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(Received 9 July, 1993)

1. Introduction. Much interest has been shown in determining the range of values
of ¢ for which the sequence [n°] contains infinitely many primes. The result is an
elementary deduction from the prime number theorem, of course, if 0<¢=1. In 1953,
Piatetski-Shapiro [9] showed that

m(x)~ asx — +o© 4]

clnx

for 1 <c <4, where m.(x) stands for the number of primes in the set {[n] | n=x}
Various authors have since extended the range of ¢ for which (1) holds up to % (see

X

4clnx
Leitmann and Wolke [8] have shown that (1) holds for almost all ¢ € (1,2), and
Deshouillers [3] has demonstrated that 7.(x) — +o as x — +o for almost all ¢ > 1. In this
paper we shall attempt to establish the analogous results for 77(x) where 7¥(x) denotes
the number of primes in the set {{p] | p =x} with p standing for a variable which only
takes prime values. Balog [2] has obtained the analogue of Deshouillers’ result in this
situation. In fact, by making a slight adaptation to Deshouillers’ method he proved:

[10]). It has also been shown [1] that m.(x)> for all large x when 1<c=<%.

THEOREM 1. For almost all ¢ > 1 we have

lim sup 7}(x)

X-—>+c

2
c(logx) =1
x

REMARK: As with the case [n€] it is expected that the exceptional set consists solely
of the integers exceeding 1.

In this paper we shall establish an asymptotic formula for a quantity related to 77 (x)
and investigate related topics concerning the sequence [n°]. We have little hope at
present of deducing that there are infinitely many primes in the sequence for any given
¢ >1 (see [5] where the equivalent question of the joint distribution of the fractional and
integral parts of p* is discussed for A <1).

The results we prove are as follows:

THEOREM 2. For almost all (a, b) € [1,2]* we have

bx
Sa,b,x)= D 1~——= asx—+® )
[n*}=p az(ln x)2
where q and p both denote primes.
RemARrks: The significance of Theorem 2 lies in the fact that 73 (x) = S(c, ¢, x). It will
become clear that much more can be said about the two dimensional “almost all” set of
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this result, but sadly we cannot as yet determine whether it includes almost all points of
the line a = b. Theorem 2 follows directly from Theorem 3 and Theorem 4 below.

THEOREM 3. Let A be an infinite set of positive integers and write

A (x)=#n=x|[nVesd), Ax)=d(x). 3)

2
Suppose that, for some a e (0,1} we have (y) > y*. Then, for almost all ¢ (1, Y a)

we have, for any € >0,

Ae(x) =y an"”* +O(W()) (4)

1
where y = : and

Wx)= > a)a 17
p

REMmARKs: Suppose that, for any 7 >0, y*™" «< &(y) <y Then the main term in (4)
is
>>xlammerize
while the error term is

3ac

1 ¢
«<x ¢ *2mave

for any £ >0. It follows that the main term is a larger order of magnitude than the error

2
term for ¢ <2—-— (that is @ >2(1 — y)). After correcting an oversight, Théoréme 8.2 of
—a

2 .
[10] requires ¢ < g which is weaker for & <1. When a = 1, as will be the case here in

— I
proving Theorem 2, then (4) holds for almost all ¢ € (1,2). In Chapitre 8 of [10] it is
shown how a result like Theorem 3 can be iterated to obtain arbitrarily long finite
sequences of reals ¢, > 1 such that the equation

p=[nil=[nF]=...=[n¥]

has the expected asymptotic formula for the number of solutions. The improvements we
have made with Theorem 3 lead to a particularly neat consequence of this type, which we
state as follows:

CoRrOLLARY 1. Let gy,. .., g be a finite sequence of reals with g; € [3,1) and
E gj + &8 >t
j=t
fort=1,...,k
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Then, for almost all (cy,...,c,) with 1<c¢;<gj', we have that the number of
solutions to

p=[nl=[nzl=...=[n¥], p=x
Yie-- Yk 2 prt K1+ O(x 7))
psx
for some & = 6(cy,...,c,)>0. We remark that 8 could be stated explictly.
THEOREM 4. Let P be the set of positive prime numbers and write
B(y)= 20 U@((P =1y,p%)
pe

and

B(y,x)= 2 1
peB(y)
p=ExY

Then, for almost all y >1 we have

xy
y(In x)?

B(y,x)~ as x — +o, &)

Remarks: The formula (5) is actually true for all y > ¢, as the reader should observe
from our proof. Also, assuming the Riemann Hypothesis, (5) is valid for all y >1. We
obtain Theorem 2 by letting & in Theorem 3 equal %(c,) from Theorem 4. We fail to
obtain our hoped for analogue of [8] because, in general & in Theorem 3 must not vary
with ¢. Indeed, it is not hard to show that the result fails for certain & varying with c¢. In
our situation the precise structure of & would need to be taken into account when
analysing various error terms, if we were to obtain our desired conclusion.

Before proving our results we mention some related questions. Leitmann and Wolke
also established that the sequence [an] includes infinitely many primes for every positive
a. The corresponding problem for [ap] encompasses such notoriously difficult questions
as “is 2p + 1 prime infinitely often?” (take a = 3). It follows from [4] that [ap] is prime
infinitely often for almost all a. It is a consequence of [6] that [ap€] is prime infinitely
often once c is fixed greater than one for almost all a.

2. Proof of Theorem 3. Let

1 ifa={n]
0 otherwise.

gr)={ ©
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Then
glv,a)=(@+1) —a”+({-(a+1)}-{-a"})
=927+ 0@ ) + ({=(a + 1"} - {=a)

1
=ya" '+ O(a"?) - —
Y ( ) 0<%5H21ﬂ'h

+ 0(min<1, H ||1a7||> + min(l, H_ll(al+_1)7|T>>

for any H, using the familiar truncated Fourier series for {6},

(e(ha”) —e(h(a +1)7))

1

=ya" '+ 0% - 2 e(h(@a+1)")a+1)"'ydt+ Es(a,y), say
0 O<ih|=H
=M(y,a)+O(a”"?) ~ Ei(a, v) + Exa,y), say. (7)

. . . 11
To prove Theorem 3 we first restrict our attention to an interval [—,—]c(l,Z)
. v u
£ ) .
where v = u +4—1' We may then obtain our result by considering almost all y e [u, v]. At
this point we choose

1 —
H = H(a) = [(@)"“a"] +2, where B=— =

It will become apparent later that this is the optimum choice for H to balance the two
errors E,(a, y) and Ey(a, v). Clearly

> M(y,a)

acd
asx©

is our main term, while

> 0@ =0().

a=x¢

Henceforth the variables a and b will both tacitly be assumed to belong to .
We will show that, for any s >r =1,

CS E@y)ldy< S H@)'In@2a)=®y(r,s), say, ®
and ) )
v 2
f > Eia,y)| dy< 2, H(@)(n(H(a)))’a™* = d,(r,s), say. 9)

By the argument used in [11] (or a slight addition to the method of [12], Lemma 10)
it follows from (7), (8), (9) that, for almost all y e {u, v], we have

S g(ra)=7 2 @+ O@i(Ly + 1)+ By(L,y + 1)) (10)

asy asy
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By Cauchy’s inequality

oty +17s( 3 H@imaya)( 3 2O

12axy (Ina)®

« (lgsy A(a)¥(in a)“a'2‘3>(15§a:sy%g-2—;->. (11)

Since the second sum in (11) converges, the error in (10) is

O((,gsy .szﬂ(a)5(lna)“a‘23>%+§> _ O<<1§Sy Sd(a)iay—ng)%)’

as required to complete the proof of Theorem 3.
To obtain (8) we note that if

A=En"=A+56
then v is restricted to an interval of length

w(1+2)

(o2

A 0
<

Inn Alnn’

Thus

1 1+log)]

v 1
min|{ H, >d « 2% min(H, 2*
Jl; ( ”n‘y” Y n“—l<§sn"+1 mlnn k; ( )

«< In(2H)
« In(2n)

and this gives (8).
We begin our estimation of the left-hand side of (9) by writing it as

2 > > e(h(a+t)7)(a+t)’ "ydt
k=0 |h|~2F r=a<s
H(a)>|hl

E3 (k+1)22"f f
6 k=0 0 |h|~2

dy

2
e(h(a + 1)) a +1)""!| ydtdy (12)

H(ﬂ)ZIhl

by three applications of the Cauchy-Schwarz inequality. Here d ~ D means D =d <2D.

Now

2

> e(h(a+0)")a+1)"1 dy

rsa<s

= Z u(a +0) U b+ )" e(h((@a+1)Y = (b+1)))dy

r=a,b<su
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(we tacitly assume the restriction H(a), H(b)=|h| in the above and following)

1

+1) b+ 1) ' mi (1, >

« ,Sazm (@0 b+ min\ L, e @+ 1) = (b + 1) In(6 + 1)

(by [13], Lemma 4.3)

281, -2 a* E gy L > b7
2By —2G 1,———‘_‘> - ~ap 1 b
< rsbéa<s ¢ b mln( Ihl (a - b)ln a rEa<s ? lhl rsb<a<s (a - b)ln a

1
& > a+— > a7 (13)

r=a<s Ihl rsa<s

The right-hand side of (12) is thus

«S+172 3 (3 a3 a¥)
k=0 .

h|~2k \rsa<s Ih! r=a<s

«< 2, (a **H(a)*(In H(a))* + a~**H(a)(In H(a))?)

rsa<s

(recalling that a was restricted by H(a) = |h])

« >, a~**H(a)’(In H(a))* (14)

rsa<s

as desired. To obtain (14) we noted that H(a)a **=1 follows from ¢ <

. We have
-a

thus established (9) and completed the proof of Theorem 3. We note that it was the
diagonal terms (a = b) which gave the most significant contribution to (13). If & were to
depend on ¢ in the way necessary to prove an analogue of [8] the bound (8) may be
obtained as above, and the diagonal terms in (13) cause no problem. It is the
non-diagonal terms which become very difficult to treat in this new situation.

3. Proof of Theorem 4. We write {(s) for the Riemann zeta-function and let

1
p = B + iy denote a zero of {(s) (y no longer appears as Z) We put

N(o,T)= D> 1.

B=o
=T

In the following Lemma we assemble the information we require on N(o, T).

LemMma 1. If T is sufficiently large we have

N(o,T)=0, fore>1—-(InT)® (15)

N(o, T) <T@ D  forg=4 (16)
T¥0=)(In T)*, fori=so=t

N(Ua T) <« {Ts(l—a)/(z—a)(ln T)S, for %S o= % (17)
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Proof. See Chapters 6 and 9 of {13], in particular the end of the chapter notes.
Proof of Theorem 4. Put
X, =exp((Inr)*), r=1,2,3,....
We then note that

In X, _ .
=1+0(r"") =1+ O(exp(~(In X,)}
InX,_, 1+0(¢7) (exp(—(In X,)*)) (18)
and
Xr _ _X,_]> (1]’17‘)3 \
max<Xr_l 1,1 X « «< exp(—In X,)). (19)
Write
S(r)=RB(y, X,) — B(y, X,-1), % =(X,_1, X,]
d=X,-X,_;, andforj=0,1,0=1--—,
X,
S)=2 Am) X Alm) 20)
neJ, nyal'<msny
Mi(ry=(1-af) Z} Aln)r’.
Then
Sor) - $i(r) ( ( 1 ))
S T OXT=S=rt s (14 0( 5 21
yinxy " OXFI=I 0=y AR (21)

where the O(X} %) term in (21) arises from the contribution of prime powers to (20).
We will show that

Si(r) = My(r)(1 + E\(r) + Ex(r)) (22)

where E,(r) = O(exp(—(In X,)})) for all y, and |E,(r)| <exp(—(In X,)}) for almost all
y € (1, 2), for all large r. We now show how Theorem 4 follows from (22). By (19) and the
prime number theorem we obtain

M(r) = (X} = X?_)(1 + O(exp(—(In X,)*))).

| In X, .
nx and - , while
InX,_, Inx

B(y,x) — By, X,-1) < (x = X, )x' ™" «x” exp(=(In x)})

Now suppose X,_; <x < X,. The formula (18) gives a bound on

and
x” X741

y (Inx)* y(nX, ;)

>« x” exp(—(In x)?).
It follows that

x}’
By, %) =y(ln x)?

for all y for which we obtain a suitable bound on |E,(r)|.

+ O(x” exp(—(In x)é))
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We commence our proof of (22) by appealing to Landau’s formula [7]. We
henceforth drop the subscript j on e for clarity. We obtain

e y 3
(-« )+O<err(1an)
p T

Si(ry=M(r) - 2 2 A

ned,
I7I<T

+ > A(n)lnn). (23)

ne.%

We pick T =X, exp((In X,)*) (=rX,) and so obtain a satisfactory estimate for the O(-)
term in (23).
We write § =1+ (In X,)”". Then Lemma 3.19 of [13] gives

> A(nn?e = _1 f Ty (w— yp)—tﬁl'dw + O(X?(In X,)). (24)
ned, 2mi Joryp-air ¢ w
Now
2 .(_Q_)‘Xyﬂ(l X)< 2 Xyﬁ
lylpsT le<T

<(In X, max XPIN(B, T)
B=

2,1
< X3t

using (17). The error term in (24) is therefore of a suitable size.

We next shift the integral in (24) back to Re(w) = —, taking care to avoid zeros of
{(s) on the contour (which arise from w — yp = p’). We thereby find that the integral in
(24) is

X} +yp _ X:f{"’ X/rJ’+yp — Xf:ﬁy”
-~ l+yp o p'+yp

by’ +yyI=4T

+ O((In X,)X?7). (25)

The error term in (25) may be dealt with as the error term in (24). We have
X 1-af)|  2X, XB
L+ylyll  p Xr % 1+y vl

=T

«< XY exp(—(In X,)®)(In X,)?
<« (X} - X3_;)exp(~(In X,)})

using (15).
It remains therefore to consider
Xf’tvp - ijyp 1-a 2xf'+yﬁ—l
2 2 , ‘ =2 2 ————. (26)
p +yp p » o YBTB tly tyyl

IvlsT 1y’ +7yl54T =T |y’ +yyl=4T

It should become apparent that, as usual, the terms with B=1 are of the greatest

significance in (26), so we henceforth tacitly assume 8 = 3. We then split the summation
ranges for p and p’ to get sums S(b,B) where b<B<b+(InX,) ", and B=g'<
B + (In X,)™" in each sum. First suppose that one of b, B = §. We suppose b = B, the case
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B > b follows similarly. Then we tackle (26) by summing first over p’ then over p. This
gives
S(b, B) « (In X,)*N(b, T)XE+»>-!
« (In X, 2 TG HA-5) xbtyb=1 (27)

We note that (27) is an increasing function of b since 1+ y >2 — 55. Hence, using (15)
S(b, B) < X? exp(—(In X,)*)(In X,) 2

which we have already seen is a suitable error.
We now suppose that b, B < 5. We split up the ranges of summation over y and y’ so
that in S(b, B, A, G) we have |y|~G and A—1=<|y' +yy|<2A, where A,G e {2" |n =

0}. Thus
XB+yb—-1
S(b,B,A,G) < > Z
pp' A
A-1=]y' +yy|<2A4
lyI~G

Thus if we write

2
I=| S®,B,A GRX;¥dy

I+e
(we deal here only with the “hardest” region: y e [1 + ¢, 2]), we obtain

X23+2b(1+£)—4—2e 2
IR f
1

2
P1sP2 A

(*) >, 1dy. (28)

+e P3P

Here (*) indicates that y is constrained by A —1=<|y, + yy,|<2A —1. Once v, 7y, are

2A
fixed the integration is thus over a range of length at most ek Also, for each fixed y,

> 1« Aln2X, min(N(B, G), N(b, G))

P3:Pa
< A(In 2X,)(N(B, G)N(b, G)). (29)
To obtain (29) note that once y and vy, are fixed then vy, is restricted to a range of

A .
length — and N(o,R + A) — N(o,R) < AIn2X, for R < X,. A similar argument holds if
y
2
y and vy, are fixed. Hence upon writing 7= ?e, and using b<3% we obtain

X2b+2B—4~7
r

<Y 5 I X)(N(B, G)N(b, G))
«L*Z::‘_'_" (In X,)(N(B, G)N(b, G))}
N3(a, G)

« max (In X,) Xja—4=m (30)

a=b,B . G
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After substituting the bound (17) for N(a, G) in the above, (30) becomes an increasing
function of G, so we may put G = T. Since

-—36(15_ %)t 4a—5
is a decreasing function of @, the maximum of (30) for @ =3 is attained at a =3, and this
value is
«(In X,)* exp((In X,)*) X% (31)
For } =4 =32 we note that
91-a 1-2a)*
% +d4a—-5=- (—2—_0—).
Thus for a <3 the maximum value for (30) is
«<(In X,)® exp(2(In X,)) X"« X7 3. (32)

From (31) and (32) we obtain ] « X, % We have thus established (22) with an E,(r) such
that, for any £ >0,
2
Ex(r?dy <« X[ 3.

1+e¢

Hence the measure of the set on which E,(r) = exp(—(In X,)}) is «r~2 Since
2

converges, we deduce, by the Borel-Cantelli Lemma, that, for almost all y € [1 + ¢,2],
E,(r) <exp(—(in X,)}) for all large r.
This completes the proof.
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