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The Modified Bessel Function Kn(z).

By Dr T. M. MACROBERT.

(Bead and Received 13th February 1920).

Gray and Mathews, in their treatise on Bessel Functions,
define the function Kn (z) to be

2njTrz-n C" cos (z s inh <£) d <f>

Jo-n) Jo
We shall denote this function by Vn (z). This definition only

holds when z is real, and R (n) = 0. The asymptotic expansion of
the function is also given; but the proof, which is said to be
troublesome and not very satisfactory, is omitted. Basset
{Proc. Camb. Phil. Soc., Vol. 6) gives a similar definition of the
function.

The simplest definition of Kn (z) is *

This paper contains two alternative proofs of the relation
Fn (z) = cos rnr Kn (z),

and two corresponding methods of establishing the asymptotic
expansion of Kn (z). A short discussion of the relation between
this function and Whittaker's Function Wt m(z) is also given.

First Method.
If 0 < R(z)< 1, then

Hence

f
I

I cos t. e~l dt = T (z) cos

.C <*£=(« - U r (a) cos {^—j , (1)

* Of. Maodonald, Proc. London Math. Soc, XXX.
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where C, is the contour of Fig. 1, and amp f=0 initially. This
relation holds if R(z) < 1.

Let n < 0, and let x be real; then if C is the contour of Fig. 2,
deformed, if necessary, so that | f | > 1 for all points on the
contour,

Pier. 2

[ ( ) ( ) " - * d ( =x"~1 f i-osc Je
In the latter integral | x / ( \ < 1 for all points on the contour.
It can be shown (Bromvrich, Inf. Ser., § 176, B) that it is permissible
to expand the binomial in descending powers of f and then integrate
term by term.

It follows, by means of equation (1), that

/ = ( / " " - l) cos n 7T T (2w) 2-" T ( - n + 1) /_„ (.->•)

= (e*
T'n _ l) cot n-K J-K 2 - 1 r (n + h) /_,, (a;).

Now, let n > - k, and let C be deformed into the contour of
Fig. 3 ; then the integrals round the circles vanish with the circles,
so that

Pi«. 3

T m + 1 )*ia? f'cosh (* r,) (1 - V)»-i dn.
Jo
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Now divide by (e - l) ; then

cot nw JTT 2 - 1 r (n + i) /_„ (a;)

= x" f cos (*£)(£»+ 1)«-*d£ + cot rnr Jx 2"-1 V (n + \) In (x).
Jo

Again,* /„(«) is holomorphic in n if a:#0; hence, if « = 0,

Therefore, if n = 0,

cos nir Kn (x) = cos n ir A'_n (a;)

There is a factor cos n ir in the definitions of Kn (a) given by
Gray and Mathews and by Whittaker and Watson. This factor
is better omitted, as it makes the function vanish when n is half
an odd integer.

The Asymptotic Expansion.*; — Assume that x is real and
positive, and let

Pig. 4

where amp (f8- l) = 0 initially, and C2 is the contour of Fig. 4,
chosen so that | {| > 1. Now expand the binomial expression in
descending powers of £, and integrate term by term. Thus

* Cf. MacRobert's Functions of a Complex Variable, p. 239.
t Of. Whittaker and Watson, Analysis, p. 376.
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Now let C2 be deformed into the contour of Fig. 5; then, if
« + £) >0,

\-ijro

Pigr. 5

_ / 4irin \ n f"
X"Ji

/ 3 ir in irin \ r i
Ve +e )2xn cosh (x £) ( 1 -

Jo

Hence

Since both sides of the equation are holomorphic for
- ir < amp x < TT, x + 0,

this formula for ^ ( x ) holds at all points in that region.
Let the binomial expression be expanded in descending powers

of x; then

In a paper read at a recent meeting of the Society, Professor
Gibson has shown, by a very simple method, that if « + J > B = (n)

1 1

where

= l if -7r/2 =

sin <̂  « if

2z

/2 = 4> = amp a < 7r
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Since K^ (2) = Kn (2), the expansion also holds when n is
negative.

The asymptotic expansions of Gn (z), Jn (2), and /„ (2) follow as
corollaries from that of Kn (z).

Second Method.

The equation
2 w" + (n + 1) to' + to = 0

has solutions

where
C,,(z) = z-h» J,,(2Jz).

The function* C,,(s) has recently been discussed by Sir George
Greenhill (Phil. Mag., XXXVIII.). Some of its properties are
simpler than those of the Bessel Functions; for example, for all
values of n,

C"n(2)= -C,,+,(z).

The equation is a particular case of Laplace's Linear Differ-
ential Equation; so that, by applying the method for obtaining
the definite integral solutions of that equation, it can be shown
that

J.i/f.-ff-"-Jfc
where 0(f) = e2'* « ^ £-«-i }jas t n e same value at both ends of the
contour of integration.

By expanding e2' * in powers of 2 it can be shown that

f e2/f e - * f~* d (= ^ i e-*in Cm (z),

where Cr is the contour of Fig. 1 and amp f = 0 initially.
I t follows that

a well known form for Ju (z).

* Of. Fourier, TMorie Analytique de la Ohaleur, Ch. VI., Gray &, Mathews,
Ch. V., and Clifford, Mathematical Papers, p. 346.
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Hence

/. («) - ;-' Jn <*) « ^ ^ *» f a " * «" + *' n C-'-1 «* f •
" > Jc,

Here let x be real and positive, and replace f by x£; then

In this equation put l/£ for (, and reverse the direction of
integration : in order to make amp (= 0 initially the factor e~ "
is taken out of the integral; thus

where (73 is the contour of Fig. 6.

Now the contour Cj can be replaced by the £-axis from + oo to 0,
followed by C3, followed by the f-axis from 0 to oo ; hence

* ( x

1_ / *in_e~*™\ r ~~2 \i+ T

Thus*

K (x)-l f e " T ^ +
«W 5 j o

Of. Macdonald, Proc. London Math. Soc, XXX.
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In this equation let £ = e'; then

Kn (x) = I e~' "»* • cosh ra< d«.
Jo

These two equations hold if B (x) > 0; J. W. Nicholson defines
Kn (x) by means of the latter equation. {Quarterly Journal, XLII.).

It follows that, if I(z) > 0,

Gn(z) = (-i)"Kn(-iz) = (-i)n[ etco"" cosh nt dt.
Jo
[
Jo

This is the function that Heine* denoted by Kn(z + 0i); for points
below the real axis he used

(
In Professor Gibson's Calculus, p. 477, it is shown that, by

changing the order of integration of a certain double integral, the
equation

can be established for x real and positive and B(n)^0; the
substitution g = x sinh<£ reduces the left hand side of the equation
to the form Va (a)/cos («ir) : in the second integral put £/(2x) for
f; then*

I
Jo

COSW7T

The integrals in equation (2) have been studied by Glaisher
(Phil. Trans., 1881), J. J. Thomson (Quarterly Journal, XVIIL),
and others. Glaisher says that he delayed the publication of his
paper for three years in order to investigate the connection between
the integrals and the Bessel Functions. His difficulties were
probably due to the fact that he was dealing with Jn(z) and not
with *•„(«).

Again (Gibson's Calculus, p. 478),

* Kugd/unctiontn, p. 237.
*Of. Maodonald, Proc. London Math. Soc., XXX., p. 170, and Hardy,

Quarterly Journal, XXXIX.
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Hence

and the asymptotic expansion follows as before.

Note on the function WK m (z).* The methods used in this
paper can be employed to obtain the expression for Wlm(z) in
terms of MK m (z) and MK _„ (z).

Let

where x is real and positive, amp f=0 initially, and C4 is the
contour of Fig. 7. Then

/=«»—•-»« e p ' - i ( l + -f-) rf^.
J c4 \ f /

Now expand in ascending powers of x, and integrate term by
term; thus

/ 4T im

Again, if R ( ± k + J + m) > 0, the contour C4 can be deformed
into the contour of Fig. 8, and

-*-»(."* - i) j y
- 1 /

Fig. 8

• Of. Whitt»ker and Watson, Analysis, Chapter XVI.

https://doi.org/10.1017/S0013091500035537 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500035537


18

The first integral can be expressed in terms of Wk m (x); in the
second integral let (=xt\ then

/ iwimHe -
»» + J - \ x iri(m- J - t ) f 2iri(i + m) \

-x e e ye + 1 /
•1 xt m-i-k

Now expand e** in powers of x, and integrate term by term;
then

( 4rtm
*

4wim

Again, in the expression

f (l+,0+,l
- 4 *

where the initial point lies on the real axis between 0 and 1, and
amp t and amp (1 -1) are initially zero, expand e" and integrate
term by term; then for all values of m and k, the expression is
equal to

Hence Mk m (a;) is holomorphic in k and m, except at isolated
singularities.

Thus the restrictions on k and m can be removed; also both
sides of the equation are holomorphic for - ir < amp x < x, so that,
in that region
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Since MOi „ (2x) = 22" V (n + 1) v/2^ /„ (x), it follows that

Kn(x)= J1L W0iH(2x).
V 2w

The asymptotic expansion of Kn(x) can thus be derived from
that of WK „ (x); the latter can be easily established by the method
employed for the Bessel Function by Professor Gibson.
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