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ON LAGRANGE INTERPOLATION WITH
EQUALLY SPACED NODES

MICHAEL REVERS

A well-known result due to S.N. Bernstein is that the sequence of Lagrange interpola-
tion polynomials for |z| at equally spaced nodes in [—1, 1] diverges everywhere, except
at zero and the end-points. In this paper we present a quantitative version concerning
the divergence behaviour of the Lagrange interpolants for |:z:|3 at equidistant nodes.
Furthermore, we present the exact rate of convergence for the interpolatory parabolas
at the point zero.

1. INTRODUCTION

Let f be a function defined on [-1,1] and denote by L, (f,.) the Lagrange interpo-
lating polynomial of degree at most n to f associated with the equidistant nodes
. 2

(n) . : —
1 =14+ = =0,1,...,n, n=1,2,...).
() j ’ (.7 )

As is well known, the assumption that f is continuous on [~1, 1] does not guarantee that
L, (f,.) converges to f everywhere in [—1,1] as n — oo. In 1918, Bernstein [1] showed
that for f (z) = |z|, the sequence {Ln (f, 3:(,)}"21 diverges for every point zo € [-1,1]
different from —1,0, 1. The points —1 and 1 are interpolation points for every polynomial
L, (f,.) and therefore L, (|z|,~1) = L,(|z|,1) = 1. For the point zero it is proved in
Natanson [8, pp.30-35] that

Jlim Ly (Jz],0) = 0.

This result is due to D.L. Berman in 1939 and S.M. Lozinskii showed more exactly that
\Ln(]z| ,O)’ < C/n. A short survey on this topic is given in [13, p.285]. There is a
wide range of literature around Bernstein’s classical divergence result. For example, see
2,3,7,9, 10, 11, 12, 14]. An extension of Bernstein’s result is given in [10]:

THEOREM 1. Let0< o <1. Then

im
-00

La(l2l*,20)| = 00, Vao € (~1,1), 20 #0.

n
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Theorem 1 informs us that the divergence behaviour is rather general and does not
depend on the special characteristics of |z]. In 1990, Byrne, Mills and Smith, amplifying
the classical result of Bernstein, showed that the rate of divergence of the sequence
{L (I ,:1:0)} . depends on the location of z¢ in [—1,1]. More precisely, in 3] they

proved the followmg
THEOREM 2. Let0 < |zg| < 1. Then

lim
n—oo 7

[(1+ zo) log (1 + zo) + (1 — xo) log (1 — zo)].

1
La(J2,20) — ool =

For further references, see also Li and Mohapatra [5]. An extension of Theorem 2 to
Hermite-Fejér (HF) interpolation with equidistant nodes (but for a different f) is given
in Mills and Smith [7]. The aim of this paper is to show that Theorem 2, which is
concerned with the rate of divergence of Lagrange interpolation for |z|, is not an isolated
phenomenon and thus can be extended to the following result.

2. RESULTS

We shall prove the following:
THEOREM 3. Let0 < |z¢| < 1. Then

La(l2[*, 20) — |zol ' = -;— (1+ zo) log (1 + Zo) + (1 — zo) log (1 — zo)].

lim

n—oo 71

Furthermore, recalling the above mentioned results of D.L. Berman and S.M. Lozin-

skii, we establish the exact rate of convergence at the point zero. More precisely we shall
prove:

THEOREM 4. Letn=2m-—1, meN, m > 2. Then

21 2 3 21 2 2
= -~ |« < 2 —
- [1+n_2] < |La(lz] ,O)l\ﬁn {1+ 2] [1+n_1].

Before presenting the details for the proofs let us mention some interesting aspects
concerned with the results so far demonstrated. Certainly, Theorem 2 and Theorem 3
are attractive in so far as they lead us to the following conjecture:

CONJECTURE 6. Let o€ Ry \2N and 0 < |zo| < 1. Then

lim
n—o0 71

1 . a1
: log|{La(|z|®, zo) = |zol ' = 5[(1 + o) log (1 + Zo) + (1 — 7o) log (1 — zo)].

We point out that a careful investigation into the proof of Theorem 1 strongly
indicates the truth of Conjecture 5, at least for the restricted case a € (0,1]. However,
at the moment I do not see a way of furnishing a proof for Conjecture 5 based on the
methods established in this paper. On the other hand, turning to Theorem 4 combined
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with the results of Berman and Lozinskii, no choice is left but to believe that the exact
rate of convergence at the point zero for the interpolants of |z|® is given by O (n2).
This, if true, would match perfectly with the following result established in [11]:

THEOREM 6. LetmeN, n=2m-—-1and0< a<1l. Then

21
— <

1
r < [l 0] < 5

We briefly describe the organisation of this paper. In section 3 we introduce some
preparatory work which is required later in the proof. The next sections 4 and 5 deal
with estimates for the cases n = 2m and n = 2m — 1, respectively. Then we establish
the proof of Theorem 3. The last section presents the proof of Theorem 4. We note that
some ideas in this paper were motivated by the work of Byrne, Mills and Smith [3].

3. PRELIMINARIES

We introduce the Pochhammer notation (.) ;» the generalised hypergeometric function
F,, and we collect some important lemmata. For a € R, j =0,1,2,..., we define (a) ;
by

1,
(a)J:a(a+1)"'(a+j—1), (1=123,.).

The generalised hypergeometric function ,Fy is introduced by
qu ), Qa,. .. ;ap Z (al (a2)].(ap)]ij_‘
(.61 (.62)_»,‘ e (ﬂq)j J:

ﬂlsﬁ?y‘ .. a,Bq
Then one can easily establish the following identities.

LEMMA 7. If not defined otherwise, let m € N, k = 0,1,2,... ,m and j =
0,1,2,.... We have
(@) (m+k+j)!=m+E!(1+Ek+m),
(b) Forj £ m—k—-1andk < m—1 we have (m—-k—j7—-1)! =

j(m—~k—1)!
(-1) (1+k—-m),’
() 1+k-m);=0, Jzm—kandk £m-1).
| (1+4), _
d) j+k=k ®, (k=1,2,...).
] (3/2+k)j
(e) Fork=0,1,2,...Webave1+2j+2k=(1+2k)m.

Fork=0,1,2,... and z € (0,1) we have
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0 k+mz  (k+mz);
j+k+mz  (1+k+mz),’
© 1+2k+(2m-1)z _((l—z)/2+k+ma:)j

1+2j+2k+(2m—-1)z  ((3—-12)/2+k +mx)
LEMMA 8. We shall denote the gamimna function by I (.).
(a) Letc#0,-1,-2,... andc—a—b>0. Then

2F1( a,b 1) F)T(c—a-1b)

“T(c-a)T(c-0b)
(b) Lets=d+e—a—b—cands+#0. Then

j

P a,b,c 1) = T(d)T ()T (s) P d—a,e—a,s .
32\ de _F(a)F(s+b)I‘(s+c)32 s+bs+c '
(¢) Letn=0,1,2,... and B8(z —n) # 0 with 8,z € R. Then
P —-n,8+1,1,2+24 1 _z(n+2p)
3N n+28+1,8,1-2 T 28(z—-n)

The above mentioned formulas are well known. See, for example in [6], p.99 for
assertion (a), p.104 for (b) and p.113 for (c). The next lemma establishes some identities
for certain binomial sums in terms of hypergeometric functions.

LEMMA 9. LetmeNandz e (0,1). Fork=1,2,...,m we have

@ % ([m Yi= o ([ )R me

+j m+k 2 2m-1
m v 1
() ]gk(_ly l (m Tj)j +mz
= (-1 (mQ-Tk) p +1mz 3F2 ( f:?i:v.x_ ;nilk +m l 1) '
Fork=0,1,... ,m —1 we have
©) r:z;,: (—1)7+ (2:_:;) (1 +25) = (~1)F*' (4k2 - 1) (i;";kl) %'

@ 5 e () e - v (0

i=k m+j/1+2j4+02m—1 m+k
[ @2m-1z F (1-z)/2+k+mz,1+k—-m,1 1
1+2k+(2m -1z’ 3-2)/2+k+mz,1+k+m
m+k
_Zm—l]'
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PRroOF: The proof of Lemma 9 can be established by some elementary calculations
which are based on the identities in Lemma 7 and 8. For illustration, we present a proof
of assertion (d). First, the left-hand side of (d) can be rewritten as

m—-1-k
Zl (_1)j+l+k( 2m—1 )
m+j+k

=0
m-1-k j+1
-(2m-1z Z (2m—1 ) (-

prd m+j+k)1+2j+2k+(2m - 1)z’

We now apply Lemma 7(a-c) and (g) and calculate the latter quantity to be

2m -1 1+k-—m,1
—1)k+! R !
(=1) (m+k) lz 1( 1+k+m )
: 2m-1)z F Q-=z)/2+k+mz,1+k-m,1
1+2k+(2m—-1)z¥? B-z)/2+k+mz,1+k+m

1)] .

Next, by applying Lemma 8(a), we are able to establish the right-hand side of Lemma
9(d). 0

Our next task is to find a presentation for the interpolating polynomials for |z|*
based on the equidistant nodes (1). To this end let n € N, a:g-") to be defined from (1)
and denote by

w (z)

l(n) — ,
P IR

(k=0,1,...,n),

(z - zg")). From the well known
0

the Lagrange fundamental polynomials with w (z) =

n

j
Lagrange interpolating formula it follows that

Lol 20) = SSJ 0 () = 3ot 050
i=0 =0 (2o

_ x;_n))w, (zﬁ"))'

Then, calculating the polynomials w (z5) and w’ (a:g»")) (following the method from Runck

[12, pp.56-57]) we establish for « =3, m = 1,2,... and all fixed zy in [0, 1] the formulas

T[1+m (1 +zo)]T[1+m (1 - )]
(2m)!

mao () - 2fi (-1y (szJ)j:E—ZZ;

sin Tmazy

(2) 'L2m(|$|3 \To) — lxo|3, = -

o

m?2

3
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and

® |Lama o) - lanf|
I‘[l +(m-1/2) (1+ xo)]F[l +(m-1/2)(1- 1‘0)]

_|eosm (m —1/2) xzq

v (2m - 1)!
- (1+2))° = [(2m = 1) z]°
(2m -1)° Jz_; (=1 ( ) (1+2) (1+25)% - [(2m - 1) zo)°

Since the polynomials L,(]z|*,.), as well as |z]®, are even functions, it is sufficient
to restrict ourselves to the interval (0,1). The essential analysis now depends on the
estimates of the right-hand sides in (2) and (3). We approach this problem by separating
the cases n = 2m and n = 2m — 1. In the next two sections we shall establish lower and
upper estimates for the corresponding formulas (2) and (3).

4. ESTIMATES FOR THE EVEN CASE

Let n = 2m with m € N. For zo € (0,1) we define

@) S (1) : [ Z( 1y 1(m+]>]_%§—mxo(2;n>].

A standard argument (combined with Lemma 9(a-b)) enables us to rewrite the right-hand

1) _]

4.1. LOwER EsTIMATE To this end, we shall show that {5) is positive (for sufficiently

side in (4) more concisely as
2 1 2 (mz)? 14+ mzy,1-m,1
5 2" g2 tma) g (L4 ma, 1 -m
m\m/)|[2m—1 14+ ml+mz 24+ mzp,24+m

We embark now on our study of the properties of (5).

2
large m) and tends to infinity for m — oo somewhat less than nT:L . We begin with

a summation of the 3F, function in (5) by applying Lemma 8(b). With a = 1 + mux,,
b=1-m,c=1,d = 2+mzy, e = 2+m it follows that s = 2m+1. A simple observation
establishes

1) |

1+mzp,1 —m,1
6 F
©6) sF ( 24+mze,24+m

From Lemma 8(b) we see that we can express the (finite) alternating series in the left-
hand side of (6} as an infinite sum which consists only of positive terms. Again, by

1+2m @ 24+m,2+2m

> 1+mzo (1,1+m-—mx0,1+2m
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applying Lemma 8(b) to the right-hand side of (6) we get with a new s (s = 1 + mzy)

14+ mzy,1—m,1

7) sF 1
™ 32(2+mz0,2+m )

_ T (2+mzo) T (14 2m) F 1+m,1+2m,1+ mzo 1

T T(2+2m+ mxo) 2+ m, 2+ 2m + mzo ’
Since 3 F; is a symmetric function in its arguments we may exchange the arguments 1+2m
and 1+ mx, on the right-hand side in (7). Now we apply the same procedure once again.
With a new s (s = 1) we establish

1) .

1+ mzy,1 —m,1

(8) 3F2 °
2+ mzp,2+m

Now, armed with expression (8), we can give an appropriate lower estimate. By rewriting

3F5 in terms of Pochhammer symbols we establish

1+ mzg,1—m,1 l+m23: (1 +m + mxo), (1);
3 24+ mzg,2+m 1+2mJ —~ (2 + mxo), (2+2m)

1) = 14+m 1+ m+mze,1,1
T 1+2m*? 2+ mzxp,2 4+ 2m

(9)

We combine estimate (9) and formula (5). By a careful, but absolute elementary calcu-
lation, one shows that

(10) S (z0) > (27':) 1 (;;)3 vm > 170.

We point out that the reader may, if he wishes, easily find comparable estimates to (10).
However, it is not to hard to see that the upper summation index 3 in (9) may not be
replaced by a smaller index to give a result which is comparable to (10).

4.2. UPPER ESTIMATE To proceed further, we turn again to (4) and (5), to give an
appropriate upper estimate for S,,(z¢). From (6) a standard argument leads to the

.

Then, by applying Lemma 8(a) to (11), we are able to estimate {5) for all m € N by

2m 1 2mzy 2m\ zo 1
12 20| To .
(12) Sm (20) < m( )[2m—1+1+2m Io]\(m)m2m—1

Combining (10), (12) and (2) we obtain

following estimate given by

(11) 3F (

1+ mze,1—m,1

2+ mzy,2+m ST yom 24+m

><1+mzo (1+m—mxo,1

sinmmzo |T{1+m (1 + l‘o)]F[l +m(l—1z0)] 1 (zo 3
m FrQ+m)T'(1+m) _(ﬁ)
(13) < |L2m(|$|3 ,To) — |Io|3|

F+mQA+z)T1+mQ—-20)] 1 =z

< sin T1mxg
FrQ+m)T(1+m) 2m~1m’

T
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where both inequalities are valid for zo € (0,1) and m > 170. Of course, we may extend
(13) to all z4 € [0, 1].

5. ESTIMATES FOR THE ODD CASE

Let n = 2m — 1 with m € N. As before, we define for z € (0,1)

(14) T (30) i= _1)32[ i (fm D)

' (1+25)° - [@m ~ 1) m]°
(1+25)° = [(2m - 1) 2)* ]

Following the procedure for the even case (and applying Lemma 9(c-d)) we rewrite (14)
more concisely as

_ 4 2m ~ 1 m [(2m-1) I0]3
(15) Tm(wo)—m< m )[zm__3+1+(2m—1)$o

oF (1—1z4) /2 + mz,1 —m, 1
(3—1xz0) /2 + mzp, 1 +m

1) -(2m-1) ng].

5.1. LOWER ESTIMATE For the 3 F;, function in (15) we apply a similar triplicate sum-
mation as in the corresponding subsection for the even case. We calculate

)

_1 > (1 —-zo)/24+m+mzp, 1,1
2%"? (83 —x0) /2 + mzo,1 + 2m

(1—z0)/2+mzo,l—m,1

(16) 3F2( (3—10)/2+m:r0,1+m

)

Let us remark that the upper summation index 4 in the last expression of (16) is the
smallest possible which works. Now, inserting (16) in (15), one establishes after a tedious
calculation the following estimate:

2m -1\ 4z 1 1
L m> 744,
m ) 29mE gm 1) (zg )

5.2. UrPER ESTIMATE By a routine observation one checks that for zo € (0,1), m € N,

j=0,1,... the following inequality

((1 - .’L'o) /2 +m+ m.'lfo)j (1)1
((3 - .1,‘0) /2 + m.Z'o)J.

li (1 - zg) /2+m+ma:o)](1)]
2, (3 —z0) /2+mxo) (1+2m);

(17) Ty (20) > (

(18)

< (m)_,
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)

1+2) T\ 1+ 2m

.7=0

holds, from which we conclude that

(1 ~=z0) /24 m +mzo,1,1
(83— x0) /2+ mzo,1+2m

(19) 3k (

l) -

where we have used Lemma 8(a) for the last equality. Combining (15), the summation
in (16) and (19), it is easy to establish (for all m € N, o € (0,1))

2m —1 8
m 2m—1"

(20) Tm (.'l?o) < (

Combining (17), (20) and (3) we derive our second substantial result. We have

cos (m —1/2) zo
T

4z} 1
729m (2m - 1)°
[1+ (m—1/2) (1+$o)]F[1+ (m-1/2) (1 —zo)]
' TA+m)T(1+m)
< |L2m-1(|z|3 ,T0) — |~’Eo|3|
< cosm(m —1/2)zo| 8m
= 7 2m —1
L1+ (m—1/2) (1 + 2o)]T[1 + (m ~ 1/2) (1 — z0)]
T(1+m)T (1+m) ’

(21)

where both inequalities are valid for zo € (0,1) and m > max((1/z3),744). Of course,
we may extend this result to zp € (0,1].

6. PROOF OF THEOREM 3

With the results (13) and (21) at our disposal, we are able to enter into the main
proof. We begin with the right-hand side in (21). An easy computation reveals that, for
all sufficiently large m, we may write

1
(22) — logngm_1(|z|3 ,To) — |x0|3|

1. T[1+(m~1/2)(14z0)]T[1+ (m—1/2) (1 — zo)] 1
Slos Tl+mT(+m) +O(‘>

Now, as m — co, we may apply the asymptotic expansion for log " (x) (see, for example,
(6, p.31))

logF(z):(z—l)logz—z+%log27r+0( ), T — 00,
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to (22) and we obtain (by some calculations)

1
(23) oy loglL'l,,,.l(|z;|3 ,:l:o) - |z0|3|

Y24 (M- (A +30), 1+ (m=1/2)(1+ )

log
m 14m
+1/2+(m— 1/2) (1 = zo) lOg1+(m— 1/2){1 — xp) 40 (logm) .
m 14m m

Then, as m — oo in (23), we obtain
(24) Tim L log‘szn_l(le3 ,Tg) — Izola'
m—oo 2m
< 3 [(1+ 20)10g (1 +20) + (1 — 20) log (1 ~ 20)].
Employing similar arguments to the right-hand side of (13) implies that

— 1
) M omr1

Log| Lam (J21°, 20) = laol|
1
2
Now we turn to the left-hand side in (21).
can establish the following

< = [(14 o) log (1 + z) + (1 — zo) log (1 — zo)].

By passing to an appropriate subsequence we

LEMMA 10. For every fixed 2o € (0,1) we can find two small positive numbers
€, and e, and increasing subsequences {mg-l)}j>l and {m?)}j>1 of positive integers such

that for all j = 1,2, ... the following assertions hold:
(1)

sinTtm; 'z
(a) ——7r]—0 > e1(z0) >0,
2
cosw(m;’ —1/2)z
(b) ( ]7r ) > €2 (zo) > 0.

PROOF: We establish only assertion (a), since the proof of (b) is very similar. We
consider two cases:

CAsSE A. 19 € Q. We write zo in the form a/b with a,b € N, and (a,b) = 1. It is easy
to give an explicit subsequence that works. For instance, the subsequence defined by
mg.l) =jb+1, 7=1,2,... will establish this case.

Caske B. zp € R\Q. Then the sequence {[sin 7r1'n.1:0|}m>1 is dense in the interval [0, 1].
This follows from the continuity of sin and the well known fact that the Kronecker se-
quence {mzomod1}, ., isdensein [0, 1]. Of course, this sequence is uniformly distributed
modulo 1 (see [4, p.8]). From this observation it follows at once that, for an appropriate
small €, > 0, we may select an increasing subsequence of positive integers such that the
assertion holds in this case.
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Combining Lemma 10 with the left-hand side of (21) establishes
1
(26) —5 logILzm(_z)_1 (I:c|3 ,To) — lzo|3I
m; g

) 1“[1 + (m® - 1/2) (1 + xo)]r[l +(m® - 1/2) (1 - :1:0)]

——=log
m® r(1+m@P)r(1+m)
log m§~2)
+0 —a )
m;

J
where the estimate is only valid for sufficiently large integers m§2). As before, the right-
hand side of (26) tends to

2

(1 + 2o) log (1 + zo) + (1 — zo) log (1 — 7o),

as m§2) — 00. Thus we arrive at the conclusion that

— 1
(27) Jim %log Lom-1(|z[*, z0) — |2,-0|3‘

> 2[(1+ 20) log (1 + 20) + (1 — 20)log (1 o).

To finish the proof, we combine {24}, (25) and (27) to establish Theorem 3.

7. PROOF OF THEOREM 4

Combing Lemma 9(c) and formula (3) (with zo = 0) it follows at once that

3 _ 1T (m+1/2)T(m+1/2) 4 2m -1\ m
'LZm_l(Izl ’0)|—; T (2m) (2m—1)3( m )2m—3
0g 2 (m+1/2)T (m—-1/2)2m -1 1
(28) T I'(m)T (m) 2m -3 (2m - 1)*

Recalling the log-convexity of the gamma function, a standard argument shows that for
meN, m>2and 0 < zy <1 the function

_ I'(m+20) T (m — o)
(29) fm (-TO) - r (m) r (m)
is increasing (in zp). Thus we have the estimates
F'(m+1/2)T (m-1/2) 1
< < _ 2 2.
(30) 1g T (m) T (m) \1+m—1’ m 22

Combining (30) and (28) establishes Theorem 4 and so we are done.

https://doi.org/10.1017/50004972700018876 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700018876

368

(1]
(2]

(3]
(4]
(5]
(6]
(7]

(8]
(9]

(10]
(11]
[12]

(13]

(14]

M. Revers [12]

REFERENCES

S. Bernstein, ‘Quelques remarques sur l'interpolation’, Math. Ann. 79 (1918), 1-12.

L. Brutman and E. Passow, ‘On the Divergence of Lagrange interpolation to |z|’, J.
Approz. Theory 81 (1995), 127-135.

G. Byrne, T.M. Mills and S.J. Smith, ‘On Lagrange interpolation with equidistant nodes’,
Bull. Austral. Math. Soc. 42 (1990), 81-89.

L. Kuipers and H. Niederreiter, Uniform distribution of sequences (John Wiley, New
York, 1974).

X. Li and R.N. Mohapatra, ‘On the divergence of Lagrange interpolation with equidistant
nodes’, Proc. Amer. Math. Soc. 118 (1993), 1205-1212.

Y.L. Luke, The special functions and their approzimations, Vol. I (Academic Press, New
York, 1969).

T.M. Mills and S.J. Smith, ‘On the divergence of Hermite-Fejér type interpolation with
equidistant nodes’, Bull. Austral. Math. Soc. 49 (1994), 101-110.

I.P. Natanson, Constructive function theory , Vol. III (Frederick Ungar, New York, 1965).
M. Revers, ‘On the approximation of certain functions by interpolating polynomials’,
Bull. Austral. Math. Soc. 58 (1998), 505-512.

M. Revers, ‘The divergence of Lagrange interpolation for |z|* at equidistant nodes’, J.
Approz. Theory 103 (2000), 269-280.

M. Revers, ‘On Lagrange interpolatory parabolas to |z|® at equally spaced nodes’, Arch.
Math 74 (2000), 385-391.

P.O. Runck, ‘Uber Konvergenzfragen bei Polynominterpolation mit dquidistanten Knoten
D', J. Reine Angew. Math. 208 (1961), 51-69.

BI. Sendov and A. Andreev, ‘Approximation and interpolation theory’, in Handbook of
numerical analysis, Vol. III, (P.G. Ciarlet and J.L. Lions, Editors) (North Holland, Am-
sterdam, 1994).

R.S. Varga and A.J. Carpenter, ‘On the Bernstein Conjecture in approximation theory’,
Constr. Approz. 1 (1985), 333-348.

Department of Mathematics
University of Salzburg
Hellbrunnerstrasse 34

A-5020 Slazburg

Austria

e-mail: Michael.Revers@sbg.ac.at

https://doi.org/10.1017/50004972700018876 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700018876

