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THE SUP METRIC ON INFINITE PRODUCTS

CARLOS R. BORGEs

We study the properties of the sup metric on infinite products Z = H X. (fd
a€A
is a bounded metric on X then p, defined by p((za), (¥a)) = supd(za, ¥a), is

the sup metric on Z.) In particular, we prove that if X is an AR(metric) or a
topological group then so is Z.

Of all the equivalent metrics in Euclidean spaces, the sup metric is the one which
can immediately be extended to infinite products of real lines. Nonetheless, it appears
that no one has investigated the properties of this metric; since we could not think of
any good reason for this, we decided to have a go at it and, in our opinion, the results
which follow show that this metric is useful. Many pertinent questions remain open.

We conclude this study by introducing the sup uniformity in infinite products of
uniform spaces; however, we know very little about its properties.

1. THE SUP METRIC

In this section we develop the general results which explain the behaviour of the
sup metric on infinite products, as well as some of the extension properties and linear
properties of this metric.

Let (Y, d) be a bounded metric space. Let Z = Z(Y,d, A) = [[ Y be a cartesian
a€l
product of A (assume A is a cardinal number) copies of ¥ and define a function

p: Z x Z — R by p((za), (¥a)) = sup d(Za, Ya)-

LEMMA 1.1. (Z, p) is a metric space.

PRrooF: Straightforward. 0

REMARK. Clearly, one can define the sup metric for infinite products [] Xa of any
a€A
metric spaces (Xa, da), as long as all the metrics d, are bounded by a common constant

7v; however, there is no need for this since we can consider [[ X, as a subspace of
a€A
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Z(Y, d, A), where Y is the disjoint topological union \/ Xgq of the spaces X, with
a€A
the metric d defined by the d, and d(z,y) =+ for z € X4, y € Xg with a # 8.

Lemma 1.5 proves that bounded equivalent metrics on X generate equivalent met-
ricson Z.

LEMMA 1.2. Foreach (zo) € Z and € >0, B((za),€) = U ][I B(za, §)-
§<e a€A

PROOF: It is clear that |J [[ B(za, §) C B((za), €), since (ya) € [[ B(za, §)
§<ea€A a€A

implies that p((za), (¥a)) < 8. Conversely, if p((za), (¥a)) = § < € then (ya) €
I[1 B(za, 8'),forany § < §' <e.
a€EA

LEMMA 1.3. Foreach v, the projection map p,: Z — Y, is an open continuous

function.

PROOF: This is iramediate from Lemma 1.2, since p,(B((za),€))

U B(z., 8) = B(z,, €).
§<e

LEMMA 1.4. A function g: T — ¥ is continuous if and only if {ps 0 g}aea Is
equicontinuous.

ProOF: The “if” part: Pick w € T and € > 0. Pick a neighbourhood N, of
w such that pa(9(Nw)) C B(pa(g(w)), €/2), for each @ € A. Therefore, g(Nw) C
I1 B(pa(g(w)), €/2) C B(g(w), €). This proves that g is continuous.
aEA

The “only if” part: Pick w € T and ¢ > 0. Pick a neighbourhood N,, of w such
that g(Nw) C B(g(w), €/2). Since B(g(w), ¢/2) C [] B(pa(g(w)), €) we then get
1%

that pa(9(Nw)) C B(pa(g(w)), €), for each a € A. This completes the proof. 1]

LEMMA 1.5. Ifd, and d; are bounded equivalent metrics on X then they gen-
erate equivalent metrics p; and p, on Z(X, d1, A) = Z(X, dz, A).

PRroOOF: Let h: (X,d1) — (X,d2) be a homeomorphism. Define
g: Z(X, d1, A) > Z(X, d2, A) by pag((za)) = h(za); hence pag™((za)) = b7} (za)-

-1

It follows immediately from Lemma 1.4 that g and g—' are continuous, which completes

the proof. 1|
PrOPOSITION 1.6. IfY is a closed ball of a Banach space then (Z, p) is an
AR (metrisable).

PROOF: Let (X, u) be a metric space, A a closed subset of X and f: A > Z a
continuous function. Without loss of generality, assume that Y is the unit ball centred
at the origin of a Banach space.

Note that, by Lemma 1.4, {ps © g}aea is an equicontinuous family of functions
from A to Y. Consequently, by Theorem 1 in the Appendix, {¢(pa© g)}aca is an
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equicontinuous family of functions from X to Y.

Finally, let us define a function §: X — Z by pag(z) = ¢(pa o g)(z), for each
z € X. Lemma 1.4 immediately implies that § is continuous. Since it is clear that
g|A = g, we have proved that Z is an AR(metrisable), which completes the proof. 0

THEOREM 1.7. Let (Y,d) be an AR(metric), where d is a bounded metric.
Then Z(Y, d, A) is an AR (metric).

PROOF: Embed Y in a closed ball of C(Y) the space of bounded, real-valued
functions with the sup norm (and metric d) Let ¥ be a closed ball in C(Y)
which contains Y and let r: ¥ — Y be a continuous retraction. Then the map
T Z(?, d, A) — Z(Y, d, A), defined by 7((¥a)) = (r(¥)), is a continuous retrac-
tion (see Lemma 1.4). Therefore, by Proposition 1.6, Z(Y, d, A) is an AR(metric). 0

QUESTION. Does Z(Y, d, A) inherit connectedness, equiconnectedness, ... , from
v, d)?

For convenience, let §(X) = inf{card D | D = X}. (Recall that the density d(X)
of X is defined by d(X) = Reé(X).)

THEOREM 1.8. If (X, d) is a metric space with §(X) = A then X is isometric
to a subspace of Z(R, A).

PRroOOF: Without loss of generality, let us assume that A 2> Ro. Let D be a dense
subspace of X such that card D = A. Let B = {B(z,r) | ¢ € D and r is a rational
number}; we clearly get that B is a basis for the topology associated with d such that
cardB = A. For each B € B, let fg: X — R be the function defined by fg(z) =
d(z, X — B). Note that {fg | B € B} is equicontinuous. (Note that, if w € X, € >0
and d(w, 2) < € then |fp(w) — fg(z)| = |d(w, X — B) —d(z, X — B)| < d(w, z) <€,
because d(a, X — B) < d(a, b) + d(b, X — B) for any a, b € X.) Therefore, by letting
h: X — Z(R, B) be defined by pp(h(z)) = fB(z), we immediately get from Lemmal.4
that h is continuous. Indeed, h is an isometry: Note that, for any distinct z, y € X,
there exists a sequence {z,} C D and a sequence {r,} of rational numbers such that
(i) d(z, za) <(1/n)d(z, y),
(i) z € B(zn,7n),y ¢ B(Zn, s),
(iii) li't.n‘r,, = d(z, y).
Letting B, = B(za,rn), we then get that li,r‘n [fBa(2) — fB.(¥)| = lifr‘n fB.(z) =
d(z, y). This shows that p(k(z), h(y)) > d(z, y). Since the preceding parenthetical
argument also shows that d(z, y) > p(h(z), h(y)), we then get that h is an isometry.
This completes the proof. 0

CoroLLARY 1.9. If (X, d) is a complete metric space with §(X) = A then X
is isometric to a closed subspace of Z(R, A).
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Unfortunately, Theorem 1.8 is not good enough! Let us recall that any separable
metric space is a subspace of the space s which is the countable product of real lines
with the generalised Euclidean metric (that is, [[ R with the metric p((zn), (yn)) =

n€w
3.2 " min{1, |zn — yn|}). The space s is separable and its topology is the Tychonoff
pnroduct topology (recall that uncountable Tychonoff products of nondegenerate spaces
are not metrisable). Theorem 1.8 fails to duplicate the preceding result in one important
aspect: If §(X) = A > Rq, then §(Z(X,d, A)) = 2*. (From Theorem 1.1(c) of [3] we
get that there exists a natural number n and a subset D = {z, | @ € A} of X such
that card D = A and {B(za, 1/n) | « € A} is a pairwise disjoint collection of open
balls of X with the same radius 1/n. It follows that {B((za), 1/n) | (za) € [] D} is
a€A

a pairwise disjoint collection of open balls of Z(X, d, A) whose cardinality is A4 = 24.
Again, by Theorem 1.1(a) of [3], §(Z) = 22.) The preceding observation raises the
obvious question.

QUESTION. If A > Ry, is there a “well-behaved” metric v on Z(R, A) such that
5(Z) = A? (By “well-behaved” we hope that v should be linear.)

THEOREM 1.10. If (G,d) is a topological group, with a bounded and
translation-invariant metric d, then Z(G, d, A) is a topological group.

PRrOOF: (Note that any translation-invariant metric d’' yields an equivalent met-
ric d which is translation—invariant and bounded: Simply, let d(z, y) = d'(z, y) if
d'(z,y) <1, and d(z, y) = 1 otherwise.) Clearly, the inverse map (za) — (z;!) is
continuous. In order to show that the coordinatewise multiplication map ((zq), (ya)) —
(zaYa) is continuous, pick € > 0 and § > 0 such that B(1, §)B(1, §) C B(1, /2).
Since d is translation-invariant, we then get that B(za, §)B(Ya, ) C B(zaVa, €/2),
for each @ € A. (Note that d(%a, za) < §, (d(¥a, wa) < § & d(1, way;') < §) =
d(1, 27 zaway;?) < €/2 & d(2a, Zaways') < €/2 © d(ZaVa, ZaWa) < £/2.) Hence,
B((2a), §)B((¥a), 8§) C B((Zaya), €). This completes the proof. 0

REMARK. It is noteworthy that the preceding proof depends on the two-sided invari-
ance of the metric d. It may be interesting to know whether Z(G, A) will still be a
topological group if the metric d is only left-invariant or only right-invariant or neither.

THEOREM 1.11. If (L, d) is a linear metric space, where d is bounded and
translation invariant, then Z(L, d, A) is a linear metric space.

PROOF: (It is noteworthy that every linear metric space does have a bounded and
translation-invariant metric, by a theorem of Kakutani — see Theorem 1.1.1 of [2].)
By Theorem 1.10, we only need prove that the scalar map R x Z — Z, defined by
(r, (£a)) — (7€) is continuous, and this is straightforward. 1]
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2. THE SUP UNIFORMITY

Let (Y, U) be a uniform space. Using the pseudometric approach to uniformities,
let G = {ds | @ € I and each d, is a bounded pseudometric on X} be a gauge for U.

Since each d, generates a pseudometric p; on Z = Z(X, A)= [] Y, we get a family
a€A

G* = {pa | @ € T} of pseudometrics on Z. It turns out that G* actually generates a
base for a uniformity for Z: Simply note that if po, pg € U* then sup(pa, pg) € U*,
since sup (dq, dg) € U and it generates sup (pa, pP8)-

APPENDIX

We will re-examine the Dugundji Extension Theorem in order to obtain a new
result which is necessary for the preceding work.
First of all, let us recall that, for any metric space (X, d) and closed subset A of
X, the proofs of Lemma 2.1 and Theorem 4.1 of [1] imply that there exists a locally
finite open cover Y = {Us}aecr of X — A, zo € U, and a, € A, and a partition of
unity {pa}aeca subordinated to U such that
(i) d(za, a) < 2d(zq, A);
(ii) for each @ € A and § > 0 there exists §'(a, §) = &' > 0 such that
Ua N B(a, §') # 0 implies that Uy C B(a, §/3) and d(a, a.) < §;
(i) if Y is alocally convex subset of a linear topological spaceand f: A - Y
is a continuous function, then the function ¢(f): X — Y defined by

f(z) ifz € A,

#lf)=) = { Y ocn Palz)f(aa) ifz € X — 4,

is a continuous extension of f
THEOREM 1. Let (X, d) be a metric space, A a closed subset of X and Y
a locally convex bounded subset of a Banach space. If {f4}er is an equicontinuous
family of functions f4: A — Y then {¢(fy)}+er is a equicontinuous family of functions
{fy): X o Y.

PRrROOF: Without loss of generality, let us assume that ||Y|| = sup{|y|| | v €
Y} < 1. Let us first prove that {¢(fy)}~er is equicontinuous at each a € A. Note that
1@ - Sapal@alall = ISapa(@)fa(@) - Tapa@haleal] <
Y oaPa(z) || fv(a) — fy(aa)l|. From hypothesis, given € > 0 there exists § > 0
such that f,(B(a, §)N A) C B(f,(a), €) for each v € T. Consequently, by (ii),
z € B(a, §')NU, implies that d(a, ao) < § which implies that |[¢(fy)(a) — o(fy)(=)]| <
5 2a(2) 1f+(@) = £1(aa)ll € o pal2)e = ¢, for each 7 € T that is, w(fy)(B(e, 8)) C
B(p(fy)(a), €), for each v € T, as required.
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Finally, we prove that {¢(fy)}yer is equicontinuous at each w € X — A: Pick
B(w, §) C X — A which meets only U,,, ..., Ua, in U. Then, for any z € B(w, §),

X e Pa(z)f1(8a) — X Pa(w)fy(ea)ll < %:a lPa(z) — Pa(w)| If(aa)ll <
Yo lPa(z) — pa(W) Y]] < 32, |Pa(z) —Palw)l = ,=2, |Pai(z) — Pay(w)|. Consequently,
g'ilven e > 0 there exists B(w,§) C B(w, §) such that |lp(fy)(z) — @(fy)(w)|| =
._z:l|p,,..(z)—pa'.(w)| < €, for all z € B(w,5) and vy € T; this implies that
:p_(f.,)(B(w, 3)) C B(¢(f+)(w), €), for all 4 € I'. This completes the proof. 1]
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