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Abstract

A submarkovian C0 semigroup (Tt )t∈R+ acting on the scale of complex-valued functions L p(X, C)
extends to a semigroup of operators on the scale of vector-valued function spaces L p(X, E), when E
is a Banach space. It is known that, if f ∈ L p(X, C), where 1< p <∞, then Tt f → f pointwise almost
everywhere. We show that the same holds when f ∈ L p(X, E).
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1. Introduction

Let Lebesgue space L2(X, C), satisfying the following conditions:

(1) ‖Tt f ‖p ≤ ‖ f ‖p, for all t ∈ R+ for all f ∈ L p
∩ L2(X, C) for all p ∈ [1,∞];

(2) Tt = T ∗t , for all t ∈ R+;

(3) limt→0+ ‖Tt f − f ‖p = 0, for all f ∈ L p
∩ L2(X, C) for all p ∈ [1,∞);

(4) Tt f ∈ L2(X, C)+, for all t ∈ R+ for all f ∈ L2(X, C)+;

(5)
∫

X Tt f dµ=
∫

X f dµ, for all t ∈ R+ for all f ∈ L1
∩ L2(X, C).

We say that (Tt )t∈R+ is a markovian C0 semigroup. Clearly, (Tt )t∈R+ extends uniquely
by continuity to a C0 semigroup on each space L p(X, C) when 1≤ p <∞. We shall
abuse notation and write Tt for the extension of Tt to L p(X, C).

If (Tt )t∈R+ satisfies only conditions (1)–(3), then we say that (Tt )t∈R+ is
submarkovian. This nomenclature is at least in part justified by the following result of
Taggart [5].

THEOREM 1.1. Suppose that (Tt )t∈R+ is a submarkovian C0 semigroup. Then there
exists a C0 semigroup of operators (T̃t )t∈R+ on L2(X, C) satisfying conditions (1)–(4)
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above, and the additional condition

|Tt f | ≤ T̃t | f | ∀ f ∈ L2(X, C) ∀t ∈ R+. (1.1)

One of the keys to this theorem is that conditions (1)–(3) imply the existence of a
locally integrable kernel kt : X × X→ C such that

Tt f (x)=
∫

X
kt (x, y) f (y) dµ(y) ∀t ∈ R+ ∀ f ∈ L2(X, C);

further,

ess sup
x∈X

∫
X
|kt (x, y)| dµ(y)≤ 1,

ess sup
y∈X

∫
X
|kt (x, y)| dµ(x)≤ 1,

and kt (x, y)= k̄t (y, x) for almost all (x, y) in X × X . These conditions show
that (Tt )t∈R+ extends uniquely by weak-star continuity to a weak-star continuous
semigroup on L∞(X, C).

The semigroup (T̃t )t∈R+ constructed by Taggart, which also satisfies conditions
(1)–(3), has a family of associated kernels, k̃t say, which satisfy |kt | ≤ k̃t on X × X .

Stein [4] studied markovian semigroups. Inter alia, he showed that if 1< p <∞
and f ∈ L p(X, C), then Tt f → f pointwise almost everywhere as t→ 0+. Later,
Cowling [1] relaxed the hypotheses in order to deal with submarkovian semigroups.
It is perhaps worth pointing out exactly what this pointwise convergence means,
since limits on uncountable sets can be somewhat problematic in Lebesgue spaces.
Because we will come across questions where the distinction between functions
and equivalence classes of functions is important, we distinguish between the space
L p(X, C) of measurable complex-valued functions, defined almost everywhere on X ,
such that ‖ f ‖p <∞, where

‖ f ‖p =

(∫
X
| f (x)|p dµ(x)

)1/p

,

and the space L p(X, C) of equivalence classes of such functions, modulo equality
almost everywhere.

As Stein observed, if 1< p <∞, then the C0 semigroup (Tt )t∈R+ on L p(X, C)
extends analytically to a semigroup (Tz)z∈0θ on L p(X, C), where

θ = (1/2− |1/p − 1/2|)π

and 0θ is the cone {z ∈ C : |arg(z)|< θ}. This angle is not best possible: see Liskevich
and Perelmuter [3]. This cone is a countable union of disks. In each disk D(z j , r j )

with centre z j and radius r j , we may write Tz f as a convergent series in powers
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of z − z j , with coefficients in L p(X, C). By choosing representatives from the
equivalence class of each of the coefficients, we obtain a series S j (x, z), given by

S j (x, z)=
∑
n∈N

f j,n(x)(z − z j )
n.

The series S j (x, ·) converges for almost all x ∈ X to an analytic function in D(z j , r j ),
and S(·, z) exists almost everywhere and lies in L p(X, C) for all z ∈ D(z j , r j ). By
making such a choice of representatives in each disk, we can arrange that z 7→ Tz f (x)
is analytic in 0θ for almost all x ∈ X , and so we can consider expressions such as
limt→0+ Tt f (x); they are the same as limits where t is restricted to be rational.

As argued by Taggart [5], if E is a separable complex Banach space, then each
operator Tt on L p(X, C) extends to an operator Tt ⊗ I on L p(X, E), the space
of equivalence classes of measurable E-valued functions F such that ‖F‖E,p <∞,
where

‖F‖E,p =

(∫
X
‖F(x)‖p

E dµ(x)

)1/p

.

In particular, if F =
∑n

j=1 f jξ j , where f j ∈ L p(X, C) and ξ j ∈ E for each j , then

(Tt ⊗ I )F =
n∑

j=1

Tt f jξ j .

Alternatively, we may write

(Tt ⊗ I )F(x)=
∫

X
kt (x, y)F(y) dµ(y).

By using this representation, we may show that

‖(Tt ⊗ I )F‖E ≤

∫
X

k̃t (·, y)‖F(y)‖E dµ(y)= T̃t‖F‖E .

Further, for all p ∈ [1,∞), the semigroup (Tt ⊗ I )t∈R+ on L p(X, E) satisfies the
following conditions:

(1v) ‖(Tt ⊗ I )F‖p ≤ ‖F‖p, for all t ∈ R+∀F ∈ L p
∩ L2(X, E);

(3v) limt→0+ ‖Tt F − F‖p = 0, for all F ∈ L p
∩ L2(X, E).

Of course, it no longer makes sense to suggest that Tt ⊗ I is self-adjoint (unless E
is a Hilbert space). It is a reasonable question to ask whether (Tt ⊗ I )F converges
to F pointwise almost everywhere as t→ 0+. In [5], this is shown subject to some
additional hypotheses on E . The point of this note is that E can be any separable
Banach space.

THEOREM 1.2. Suppose that (Tt )t∈R+ is a submarkovian C0 semigroup, that E is a
separable Banach space, and that 1< p <∞. Then for all F in L p(X, E),

lim
t→0+

(Tt ⊗ I )F = F

pointwise almost everywhere in X.
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There has been interest in vector-valued semigroups in the context of maximal
regularity. See [2] for more information and bibliography.

2. Proof

Take F ∈ L p(X, E). We consider the [0,∞]-valued function

x 7→ lim sup
t→0+

‖(Tt ⊗ I )F(x)− F(x)‖E .

A priori, we do not know that this function is measurable. However, we do know
that, given ε in R+, we may write F as F⊗ + Fε , where F⊗ is a finite tensor product
function, that is,

F⊗(x)=
n∑

j=1

f j (x)ξ j ,

where f j ∈ L p(X, C) and ξ j ∈ E for each j , and ‖Fε‖p < ε. By the pointwise
convergence result for the scalar case,

lim sup
t→0+

‖(Tt ⊗ I )F⊗(x)− F⊗(x)‖E = 0

for almost all x ∈ X . Further,

‖(Tt ⊗ I )Fε − Fε‖E ≤ ‖(Tt ⊗ I )Fε‖E + ‖Fε‖E ≤ T̃t‖Fε‖E + ‖Fε‖E ,

where (T̃t )t∈R+ is as in Theorem 1, and, as proved in [1, 4], it is natural and possible to
choose the representatives of the real-valued functions T̃t‖Fε‖E such that T̃ ∗‖Fε‖E ,
defined by

T̃ ∗‖Fε‖E = sup
t∈R+

T̃t‖Fε‖E ,

is well defined and measurable, and satisfies

‖(T̃ ∗‖Fε‖E )‖p ≤ C p‖‖Fε(·)‖E‖p = C p‖Fε‖E,p < C pε.

It follows that, by choosing suitable representatives for each (Tt ⊗ I )F ,

lim sup
t→0+

‖(Tt ⊗ I )F(·)− F(·)‖E

is equal to 0 outside a set of measure 0, and hence we have pointwise convergence
almost everywhere.

One can be more explicit about the sets of measure 0 that occur. We can write F
as a convergent sum

∑
j∈N F j , where each F j is a finite tensor. We can then choose

representatives so that each (Tt ⊗ I )F j (·) is continuous in t , and (Tt ⊗ I )F j → F j
outside a null set N j . When all is said and done, (Tt ⊗ I )F converges pointwise to F
outside

⋃
j∈N N j .
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