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A NOTE ON FRAME STARTERS

CHENG-DE WANG

We construct frame starters in Za, — {0, n}, for n = 0,1 mod 4, where Zzn
denotes the cyclic group of order 2n. We also construct left frame starters in
Q3 — {e, a™}, where Qzn is the dicyclic group of order 4n and a™ is the unique
element of order 2 in Qan .

1. INTRODUCTION

In this paper we provide specific constructions of frame starters in cyclic groups of
even order and in dicyclic groups. This work is motivated by two different aspects of
previous investigations in combinatorics.

The concept of a near complete mapping and a near orthomorphism in a group was
introduced in [2] as follows. A finite group G is said to have a near complete mapping 6
if 8 is a bijection from G — {h} to G —{e} where h is some fixed element of G and e is
the identity element of G, in such a way that the map ¢: g — g68(g) is another bijection
from G ~ {h} to G — {e}. The map ¢ is called a near orthomorphism from G — {h}
to G — {e}. Groups which have no orthomorphisms may have near orthomorphisms.
It was shown in [2] that a group G which has either an orthomorphism or a near
orthomorphism can be used to construct left neofields.

If G is a group with a unique element h of order 2, a near orthomorphism from
G — {h} to G — {e} was called a special near orthomorphism of G in {4]. A special
near orthomorphism of G can be regarded as a bijection ¢ from G — {e, h} to itself
such that 2 'p(z) = y~'¢(y) if and only if z = y. Special near orthomorphisms in
cyclic groups of even order have connections with the investigation of the admissibility
of linear groups.

On the other hand, the concept of a starter was generalised to the concept of a
frame starter in [1]. Actually, in the definitions of starters or frame starters, we need
not assume the commutative law in the related group [3]. Let G be a group of order n
and H be a subgroup in G of order m such that n —m is even. A left frame starter
in G — H is a set of unordered pairs

S={(si, t:) : 1 €1 < (n—m)/2}
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such that the following two properties are satisfied

1) {si;1<i<(m-—m)/2}u{ti:1<i<(n—-m)/2}=G-H

(2) {s7'ti, t;7's::1<i<(n—-m)/2} =G -H.
If we use s;t7" and ;5] in (2), then we get a right frame starter. Notice that
{(5i, t;): 1 < ¢ < (n —m)/2} is a left frame starter if and only if {(si_l, t:l): 1<K
(n — m)/2} is aright frame starter. In Abelian groups there is no difference between left
and right starters. The most useful technique for direct construction of Room squares
has been the starter-adder method. Room squares were generalised to Room frames
[1] and it was shown that frame starters were very useful in the construction of Room
frames [1].

We can see that a left frame starter in G — {e, h}, where G is a group having a
unique element k of order 2, determines a special near orthomorphism ¢ which is the
product of disjoint cycles of length 2, where ¢(s;) = t; and ¢(t;) = s; for all pairs in
the frame starter. It was proved in [4] that every Abelian group G having a cyclic Sylow
2-group of order greater than 6 has a special near orthomorphism. On the contrary, it
was stated that there were no frame starters in G~ H if n/m =2 or 3 mod 4, where
G is an Abelian group of order n and H is a subgroup of order m. Hence there are
no frame starters in Z3, — {0, n} if n =2 or 3 mod 4. This fact is also in contrast
to the fact that for each group G of odd order and any subgroup H of G there is a
patterned left frame starter S = {(si, ¢;)} where si_l =t in G—H.

2. CONSTRUCTION

THEOREM 1. There exist frame starters in Z,, — {0, n} if and only if n =0 or
1 mod 4.

We prove this theorem by the following three lemmas and we use additive symbols.
LeMMA 1. Zg — {0, 4k} has a frame starter for all k > 1.

ProorF: For k = 1, Zg — {0, 4} has a frame starter {(1 3), (2 5), (6 7)}. For
k > 1, let S be the set of pairs of elements in Zg; consisting of the following four
collections:
(1) (2k—1 2k+1),(2k—3 2k+3),(2k~-5 2k+35),...,(3 4k - 3),
(1 4k —1);
(2) (4k—24k+2),(4k—4 4k+4),...,(2k+4 6k—4), (2k+2 6k - 2);
(3) (2k 8k—1),(6k—1 8k —2), (6k 8k—3),(6k+1 8k —4),...,
(Tk—2 Tk —1);
(4) (2k—2 4k+1), (2k—4 4k+3),...,(4 6k—5), (2 6k - 3);
We notice that the first pair in (3) is special. It is easy to see that the pairs in §
comprise all the nonzero elements except 4k. By direct calculation, the differences of
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the elements in each pair are
(1) 2,6,10,...,4k—6,4k—2,4k+ 2,4k +6, ..., 8k — 6, 8k — 2;
(2) 4,8,...,4k—8,4k—4,4k+ 4,4k +8,...,8k—8, 8k —4;

(3) 6k-—1,2k—1,2k-3,...,5,3,1,8k—1,8k—3,...,6k+3, 6k+1, 2k+1;
(4) 2k+3,2k+7,2k+11, ... ,6k—9, 6k—5, 2k+5, 2k+9, ..., 6k—7, 6k—3.
We can verify that these differences are all the elements in Zg; — {0, 4k}. 1]

LEMMA 2. Ziery2 — {0, 8k + 1} has a frame starter for all k > 1.

PRroOOF: Let S be the set of pairs of elements in Z;4;12 consisting of the following

seven collections

(1) (4k 4k +1), (4k —1 4k +2), ..., (2k+2 6k — 1), (2k +1 6k);

(2) (11k+1 15k +2), (11k 15k + 3), (11k — 1 15k +4), ...,
(10k +3 16k), (10k + 2 16k +1);

(3) (k Tk+1),(k—1Tk+2),...,(2 8k—1), (1 8k);

(4) (12k+2 14k +2), (14k + 1 14k + 3), (14k 14k +4), (14k — 1 14k +5),
..., (13k +4 15k), (13k + 3, 15k + 1),

(5) (10k +1 12k +3), (10k 12k +4), (10k —1 12k +5), ...,
(9% +3 13k + 1), (9% + 2 13k + 2);

(6) (Tk 11k+2), (Tk—1 11k +3), ..., (6k +2 12k), (6k +1 12k + 1);

(1) (2k 8k+2), (2k—18k+3),...,(k+2 9%), (k+1 9% +1).

We notice that the first pair in (4) is special. We can see that the pairs in §
comprise all the nonzero elements in Zgx+2 except 8k -+ 1. By direct calculation, the
differences of the elements in every pair are

(1) 1,3,5,...,4k—1,12k+3,12k+5, ..., 16k — 1, 16k +1;
(2) 4k+1,4k-+3,...,6k—3,6k—1,10k+3, 10k+5, ... ,12k~1, 12k +1;

(3) 6k+1,6k+3,...,8c—3,8k—1,8k+3,8k+5,...,10k—1, 10k +1;
(4) 2k,2,4,6,...,2k—4,2k—2, 14k+4, 14k+6,... , 16k—2, 16k, 14k +2;
(5) 2k+2,2k+4,...,4k—2 4k, 12k +2, 12k + 4, ... , 14k — 2, 14k;

(6) 4k+2,4k+4,...,6k—2, 6k, 10k +2, 10k +4, ..., 12k — 2, 12k;
(1) 6k+2,6k+4,...,8k—2 8k 8k+2 8k+4,...,10k —2, 10k.

It is easy to see these differences are all the elements in Z1gx42 — {0, 8k + 1}. 0
LEMMA 3. Zigr+10 — {0, 8k + 5} has a frame starter for all k > 0.

PRrOOF: For k=0, Z;o — {0, 5} has a frame starter {(8 9), (1 3), (4 7), (2 6)}.
For k > 1, let S be the set of pairs of elements in Z;gx+10 consisting of the following

four collections

(1) (4k+1 4k+3), (4k—1 4k +5), (4k—3 4k +7), ..., (3 8k +1),
(1 8k+3);
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(2) (4k +2 4k +6), (4k 4k +8), (4k —2 4k +10), ..., (4 8k +4),
(2 8k + 6);

(3) (14k +8 14k +9), (10k +7 14k + 10), (10k + 6 14k + 11),
(10k + 5 14k +12), ..., (8k +9 16k +8), (8k +8 16k + 9);
(4) (4k +4 12k +7), (8k+7 12k +8), (12k +6 12k +9),

(12k +5 12k +10), ..., (10k +9 14k +6), (10k +8 14k + 7).
We notice that the first pair in (3) and the first two pairs in (4) are special. After these

particular pairs, the first element in every pair decreases 1 while the second element in
every pair increases 1 successively. It is easy to see that the elements in the pairs of §
comprise all the nonzero elements in Zigr410 except 8k + 5. Direct calculation shows
that the differences of every pair in S are
(1) 2,6,10,...,8k—2,8k+2,8k+8,8k+12,8k+16, ..., 16k+4, 16k+8;
(2) 4,8,12,...,8k,8k+4,8k+6,8k+10,..., 16k + 2, 16k + 6;
(3) 1,4k+3,4k+5,4k+7,...,8k—1,8k+1,8k+9,8k+11,...,12k+5,
12k + 7, 16k + 9;
(4) 8k+3,4k+1,3,5,7,...,4k—3,4k—1,12k+11,12k+13, ..., 16k+5,
16k +7, 12+ 9, 8k 4+ 7.
We can see that these differences comprise all the nonzero elements in Z;gx4+10 except

8k +5. 0
The dicycle group Qa2n, of order 4n is defined by

Qzn = (e, B:a’" =e B> =a”, af =Pa™).

This is a nonabelian group with a unique element of order 2.

THEOREM 2. @2, —{e, a™} has a left frame starter if and only if n is a positive
even integer.

PROOF: Let B be the complement of (a) in @Q2,. Every pair of elements in Q»,
has one of the following three types:

(a* Ba®), (a® a¥), (Ba? Ba?).

If S is a left frame starter of Qz» — {€, o™}, S must have exactly n pairs of the first
type in order to yield 2n elements of B. If S has j pairs of the second type, we have
n+ 2j =2n — 2. Hence Q2 — {e, a™} has no left frame starters if n is odd.

From now on assume that n = 2k. Let § be the set of pairs of elements in Q35
consisting of the following three collections:

(1) (ak ﬂa4k~1) , (a2k+l ﬂa2k—2), (a2k+2 ﬂ(IZk_4), (a2k+3 ﬂaZk—G), .
(ask ,8), (a3k+1 'Bazk—s)’ (a3k+2 ﬂazk—S)’ e (a4k—2 ‘Bas)’

(a4k—1 ,Ba)
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(2) (a aZk—l), (02 aZk—Z)’ (as aZk—S)’ e, (ak—l ak+l)
(3) (ﬂazk—l ﬁa4k_2), (ﬂazk ﬂa“’_s), (ﬂa2k+1 ﬂa4k—4)’ e
(ﬂask—a ﬂa”‘), (ﬂask-z ﬂask-l)_
It is easy to see that these pairs contain all the nonidentity elements in Q25 except a™.
We notice that the first pair in (1) is special. The elements s 't; and t;1s;, where
(si, t;) varies through S, are the following

(1) Ba*=?, Bat*=1, Ba =2, Bat*=3, ..., ok, Bat~?, Ba*F, ..., e,

2k 2k+1 3k-3 3k—2 k k+1 2k—1
B, Ba™®, fa +a"',ﬂa ) Ba , Ba®, Ba y ooy Ba 3
ﬁask—l;
2k-2  _2k—4 _2k—6 2 _4k-2 ,4k—4 2k+4  2k+2.
2) «a , @ , a e, 02 @ , o R A ;
2k—1 _2k—3 _2k—5 3 4k—1 _4k—3 2k+3  ,2k+1
3) « , a , o y e, 00, @, o , o s oe., 2FF3 ) Q2EtL,

These elements are all the elements in @2, — {e, a™}, and therefore §S is a left starter

of Q2. — {e, a™}. 0
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