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Abstract

In this paper, we study the existence of positive solutions for the one-dimensional
p-Laplacian differential equation,

@pW' ) +q@O ft, u@®), u'®)=0, 1€(0, 1),

subject to the multipoint boundary condition
n n
W)=Y ' &), ul)=) Bu),
i=1 i=1

by applying a monotone iterative method.
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1. Introduction

In this paper, we will consider the positive solutions to the p-Laplacian boundary
value problem

(@p @ )Y +q@) f £, u(®), ') =0, te(,1), (1.1)
WO) =) &), ull)y=Y_ Bu) (1.2)
i=1 i=1
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where ¢, (s) = Is|P~2s with p>1, & € (0, ) with0 <& <& <--- <&, <1, and

ai, Bi, f, q satisfy:

HD)O<a;, Bi<1(@=12,...,n)satisfy0<>" a;, >0 Bi<L;

H2) f(t,x,y)eC(0, 1] x [0, +00) x R — [0, +00)), g (¢) is a nonnegative conti-
nuous function defined on (0, 1) and ¢(¢) # 0 on any subinterval of (0, 1). In
addition, fol q(t) dt < +oo0.

Here, a positive solution of (1.1) and (1.2) means a solution u* satisfying u*(¢) > 0,
O0<t <.

The existence and multiplicity of positive solutions for linear and nonlinear
multipoint boundary value problems have been widely studied by many authors
(see [1-6, 8] and the references therein). However, there are not many papers which
are concerned with the computational methods of these problems. Then the question
arises: “How can we find the solutions when their existence is known?”

More recently, when under the assumption that f is allowed to depend only on ¢ and
u but not on u’, Ma et al. [7] proved the existence of positive solutions of a multipoint
p-Laplacian boundary value problem via a monotone iterative technique.

So, motivated by all the works above, we investigate here the iteration and existence
of positive solutions for the multipoint boundary value problem with p-Laplacian (1.1)
and (1.2), which will extend all the previous research. We do not require the existence
of lower and upper solutions. By applying monotone iterative techniques, we construct
some successive iterative schemes to approximate the solutions in this paper.

2. Preliminaries

In this section, we give the preliminaries and some definitions.

DEFINITION 2.1. Let E be a real Banach space. A nonempty closed set P C E is said
to be a cone provided that:

e au—+bvePforallu,ve Pandalla >0,b > 0; and

e u, —u € P implies u = 0.

DEFINITION 2.2. The map « is said to be concave on [0, 1], if
a(tu+ (1 —Hv) >ta(m) + (1 —Ha(v)

forall u, v e [0, 1] and ¢ € [0, 1].
Let E be the Banach space C 170, 1] endowed with the norm

[l :=max{ max |u(t)|, max Iu/(t)|}.
0<r<l1 0<t<l1

We denote £ = C}r[O, 11={ue E|u()>0,te]0, 1]}, and define the cone P C E
by

P ={ue E|u(t) >0, uis concave and nonincreasing on [0, 1]}.

Throughout, it is assumed that (H1) and (H2) hold.
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LEMMA 2.1. Suppose that y € C'[0, 1] with (¢,(y'(¢)))" € L'[0, 1] satisfies
—(@p(' (1)) =0, t€(0, 1),
n n
YO =y @), yD) =) BiyE).
i=1 i=1

Then, y(t) is concave and y(t) >0, y'(t) <0 on [0, 1], that is, y € P.

The proof is very easy since 0 < Y '_; a;, Y i, Bi < 1, so we omit it here.
For all x € C}r [0, 1], suppose that u is a solution of the problem (1.1) and (1.2).
Then

t
(1) =¢;1(Ax ~ /0 q(s) f (5, x(5), '(5)) ds>,

1 s
u(t) = B, — / qbpl(Ax —/ q(r) f(r, x(r), x'(r)) dr) ds
t 0

where Ay, By satisfy the boundary conditions, that is,

&
l(Ax) Za, (A —/0 q(s) f(s, x(s), X' (5)) ds),
1 s
B, = Z ,Bi I:Bx _/ (P;l (Ax — / q(r)f(r, x(r), x/(r)) dr) ds]_
i=1 & 0

B o ¢y (A =[5 a() f(r, x(r), X' () dr) ds
1 - Z?:l Bi

1 N
‘f ¢171(Ax—/ q(r)f(r,x(r),x’(r))dr> ds
t 0

where A, satisfies (2.1).

Hence,

u(t) = —

LEMMA 2.2. Forall x € C_li_ [0, 1], there exists a unique Ay, with

¢p(Zz"l=l a;)
Ay — -
© |: 1 —¢p(Qis,

1
3 /0 q(s) f (s, x(s), x'(s)) ds, 0}

satisfying (2.1).

The proof is similar to [7, proof of Lemma 2.2], so we omit it here.
For any x € C_l|r [0, 1], let Ay be the unique constant satisfying (2.1) corresponding
to x. Then we have the following lemma.

https://doi.org/10.1017/51446181108000205 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181108000205

554 B. Sun, X. Zhaob and W. Gea [4]

LEMMA 2.3. Ay: C_li_ [0, 1T — R has the following properties:

(a) Ay : Ci_[O, 1] — R is continuous about x;
() if f(t, x, y) is nondecreasing about x and nonincreasing about y on [0, 1] x
[0, +00) x (—o0, 0], then Ay is nonincreasing on P.

The proof is similar to [7, proof of Lemma 2.3], so we omit it here.

3. Main results
For notational convenience, we denote
PR B, (1 — (XTI i)
(1= Y0, Bigndy ' (Jy q(s) ds)

We will prove the following existence results.

THEOREM 3.1. Assume that (H1) and (H2) hold, and there exists a > 0 such that:

(S1) f(t, x1,y1) < f(t, x2, y2) for any 0<t<1,0<x; <xp<a, —a<y <y
<0;

(S2) maxo<;<1 f(, a, —a) < ¢,(alA);

(83) f(t,0,0)#0for0<t <1

Then the boundary value problem (1.1) and (1.2) has two positive nonincreasing,
concave solutions w* and v* such that

O<w*<a, —a<@) <0
and lim w, = lim T"wg=w*, lim (w,) = lim (T"wp) = (w*),
n—>oo n—oo n—>oo n—oo

1— Z?:l Bi

where wo(t) =a —at——————, 0<r<l,
1 - Z?:] ,Bigi

and

0<v¥<a, —a<@)<0
and lim v, = lim T"vo=v*, lim (v,) = lim (T"vy) = (v*),
n— oo n—oo n—oo n—oo
where vo(t) =0, 0<r<I,
where

T = 2P Jo #' Au— o 40010 0(r), ) ) ds
=2 Bi

1 s
—/ ¢pl<Au—/ q(r) f(r, u(r), u’(r))dr> ds. 3.1
t 0
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The iterative schemes in Theorem 3.1 are

(1 - Z?zl .Bt)
(1=>7, Bi&)’

and vo(t) =0, vy =Tv,=T"vg, n=0,1,2....

wo(t) =a — at Wpr1 =Tw, =T"wy, n=0,1,2...

They start off with a known linear function and the zero function, respectively.

PROOF. We define an operator T : P — E by (3.1). Then, from the definition of T,
we deduce that, for each u € P, there exists Tu € C'[0, 1] which is nonnegative and
satisfies (1.2). Moreover, by Lemma 2.1 we have that Tu is concave, thatis, Tu € P,
and (Tu)'(t) <0on [0, 1]. So, T : P — P.

The continuity of 7 is obvious. Now, we prove that T is compact. Let 2 C P be a
bounded set. It is easy to prove that 7' (£2) is bounded and equicontinuous. Then the
Arzela-Ascoli theorem guarantees that 7'S2 is relatively compact, which means that T
is compact. Then, T : P — P is completely continuous, and each fixed point of 7" in
P is a solution of (1.1) and (1.2).

For any u; € P(i =1,2) with u; <up and u| >u), let A, (i =1,2) be two
constants decided in (2.1) corresponding to u; € P(i =1, 2), then by (S1) and
Lemma 2.3 we have A, > A,,. From the definition of 7', we can easily get Tu; <
Tus.

We denote

Py={ueP||u|<a}.
Then, in what follows, we first prove that T : P, — P,. If u € P,, then |u| < a, and
0<u@) =u)= JMmax lu@®] < llull < a,
—a < —|lull =- Or;ltaf;l |_M/(f)| =u'(1) <u'(1) <0.
So by (S1) and (S2)

0< f(t,u(),u'(t)) < f(t,a, —a) < [max f@t, a, —a) <¢,(aA), forO<tr<I.
<t<

In fact,

<t<

|Tu| = max { max |(Tu)(t)|, max |(Tu)/(t)|}
0<r<1 0<t<l

= max {(Tu)(0), —(Tw)'(1)}.
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By (3.1) and Lemma 2.2,

(Tu)(0)

n 1 s n -1
:—[Zﬁifs ¢;1<Au—fo CI(”)f(’”,M(”)au/(”))d’”)ds][l—Zﬁi]
i=1 i i=1

1 s
- / ¢;1(Au— / q(r)f(r,u(r),u/(r))dr) ds
0 0

n 1 n 1
. o (i @) ,
= [; & /&- P <1 —¢p Qi a) Jo () f (s, uls), w(s)) ds

1 n -1
+ / q(r) f(r, u(r), u'(r)) dr) ds:| [1 -y ﬂl}
0 i=1
1 n 1
1 e (Qlisg o) /
+/0 ¢, (1—¢p(Z§’=1 @ q(s) f(s,u(s), u(s))ds
1
+ / qgr) f(r,ur), u'(r)) dr) ds
0

< [(1 - ;‘ ﬂ,-si)qspl (/01 4() £ (5, u(s), /() ds)]
[0-a)(-a(Se)]

< aA[(l - gﬂia)ﬁ(/ol q(s) ds)]
(=) (-e(Ee)]

:a,

and

1
—(Tw)'(1) = ¢, <_Au +/0 q(s) f (s, u(s), u'(s)) dS>

o (2
—P 1=, 001 ai) Jo

1
+/O Q(S)f(s,u(S),u/(S))dS)

—1,r1 d
“a _1¢p o CI(S)n s) “a
¢y 1 =0, i @)

1
q(s) f (s, u(s), u'(s)) ds
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Thus, we obtain that
I Tu|l = max {(Tu)(0), —(Tu)' (1)} <a.

Hence, we assert that T : P, — P,.

Let

1=3" 8
—Z;z’zlﬁ’, 0<r<l,
I_Zizlﬂifi

wo(t) =a — at

so then wy(t) € P,. Let wy = Two, so then w; € P,. We denote wy41 =Tw, =
T"wg, n=0,1,2.... Since T : P, > P,, wehave w, € TP, Z P,,n=1,2,....
Since T is completely continuous, we assert that {w,} 7 | is a sequentially compact

set.

Since

wi(t) = Two(?)

n 1 s
= —[Z Bi ‘/; ¢;1 (Awo — /0 q(r) f(r, wo(r), wy(r)) dr) dsj|
i=1 i
n -1 1 K
X [1 - Z ﬁi] - f ¢;1 <Aw0 - /0 q(r) f(r, wo(r), wy(r)) dr) ds
i=1 t

n 1 n 1
. f Py o) / ,
= [; & /5 b (1 —¢p(Xiy i) Jo 46)J (5 wo(s). wo(s)) ds

1 n
+ fo () £ (r, wo(r), wh(r)) dr) ds] [1 -y ﬁl}
i=1

1 n 1
1 %(Z,-Zl a;) / /
+/t. ¢, (1_¢p(2?:1 @) Jo q(s) f (s, wo(s), wy(s)) ds

1
+ /0 q(r) f(r, wo(r), wo(r)) dr) ds

-1

(1= ,Bisi)fﬁ,?l(fol q(s) ds) A ¢;1(f01 q(s) ds)

=a —tAaa
(1=, By (1 — (X0 o)) ¢ (1= dp(X1y @)
=a—at%=wo(ﬂ, 0<r<l,
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and
w) (1) = (Two)' (1)
=g, (Awo . fot 4 (5) £ (5. wo(s), wi(s)) ds)

>¢1(_ ¢p Qi @i
TN = (i

t
- /0 q(s) f (s, wo(s), w(s)) dS>

_ 1 ! ,
z«ppl(—l_ ) /0 q(5)f (s, wo(s), w0<s>)ds)

¢ (Jy q(s) ds)
oy (1 — dp(Xf_y o))
S b
1- Z?:] ,Bi-é&i

1
) / q(s) f (s, wo(s), wy(s)) ds
a;) Jo

=wy(t), 0=r=1,

SO
wa(t) =Tw (@) < Two) =wi(r), 0=
wy () = (Tw) (1) = (Two) () =wi (1), 0=r=1.
Hence, by the induction,
Wnat Swp,  wp @O =w,(@), 0<r<1,n=0,1,2....

Thus, there exists w* € P, such that w, — w*. Applying the continuity of 7 and
W41 = Twy, we get Tw* = w*. . )

Let vo(r) =0,0 <7 <1, so then vo(¢) € P,. Let vi =Ty, so then v; € P,. We
denpte Vyp1 =Tv, =T"v9,n=0,1,2.... Since T : P, - P,, we have v, € TP,
CP,,n=1,2,.... Since T is completely continuous, we assert that {v,};°, is a
sequentially compact set.

Since vi =Tvg=T0¢€ P,,

vi(t) =Tvo(t) =(T0)(r) =0, 0=
vy (1) = (Tvo)' (1) = (T0)' (1) <0, 0<

So,

v(t) = Toi(t) = (TO)(1) =vi (1), 0<r<1,
vh(1) = (Tv)) () < (TO) () = v} (1), O<r=<I.

Therefore, it is similar to the earlier arguments and, by induction,

Ul = Un, V() <v,(t), 0<t<1,n=0,1,2....
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Hence, there exists v* € P, such that v, — v*. Applying the continuity of T and
Vpt+1 = Tv,, we get Tv* =v*,

If f(t,0,0)£0,0<t <1, then the zero function is not the solution of
(1.1) and (1.2). Thus, maxp<;<i [v*(#)| >0, and we have v* > min{t, 1 —¢}
maxg<s<] [v*(1)| > 0,0 <1t < 1.

It is well known that each fixed point of 7" in P is a solution of (1.1) and (1.2).
Hence, we assert that w* and v* are two positive nonincreasing, concave solutions of
the problem (1.1) and (1.2).

The proof is completed. O
The following corollaries follow easily.

COROLLARY 3.1. Assume that (H1), (H2), (S1) and (S3) hold, and there exists a > 0
such that:

(C3.1) lim,_, |, maxo<,<1(f(z, £, —a)/eP1 < ¢p(A) (in particular,
lim, o, maxo<, < (f (¢, €, —a)/€P~") =0).

Then the boundary value problem (1.1) and (1.2) has two positive, concave solutions
w* and v*, and all other conclusions of Theorem 3.1 hold.

COROLLARY 3.2. Assume that (H1), (H2) and (S3) hold, and there exist 0 < a;
<ap <---<aysuch that:

(C3.2.1) ft,x1,y) = ft,x2,y2) forany 0 <t <1,0<x1 <xp<a, —ax <y
<yn<0,k=12,...,n;
(C3.2.2) maxo<;<1 f(t, ax, —ax) < ¢p(akA), k=1,2,...,n.

Then the boundary value problem (1.1) and (1.2) has 2n positive, concave solutions
wy and v such that:

0<wi<a, —ar<w}) <0,

. . . / . / /
and lim wy, = nll)rr;o T"wy, = wy, nll)ngo(wkn) =nll)ngO(T”wk0) = (wy)’,

n—oo n
)
where wy,(t) = ax — akt#, 0<r<l1,
1- 2121 /31'51'
and
O<vf <ar, —ar< ) <0,
and lim v, = lim T"v, =vf, lim (v,) = lim (T"v,) = (v})’,
n—oo n—oo n—oo n—oo

where v, (1) =0, 0<t<1,

with (Tu)(t) defined in the same way as in (3.1).
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The iterative schemes in Corollary 3.2 are

1—2?:1/31'
1_2?:1,31'51"
=T"wy,, k=1,2...,n=0,1,2...

=Tvk”=T”ka, k=1,2...,n=0,1,2....

Wi, (1) = ax — ait Wk, , = Twy,

n+1

and v, (t) =0, Ukt

They start off with known linear functions and zero functions respectively.

COROLLARY 3.3. Assume that (H1), (H2), (C3.2.1) and (S3) hold, and there exist
O<a; <ax <---<ay such that

(C3.3) lim,_, | o maxo<;<1(f(t, £, —ax)) /(L") < ¢pp(A), k=1,2,... n(in
particular, lim,_, . maxo<<1(f(t, ¢, —ap) /PN =0k=1,2,...,n).

Then the boundary value problem (1.1) and (1.2) has 2n positive, concave solutions
wy and v, and all other conclusions of Corollary 3.2 hold.
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