and Jacobi polynomials [8, pages 200(1), 254(2)].
Setting y — -x in (2.7), using Gauss's summation theorem [8, page 69(4)] and

[8, page 200(1)], we get an interesting result, in which a finite sum of the product
of two generalized Laguerre polynomials having the same argument but opposite
sign, different order and degree, is equal to a constant for every value of the
argument, that is,

a + b + n)jn\ (2.9)
m = 0

3. Use of series manipulations

In this section some more finite summations of the products of two hypergeo-
metric polynomials are obtained by using the method of series manipulations.

Consider the series,

~n + m;

ib;
(3-1)
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which can be put in the following forms,
n m n — t

mto r-o s-o {a)r(b)sm\ r\s\

""
= y y y (-l)m(c)r(d)sn\(-xY(-yy y y

=o ,-o s-o (a)r(b),r\s\(m - /•)!(« - m - s)\

= y
y Y
r% m=0 (a)r(b)sr\s\m\(n-m-r-s)\

» y n\(c)r(d)sx'(-y)S "Y\ ^">(
h h (°)r(b)sr\s\(n - r - s ) l m% [~l) -\

(3.2)

where C~£~s) is a binomial coefficient.
Now we observe that the value of the following series

m(n~r~s

w i l l b e z e r o f o r r = 0 , 1 , 2 , . . . , « - j - 1 a n d t h u s for /• = ( « - J ) , w e ge t

_
<t(-/i)J(l-a-ii)1x"/-nJ

( a M l - c - n ) ^ ! U J "
Therefore from (3.1), (3.2) with (3.3) and (3.4), we have

-n + m\ d;

b;

-n, 1 - a — n, d;
y/x

T- E y

(3-5)
, 1 — c — «;

which was obtained by Manocha and Sharma [7, page 233(15)] by using the
method of fractional derivatives.

When x = y = 1, equation (3.5) reduces to a transformation of 3F2 having the
unit argument,

- « , a - c, 1 - b - n;
1

a, 1 — b — n + d;

(b)n(c)n
-n, d,\ - a — n;

b,\ — c — n\
1

(3-6)
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Now replacing x, y , a, b and c in (3.5) by x/c, y/d, 1 + a, 1 + b and -d,
respectively, and making d -» oo, we get

a), 2 J

l
(3.7)

which reduces to a known result of Manocha and Sharma [6, page 475(33)],

" H > - I I ) W (aH , m , )= (-iY(x + y)n
pia,b)(y^jj) ( 3 8 )

by using the results [8, pages 200(1), 255(8)].
Settingy = -x in (3.7), we get after manipulations

" {-b-n)m ( m , (1 + a + b + n)nx"

which is the correct form of equation (1.6).
Furthermore Manocha and Sharma [6] have stated that equations (3.8) and

(3.9) are confluent cases of [6, page 475(31)] i.e., equation (2.4). It may be
observed that these equations are not confluent cases of [6, page 475(31)]. In fact
the confluent cases of [6, page 475(31)] are equations (2.8) and (2.9).
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