
SOME PROPERTIES OF BEATTY SEQUENCES II 

Ian G. Connell 

(received September 9, 1959) 

1, Introduction. In a previous paper £l3 we discussed a 
property of the complementary sequences 

(1) u n = [ n ( l + 1/* )] , v n = [n( l + oc )] , n = 1,2 ,3 , . . . , 

where square brackets denote the greatest integer function and 
o( is any positive i r ra t ional . We called {un} and {vnJ Beatty 
sequences of argument rf . 

We now discuss some further propert ies which are con­
nected with simple continued fractions. If oc > 1 has the con­
tinued fraction expansion 

(2) oc = aG + — p - ^ p . . . = [ a Q , a 1 , a 2 , ^ . ] 

the n*" convergent to oc is the ordinary fraction 

(3) p n / q n = [ a 0 , a 1 , . . . , a n ] , n = 0 , 1 , 2 , . . . . 

The expansion for 1/oC is 

(4) 1/oC = [ 0 f a o , a l f . . . ] 

and if the convergents to l/<* a re P n ' / q n
! * 

(5) Po1 = 0, q0
! = 1, p n

! = q n . x , qn
! = Vn-l • 

I f * n = C an' an+1' 3> t h e n 

Excerpt from Master of Science thes is , University of Manitoba, 
1959. 
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(6) ot = [ a 0 , a j , . . . , a n _ j , <K.nJ • 

2 . The subscr ipt r u l e s . 

THEOREM 1. If {u n } and { v n ] are the Beatty sequences 
of argument eC > 1 and if oc has the convergents p / q , then 

<7) u P 2 n = P 2 n + q 2 n " 1 • 

<8> u p 2 n + 1 " P2n+1 + q 2 n + l • 

W v q 2 n
 = ?2n + ^2n » 

< 1 0 ) v q 2 n + 1 = P2n+1 + ^ n + l " ! 

for n = 0 , 1 , 2 , . . . . 

Proof. By the wel l known f o r m u l a s 

<* = P2n / c ^2n + Ï1 > 0 < J , < l / q | n , 

* = P z n + l ^ Z n + l " *2 ' ° < Ï 2 < 1 / q - 2 n + l « 

1/ « = W ^ n " V3 •• ' ° < Jf 3 < 1 / p L ' 

l / « = ^2n+l /P2n+l + *4 > ° ^ #4 ^ / p f n + l ' 

we have 

^p 2 n = [P2n(! + <WP2n " > 3 )J 

= P 2 n + ( l 2 n - 1 

s ince - 1 ^ ' P ^ n V ^ < ®' The r e s t follow j u s t a s e a s i l y , 

N O T E . By equa t ions (5) it i s e a s i l y s e e n tha t the t h e o r e m 
is t r u e for 0 < oc < 1. F o r t h i s e s s e n t i a l l y r e p l a c e s <x by 
1/oC which i n t e r c h a n g e s { u n ] and {v n } and (7}-(10) i s r e p l a c e d 
by an equ iva len t s e t . 

For e x a m p l e if sC = (1+ V^5)/2 the p n and q n a r e the 
Fibonacc i n u m b e r s { 1 , 1 , 2 , 3 , 5 , 8 , 1 3 , 2 1 , . . . } and i n s p e c t i n g 
Table I in [ l ] we see that 

u 5 = 8 , v 5 = 13 , 

ug = 12 , vg = 20 , e t c . 
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The previous proof can be extended to prove the first 
par t of 

THEOREM 2. The sequences (u n ) and tvn} each con­
tain ari thmetic progressions of a rb i t ra ry length, but neither 
contains one of infinite length. 

Proof. As above, 

V P 2 n = £ m p 2n( X + W * > 2 n "*3 >] 

= m ( p 2 n + q2 n) -1 

for 1 4 m ^ p£ n • Thus {u n ] contains an ari thmetic p rog res ­
sion of length P2n> **e« » °* arb i t rary length. Similarly for {vn} . 

But suppose ( u n ] contained the infinite progression am + b , 
m = 1 , 2 , 3 , . * . . Since u n = [ n(l + 1/oC )J , 

u n < n(l + 1 /* ) «c u n + 1 , 
or 

n - —SL— <r u n _£L_ < n . 
d + i oc-h i 

That is 

1 - _ * . < r (un * ] < 1, 
* + 1 I n * + 1 J 

where r(x) = x - [ x] is the fractional part of x. Hence 

(11) 1 - oC/( oc + 1) < r {(am + b) */(<* + 1)} <• 1 

for all m. But the set of points r (maoc /(<=c + 1)} is uniformly 
distributed in the unit interval since aot/(oc + 1) is i r ra t ional . 

Thus the set 

J a* , boc { 
r { m — + — V 

I oc + 1 * + 1 J 
is uniformly distributed in the unit interval in contradiction to 
(11), The same proof goes through for {v n } « 

A proof of the statement about uniform distribution can 
be found in [2] , chap. XXIH. 

Note that Van der Waerden's theorem on ari thmetic p ro ­
gressions (see [3] , chap. 1) guarantees only that at least one 
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of the sequences contains an arithmetic progression of a rb i t r a ry 
length. 

3. An algorithm» For an i r ra t ional number a > 1 define 
the representat ion 

(12) + (*) = { v l f v 2 , v 3 , . . . } , v n = [n( l+*) ] . 

I t i s clear that ^(oc ) uniquely determines a (if it is a possible 
representation) and conversely. 

Three obvious proper t ies of the representat ion a re 

(13) [«] = V! - 1 , 

(14) ^ ( a - k) = {vx - k , v 2 - 2k, v 3 » 3k, . . . } 

for any integer k, and 

(15) %J,(l/*) = { a j . u 2 . u 3 . . . . } , u n = [ n ( l + 1/oc )] . 

On the basis of these three proper t ies we shall obtain 

(a) an algorithm to determine the continued fraction expan­
sion of a given \{>( cc ) , and 

(b) an algorithm for ^(oc ) given the continued fraction 
expansion of oC . This inverse algorithm is in effect an algorithm 
for the Beatty sequences of argument oc. 

(a) The usual continued fraction algorithm is an i terat ive 
procedure , each step consisting of taking an integral part and 
performing a division. To find the expansion [a0>aj,a2> * * * ] 
of OL we calculate in succession 

a o = M > * i - l / ( * - ao) 

ai = [* l] > « 2 = l / ( * - a l ) 

a2 = P2] » e t c-

In the present case we a re given *\|>( oc ) = {v]_, V2» . . . } . 
Hence by (13) aQ = v j - 1. Next we calculate **/>( a - aQ) by (14) 
and get ^ ( l / ( « - a0) ) = { w j , W 2 , . . . } by the complementari ty 
property (15). Using (13) again, a^ = wj - 1. And so the 
process i s i t e ra ted . 
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For example let oc = e = 2. 718. Then v n = [3 . 718 n ] 
and 

>M*) = ( 3 , 7 , 1 1 , 1 4 , 1 8 , 2 2 , 2 6 , 2 9 , 3 3 , 3 7 , 4 0 , 4 4 , 4 8 , 5 2 , 5 5 , 5 9 , . . . } . 

a 0 = 2, 

^(oc-a0) = { 1 , 3 , 5 , 6 , 8 , 1 0 , 1 2 , 1 3 , 1 5 , 1 7 , 1 8 , 2 0 , 2 2 , 2 4 , 2 5 , 2 7 , . . . } , 

W*!) = {2 ,4 ,7 ,9 , 1 1 , 1 4 , 1 6 , 1 9 , 2 1 , 2 3 , 2 6 , . . . J , 

a l = ** 

t ( a l " a l ) = U, 2 ,4 , 5, 6, 8, 9, 1 1 , 1 2 , 1 3 , 1 5 , . . . } , 

•*(*2> = 13 ,7 ,10 ,14 , . . . . } , 

a 2 = 2 , 

^(<X2»a2) = {1 ,3 ,4 ,6 , . - . . } , 

i(x3) = { 2 , 5 , . . . } , 

a 3 - 1 , 

^ W 3 - a 3 ) = ( 1 , 3 , . . . }, 

V(tC4> = ( 2 , . . . } > 

â4 = 1 . 

Therefore e ~ [ 2 , 1 , 2 , 1 , 1 , . . . ] . In fact e = [2, l , 2n , l ] n = ^ 
( c f . [ 4 ] , p . 134), 

This algorithm avoids divisions with many significant 
f igures. The disadvantage lies in having to calculate a large 
number of the v n ; but this becomes an advantage in the inverse 
algori thm. 

(b) We a re given oc = [a 0 , a ]_ , . . . ] . Now * n = [ a> n , . . . ] 
and >(>(* a ) = [ a n + 1 , . . . ] = ^ ( l / ( * n - 1 - a ^ ! ) ) . Taking the 
complement we get "£( <* n-1 ~ a n- l ) = [ l » 2 , . . . , a n , . . . ] . 
Hence * ^ ( t f n - l ) = [ l + a n - i , 2+2a n„i , . . . ] . Iterating we 
finally a r r ive at *̂>( « 0) = ^ ( ^ ), the required resu l t . 
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For example let oc = IT = [3 , 7 , 1 5 , 1 , 2 9 2 , . . . ] * 

-^(ofj-7) = ( 1 , 2 , 3 , . . . . 1 5 , . . . } 

t ( * x ) = (8 ,16 .24, • . . , 1 2 0 , . . . } 

i/(rr-3) = { 1 , 2 , 3 , 4 , 5 , 6 , 7 , 9 , 1 0 , 1 1 , . . . } 

^(n) = { 4 , 8 , 1 2 , 1 6 , 2 0 , 2 4 , 2 8 , 3 3 , 3 7 , 4 1 , . . . } 

We have omitted most of the final answer in order to conserve 
space. The number of t e r m s this method yields is often r e ­
markab le . Starting with <* = rr 3 -^(cx^)= { 2 9 3 , . . . } one 
obtains v^ = 4., . . . i^^Z9S8 = 136, 622, whence 
ai - 1 , . . .»^ i03634 ~ 136,621. 

This algorithm fails for the one number (1 + V5)/2 and 
numbers equivalent ( [ 2 ] , chap. X) to it , 
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