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PROXIMAL ANALYSIS AND BOUNDARIES OF
CLOSED SETS IN BANACH SPACE, PART I: THEORY

J. M. BORWEIN AND H. M. STROJWAS

0. Introduction. As various types of tangent cones, generalized deriva-
tives and subgradients prove to be a useful tool in nonsmooth
optimization and nonsmooth analysis, we witness a considerable interest
in analysis of their properties, relations and applications.

Recently, Treiman [18] proved that the Clarke tangent cone at a point to
a closed subset of a Banach space contains the limit inferior of the
contingent cones to the set at neighbouring points. We provide a
considerable strengthening of this result for reflexive spaces. Exploring the
analogous inclusion in which the contingent cones are replaced by
pseudocontingent cones we have observed that it does not hold any longer
in a general Banach space, however it does in reflexive spaces. Among the
several basic relations we have discovered is the following one: the Clarke
tangent cone at a point to a closed subset of a reflexive Banach space is
equal to the limit inferior of the weak (pseudo) contingent cones to the set
at neighbouring points. This generalizes the results of Penot [14] and
Cornet [7] for finite dimensional spaces and of Penot [14] for reflexive
spaces. What is more we show that this equality characterizes reflex-
ive spaces among Banach spaces, similarly as the analogous equality with
the contingent cones instead of the weak contingent cones, characterizes
finite dimensional spaces among Banach spaces. We also present several
other related characterizations of reflexive spaces and variants of the
considered inclusions for boundedly relatively weakly compact sets.

For several years it has been an open question as to how to extend
Clarke’s proximal normal formula [6] from finite dimensional spaces to
infinite dimension. We give the answer to this question for reflexive
Banach spaces. We present a characterization of the Clarke normal cone at
a point to a closed subset of a reflexive Banach space by means of the
proximal normal functionals and the other one, by means of the Frechet
normals. The importance of our result is underlined by the fact that we use
exact normals in contrast to the e-normals used for example in [18].

Our main results are presented in the first part of the paper, the second
part is devoted to their applications. For example, we obtain generaliza-
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tions of results given in [12] and of the primal Bishop-Phelps theorem
proven in [1]. We complete the results of Borwein and O’Brien [4] and of
Borwein [2] on pseudoconvexity. We mention implications of our main
results for vector fields and give detailed analysis of consequences in the
theory of differentiability and subdifferentiability. We show how the “lim
inf” inclusions under consideration relate to the subdifferential properties
of spaces and functions. In particular we show that every lower
semicontinuous function in a reflexive Banach space is densely sub-
Frechet and that every locally Lipschitian function in a weakly compactly
generated Banach space is densely sub-Hadamard. We prove the proximal
subgradient formula in a reflexive Banach space which extends one for a
finite dimensional space given in [17].
We also provide many examples which are carefully analyzed.

1. Preliminaries. Let £ be a normed space with continuous linear dual
E*. For the subset C C E and a point x € C we will consider the
following tangent cones to C at x:

1) the contingent cone K -(x)
and

2) the Clarke tangent cone T-(x), as defined for example in [6], where
also the corresponding references may be found;

3) the weak (sequential) contingent cone WK (x), which is the set of
weak limits of sequences ¢, (¢, — x), with 7, > 0,7, = 0, and ¢, € C;

4) the weak (sequential) tangent cone WT-(x), which we define to be
the set of those y € E, that for any sequences x, and ¢, such that x, € C,
t, >0, x,—x, t,— 0 there exists a sequence c,, ¢, € C for which the
sequence 1, (¢, — x,) tends weakly to y;

5) the pseudocontingent cone P-(x) := coK (x);

6) the weak pseudocontingent cone WP-(x) := coWK(x);

7) the Bony tangent cone,
defined as the set of vectors y € E such that whenever n is a proximal
normal vector to C at x, then the inequality

lln = vl = |Inll

holds for every 1 > 0.
We recall the definition of a proximal normal vector.

Deﬁnit_ion 1.1. Vector n € E is said to be a proximal normal vector to C
at x € C if there are u & C and A > 0 such that

n=MANu—x) and |lu — x|l = d-(u),
where

de(u) = inf Jlu — (||
ceC
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As a straightforward consequence of the introduced definitions we
obtain the following inclusions:

WT.(x) C  WKqx) C  WP(x)
(1.1) U U U

T-(x) - Kq(x) c Pr(x).
PrROPOSITION 1.1. B.(x) is a closed cone which satisfies the inclusion
(1.2)  Kq(x) C© Be(x).

Furthermore it is convex, whenever E is a smooth Banach space in which case
also

(13)  Pa(x) € Bo(x).

If the norm of E is Frechet differentiable (that is Frechet differentiable away
from zero), then

(14)  WP~(x) C Bu(x).

Proof of the above proposition follows from [14]. Inclusion (1.4) is
implied by the one obtained in [14] for another type of the weak
contingent cone: its definition uses bounded nets instead of sequences. It
may be observed that in a reflexive space these two definitions are
equivalent.

In all the sequel, whenever we refer to a general approximating cone
which is among the defined above, we will denote it R-(x).

Definition 1.2. We say that C is R-pseudoconvex at x € C if
(1.5)  C — x C Rp(x).
If (1.5) holds for all x € C, C is R-pseudoconvex.
Definition 1.3. We say x € C is an R-proper point of C if R-(x) # E.

Inclusions (1.1)-(1.4) imply obvious relations for R-pseudoconvexity
and R-properness.
We will consider also the polars of the approximating cones:

R2(x) := {y* € E*|(y*,y) = 0forally € Rq(x) }.

Ne(x) := Tg(x) is called the Clarke normal cone.

We point out that the pseudocontingent cone and the weak pseudocon-
tingent cone are essential for dual and differentiability results.

The following theorem was first proven in [18]. Alternative proofs may
be also found in [15], [16] and in [S].
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TueEOREM 1.1 (Treiman): If C is a closed subset of a Banach space,
x € C, then
lim inf K-(x") C Te(x).
,\"E)x
THEOREM 1.2 (Penot). If E is reflexive C C E, x € C then
Te(x) € lim inf WKc(x).

C
The proof of Theorem 1.2 can be found in [14].

2. Tangent cone separation principle and stars of closed sets in Banach
spaces.

Definition 2.1.
star C:= {x € C|[x,y] C Cforally € C},

where [x, y] := co{x, y}.
We say C is starshaped when star C is non-empty.

PrROPOSITION 2.1. For any subset C of a (locally convex vector) space E the
Jollowing inclusion holds

(21) starCc N To(x)+ x

xeC

Proof. Let X € star C and x € C. Let V be any neighbourhood of 0.
Then for any x” € (x + V) N Cand any ¢, 0 < ¢t = 1, we have

t [(x—x)+x)—x]+V
cirlic—x)+v,
which shows that X — x € T(x), hence (2.1) follows.

In particular Proposition 2.1 implies that convex sets are T-pseudocon-
vex in any locally convex vector space. For closed sets in Banach spaces
the inclusion in (2.1) may be replaced with equality. This is a consequence
of the following theorem.

THEOREM 2.1. Let C be a closed subset of a Banach space E. Suppose that
X in C andy in E are such that

Q2 [®7]¢C

Then for any r > 0 one can find x, in C with
)y & Kq(x,) + x,

and

(i) [Ix, = xll = Iy — Il + r.
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Proof. (2.2) implies that there is some Z in [X, y] and some s > 0 such
that

(Z+ sB) N C =4,

where B is a closed unit ball in E. Take r € (0, s). Applying Ekeland’s
variational principle as given in [9], to the function

z—=lz =yl
on the set

D:=Cn U (z+rB),

z€[x7]
yields an x, in D such that for all x in D
23)  x =¥l = lIx, = ¥l = gllx — xll,

for some g € (0, 1). Furthermore there exist w > 0 and p > 0 such
that

24 x,+ @O, wYy —x,+pB)cC U (z+rB).

z€[X,z]
But (2.3) shows that for some p > 0 the “drop” ([16])
x, + (0, w)(y — x, + pB)

does not intersect D, which together with (2.4) and the definition of D
implies that it also does not intersect C. Thus

)7 - Xr $ Kc(xr),
which proves (i), and (ii) follows from the choice of D.
CoRrOLLARY 2.1. If C is a closed subset of a Banach space then

(25) starC= N To(x) +x= N Ke(x) + x,
xe€C

xeC
and when C is starshaped

(2.6) rec(star C) = N Te(x) = N Kq(x),
xeC xeC

where rec(star C) is the recession cone of star C.
Proof. By Theorem 2.1
N K-(x) + x C star C.

x€C

With Proposition 2.1 this gives (2.5). Since T-(x) is convex for all x we
have

[N To(x)] + [Te(x) + x] © Te(x) + x,
xeC
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and therefore

N Te(x) C rec(star C).
xeC

Conversely, suppose that 4 is in rec(star C), that is
star C + RTh c star C.
Then for y in star C and x € C we have by (2.1)
y + nh € Te(x) + x forall n € N\{0},
or
hen 'Tx) +n '(x —y),
which since T-(x) is a closed cone shows that & € T-(x). Thus

rec(star C) € N T(x),
x€C

and by Theorem 1.1,
N Te(x) = N Ke(x),
xeC

xeC
which finishes the proof.

In the following sections we will present a strengthening of Corollary
2.1 for boundedly relatively weakly compact sets and we will show its
applications.

3. “Lim inf” inclusions and proximal normal formulas in a reflexive

Banach space. Let C be a closed subset of a Banach space E, x € C.

Definition 3.1. A functional n* € E* is said to be a proximal normal
functional to C at x if there are u € C, A > 0, and y* € E* such that

3B n* =M% lu— xl| = de(u),
and
(32 hu—x)=lu—xl lyI=1,

that is y* supports unit ball at |ju — x|l 7Y — x), which is the proximal
normal vector to C at x. The set of all proximal normal functionals to C at
x will be denoted PN (x).

Definition 3.2. A functional f* € E* is said to be a Frechet normal to C
at x if for any € > 0 there exists a neighbourhood X, of x such that the
inequality

33 (f*x —x)—¢€lx¥ — x| =0
holds for all x’ € C N X..
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PropoSITION 3.1. The set of all Frechet normals to C at x is included in
WK (x) and it coincides with WK (x) whenever E is reflexive.

Proof. Let f* be a Frechet normal to C at x and y € WK(x). Then
there exists a sequence ¢, l(cn — x) converging weakly to y with ¢, > 0,
t, = 0 and ¢, € C. Take any € > 0. Since weak convergent sequences are
norm bounded

t;lllcn — x| =M forn € N and some M > 0.

Furthermore for sufficiently large n all ¢, lie in X, from Definition 3.2.
Hence by (3.3)

(f*y) = lim 1, \(f*. ¢, — x) = eM,

which, since € can be arbitrarily small, implies (f*, y) = 0. Therefore
f* € WKZ(x). Suppose now that E is reflexive, /* € WK2(x) but (3.3)
does not hold. Then there exists ¢ > 0 and a sequence c,, ¢, € C, ¢, = x
for which

34 (f* ¢, — x) > ¢elc, — xll.

Let y be a weak limit point of |lc, — xH*'(cn — x). Theny € WK-(x) and
(3.4) shows (f*, y) 2 €, which is a contradiction. Hence we conclude that
f* is a Frechet normal and the proof is finished.

ProposITION 3.2. If E is a smooth space then
(3.5)  Bq(x) = PNg(x).

Proof. Observe that whenever E is smooth, then n* € PN (x), [[n*|| = 1
implies that n* is the Gateaux derivative of the norm at some proximal
normal vector to C at x. Furthermore any Gateaux derivative of the norm
at the proximal normal vector to C at x is in PN(x).

Propositions 1.1, 3.1, and 3.2 imply the following.

CoroLLARY 3.1. If E is reflexive and the norm of E is Frechet
differentiable, then for any closed set C C E, x € C, any proximal normal
Sfunctional to C at x is a Frechet normal to C at x.

Equipped with the definitions and basic relations of normal functionals
we take on the task of extending the proximal normal formula

(3.6) No(x) = cof{y* € E¥|y*= lim y} x, = x, y}
is a proximal normal functional to C at x,,}

from the Euclidean space to a reflexive space.
The following two propositions concerning the properties of reflexive
spaces will be helpful on our way.
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PROPOSITION 3.3. Every reflexive Banach space can be given an equivalent
Frechet differentiable and locally uniformly convex (hence Kadec) norm.

The proof is given in [8], where also the corresponding definitions may
be found. Recall that a Kadec norm is one for which the weak and norm
topologies agree on the boundary of the unit sphere.

PrOPOSITION 3.4. If E is a reflexive Banach space with a Kadec norm and
C is a closed subset of E, then the set of those points which have a nearest
point in C is dense in E.

The above proposition follows from Lau’s nearest point result proven in
[13].

LEMMA 1. Let E be a Banach space with a closed unit ball B. For a > 0
and y € E define

37 W,:=co{y + aB, —y + aB, B}.

Let ||| and |||, denote the norms on E associated with B and W,
respectively. Then

(i) if @ > 0 and E is reflexive, or if a = 1 then the ball W, is closed,

the norms || || and || ||, are equivalent and the norm || ||, is smooth when-
ever the norm || || is smooth;

(ii) if @« > 0 and E is reflexive or if « = 1, then the norm || ||, is Kadec
whenever the norm || || is Kadec;

(iii) if @ = 1, or if a > 0 and E is reflexive and the norm || || is Kadec, then
the norm || ||, is Frechet differentiable whenever the norm || || is Frechet
differentiable.

Proof. Let us observe that W, of (3.7) may be written as
(38 W,=co([—1, 1]y + aB, B),
and
B9 W,=[-11ly +aBifa = 1.

It is easy to see that under given assumptions W, is closed and
equivalence of the norms holds.

To finish proof of (i) assume that the norm || || is smooth and let w € E
be given with |||, = 1. Suppose that x* € E* and

(B.10) (x*,w) = 1, (x*, w) = |lw||, forallw € W,.

Then by (3.8) there exist 0 = A =1, —1 = B = 1 and b', b* € B such
that

GB.11) w = Ab' + (1 = N(By + abd).

Since ||[w]|, = 1 only the following cases are possible:
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(@)X = 1 and ||p'] =

(b) A = 0and |I*] = 1,

()0 < A < 1and|]pY]| = || =

Let b denote b' if (a) holds and let b denote b if (b) or (c) hold. Then it
follows from (3.10) that if

= (x*, By~ 'x*
then
(»*, b) = (y*, b) forallb € B and (y*, b) =

However, since the norm || || is smooth there is the unique functional in E*
which satisfies the above conditions. This in turn implies that the
conditions in (3.10) are satisfied by the unique functional x*, hence
the norm || ||, is smooth.

Assume now that the norm |[/|| is Kadec. Let a sequence w,,
n € N\{0} and w, in E be given such that

(3.12) |wyll, =1 forn € N and w, — w, weakly.

Then by (3.8)

(3.13) w, = Apb. + (1 — A)B,y + abd)

for some A , b, bl bzsuchthat0<)\ 1,—1§,8n§1bl b> e B.n

n Yno “n> Yn > Oys Oy
€ N.
Note that if « = 1, we may assume by (3.9) A, = 0, b,l, = 0 for all
n € N.

The weak (sequential) compactness of the ball B if FE is reflexive or the
compactness of the set [—1, 1]y when a« = 1 imply, that there ex1st Ay
and B, limit points of the sequences A» and B, and there exist b, b3, weak
limit points of the sequences b b Hence

(.14 wy = }‘obo + (1 = A)(Byy + “bo),

and without loss of generality we assume that all considered sequences
converge instead of taking their subsequences.

Again only the three cases are possible. If Ay = 0, then for n sufficiently
large 0 = A, < 1, which together with [lwyll, = Ilw,ll, = 1 implies

l6gl1 = 1121 =
Since B is Kadec we obtain b> — b(z). Hence also w, — w,, because
A, — 0.
If Ay, = 1, the analogous argument shows that bl - bo, hence also

w, — wy, because (1 — A,) = 0.
0 < Ay < 1, then we may prove that

byl = 112l = lIbLI = 1631 = 1
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for n € N sufficiently large and
by = by, by = by

on using Kadec property of the ball B. Hence also w, — w and the ball W,
1s Kadec.

To prove (it), suppose that sequences w, € E, x} € E*, n € N\{0} and
wy € E, x§ € E* are given such that

(315) wn - Wo, HWO”a = ||wn||a = 19
(3.16) (x¥*,w,) =1, (x}¥,w)=1forallwe W,neN

To prove that the norm || ||, is Frechet differentiable it is enough to show
that

(3.17)  x}¥ = x§ in norm,
while (i) implies that
(3.18) x} — x{ weak star.

(See for example [8] for justification.) We may assume that w, and w,, are
as in (3.13) and (3.14). Let b,, b, denote b2, b3, respectively if A, = 0
and b!, b} if 0 < X\, = 1. Then whenever n is sufficiently large, (3.15)
when a = 1 and (3.15) together with weak sequential compactness and
Kadec property of the ball B when a > 0 imply

(3.19)  |IByll = I1,Il = 1 and b, — by,
while (3.16) implies
(x*,b,) = (x* b) forallb € B,

(where again without loss of generality we use the sequences instead of the
subsequences). Define

xp 1= {x}, b)) 'x¥, neN,
Then
(320) (xf,b,) =1, (xf,b)=1forallb € B neN.

Now (3.19) and (3.20) together with the assumption that the norm || || is
Frechet differentiable imply that

XF — xf in norm.
n 0
Using this and (3.18) we get (3.17) which finishes the proof.

LEMMA 2. Let E be a smooth Banach space and let B, W, || ||, || ||, be as in
Lemma 1. Suppose C is a closed subset of E and 0 & C.
Let w € C be such that

(321) [l = inf{ |lzlllz € C},
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and denote the derivative of the norm || ||, at w by x*. Then there exists
y € E,y & C such that

(322) % = 3l = ini{ |l — 7l Iz € C}

and x*_-, the derivative of the norm || || at w — ¥, is some positive multiple of

x*.

- }_,,

Proof. Assume without loss of generality that [[w|l, = 1 and suppose
that w is given by (3.11) and b is defined as in the proof of (i) in Lemma 1.
Lety:=0if A = 1 and let

Fi=A' + (1 — MBy
otherwise. Then if A = 1, we have for any z € C

1w =7l =111l = 1 = 1wll, = llzll, = llzll = 11z = 7,
hence (3.22) holds. Also similarly as in Lemma 1 we get

XE_y = xp = (x*b) " 'x*

So assumey now that 0 = A < 1 and suppose to the contrary that
lle =yl <lw =yl =1 = Ma
for some ¢ in C. Then there exists § > 0, such that
(323) cey+lc—7FlIBc A + (1 —NBy + (1 — X — 0aB.
Assume 0 = |B| < 1, then for § < (1 — A)(1 — |B]), (3.23) shows
ce (1l —ow,

which contradicts (3.21) as |||, = 1. Similar contradiction follows also
when |B| = 1. This proves (3.22). Furthermore

= x5 = xf = (x* b 'x*%,

*
xx_ 7

y
and the proof is finished.
Let E be a Banach space and let A be a multifunction
A:E —2F
Then the following inclusions are straightforward,

(3.24) dlim inf A(x’) € (norm)lim inf 4 (x’)

x'—x x'—x

C (w* lim sup 4°(x))°,

x'—x
where

w*(sequential)lim sup 4°(x")

x'—x
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is the set of weak star limits of bounded sequences y} with y* € A4°(x,)
and x, — x, while

d lim inf 4 (x")

x'—x
(the discrete limit inferior) is defined as follows

(3.25) dliminf A(x’) := U N A",

X —x >0 x'€x+6B

where B is the unit ball in E. Recall that
(norm)lim inf A(x") := N U N A(x') + €B.

X —x 0 6>0 x’ex+8B

THEOREM 3.1. If C is a closed subset of a reflexive Banach space E with
Kadec and Frechet differentiable norm, x € C, then

(3.26) Tq(x) = lim inf WK(x')

C
— lim inf WP-(x') = lim inf B.(x')
x'—x x'—x
C C

and the Frechet normal formula and the proximal normal formula
(327) Ne(x) = @0 w* lim sup WK2(x'),
x’g’x
Nq(x) = co w* lirq sup PN(x")

X /x

c
hold.

Proof. Using Theorem 1.2, Proposition 1.1, Proposition 3.2 and the last

inclusion in (3.24) we get
(3.28) T (x) C liminf WK (x") C lim inf WP-(x")

X P X X C X

C lim inf B-(x") € (w* lim sup PN(x) )°.
X'—x x'—x
C C

From (3.24) and Corollary 3.1 it follows that

(3.29) lirr} inf WK-(x") € (w* lirr} sup WKz(x') )°
X c X X P X
C (w* lim sup PN(x"))°.

We prove that
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(3.30) (w* lim sup PN(x') )° C Te(x).
x'—x
C

Let B be the closed unit ball in E and let || || denote the norm of E,
which is by our assumption Kadec and Frechet differentiable. ’

Suppose y & T,(x) and ||y|| = 1. Using the characterization of T-(x)
given in [18] or Penot [15], [16], there exists ¢ > 0 such that for eachn € N
we can find A, > 0 and x, € C N (x + 27 "B) with

(331) C N (x, + (0,\])(y + 2B)) = 0.

Without loss of generality we suppose € << 1/4. Let us choose p,, > 0
with

p, < min(2"", N, /4, €/4)
and a, > 0 such that
a, < min(ep,/6, A,/6).
Let us set forn € N
W, := co(eB, (1 + a,) " '(y + a,€B),
(1 + ) (=y + aeB))
=co((1 + a,) '([—1, 1]y + a,€B), €B).

Then foralln € N eB C W, C B. By Lemma 1 the norm || ||,, associated

with the ball W, is equivalent with the norm || || and it is Kadec and
smooth. Select, using Lau’s nearest point result (Proposition 3.4), some y,
in E with

(332) y, —y € a,W, and

Iy, = Xll, = inf{ lly, — zll,lz € C,},

for some x, € C, := (C — x,) N p,B.
We have y € (1 + «,)W,, hence

Wy, = X, = lly, = 0ll, = lly, = yll, +1yll, =1 + 2a,,
so that
(333) X, =X, —yuty,—yty
e+ 20 )W, +a,W,+y=y+ W, + 3aW,
Now
(334) y+ W, Cco(y + B, (1 +a,) 'Q2+ a,)y + €B),
(1 + a,) 'a,(y + €B)) C (0, +oo)(y + €B)

and
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((0, +oo)(y + €B) + 3a, W) N C,
= {((0, +oo)(y + €B) + 3a,W,) N p,B} N C,
c {0, ~9 o, + 3a,) Iy + €B) + 3a,W,} N C,
C {O,AIy t eB) + 3a,W,} N C,
c {0, 3a,e ")y + €B) + 3a,W,} N C,
U 3a,e LNy + €B) + 3a,W,} N C,
c {(0, 3a,e Ny + €B) + 3a,W,} N C,
U {[Ba,e Ay + 2B)} n C,
= {(0, 3a,e ")y + €B) + 3a,W,} N C,
where the last equality follows from (3.31). Hence using (3.33) and (3.34)
we get
%X, € (0, 30,6 )y + €B) + 3a,W,.
Therefore
15,11 < 3a,e (1 + €) + 3a, = 3a,e (1 + 2¢)
= 6o, < p,
and we conclude that there exists , > 0 such that
(3.35) lIx, — yull, = inf{ llz — p,ll,Jz € (C — x,) N (X, + r,B) }.

Let y* € E* be the derivative of the norm || ||, at y,, — X,,. Using (3.35),
by Lemma 2, we choose y, € E such that

(3.36) Ix, — yll = inf{llz = y,lllz € (C — x,) N (X, + r,B)}
and A, > 0 such that
(337) y:l; = Any;i—f,,’

where y* _ - is the derivative of the norm [| || at y, — X,. Now it is not

difficult to see that (3.36) and (3.37) imply that y* n € N is the proximal
normal functional to C at x,, + X,, as defined in Definition 3.1, that is

(3.38) yy € PNe(x, + Xx,), n€N.

As E is reflexive the closed unit ball of E* is sequentially weak* compact,
hence y* being bounded contains a weak star convergent subsequence.
Without loss of generality assume that y* converges to some y* € E*.
Then as x, + X, — x, we have by (3.38)

(3.39) y* € w* lim sup PN(x).

x'—x

C
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But as

(y+WwW,)nC, c (0, +oo)y + eB) N C,

cO,AN)y +eB)NC, =40,

as shown above, we have

%, = yall, > 1 = a,
Thus

D ») =y = %) + Wy =y, T X,)
Iyw = Xl = 1y = yully = 1%l
1l —a, —a, — pne_I > 1/2,

which shows that (y*, y) > 0. This by (3.39) gives

v

v

y & (w* lim sup PN(x) ),
X C X
which finishes the proof of (3.30).

(3.28), (3.29), and (3.30) imply (3.26). Taking the polars of the sets in
(3.28), (3.29), (3.30) and using the fact that if E is reflexive then the weak
star closed convex sets in E* are norm closed, we get (3.27) and the proof
is finished.

COROLLARY 3.2. If C is a closed subset of a reflexive Banach space,

x € C then
(3.40) Tq(x) = ]in/l inf WK (x') = lin} inf WP~(x")
X' —x x'—x
c c
and
(3.41) Nc(x) = co w* lin}jup WKZ(X").
c

Proof. Combine Proposition 3.3 and Theorem 3.1.

The first equality in (3.40) was proven in [14] under stronger
assumptions on the set C.

Note that proximal normal formula (3.6) and the corresponding
equalities for finite dimensional spaces obtained in [14], [7], [11], follow
from Theorem 3.1.

We complete Theorem 1.2 and Theorem 3.1 with the following
important observation.

THEOREM 3.2. Let E be a Banach space. Then the following are
equivalent.
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1) lim inf WP-(x") = T(x)
x'—x

C
for all closed sets C C E, x € C,
2) lim inf WP-(x') D To(x)
x’:x
for all closed sets C C E, x € C,

3) lim inf WK~(x') D Te(x)
x’?x
for all closed sets C C E, x € C,
4) E is reflexive.

Proof. Clearly 1) implies 2) and 3) implies 2). Theorem 1.2 shows that 3)
is implied by 4) and Theorem 3.1 shows that 1) is implied by 4). Hence it
suffices to show that 2) implies 4).

Let E be irreflexive. Choose z € E and z* € E* with

(3.42) (2%, z) = lzll = 1 = |I*|I.
Let y € E be such that
(3.43) (z*,y) =0and ||yl = L
Choose y* € E* with
(3.44) (y*.y) =1 =1
Then
E := {x € E|(z*, x) = 0, (y* x) = 0}

is obviously an irreflexive subspace of E. Let us observe that the unit
sphere in E

S:={x € E||lx|| = 1}
is not countably relatively weakly compact. Indeed, otherwise by

Eberlein’s theorem (see for example [10] ) it is relatively weakly compact,
which implies that

WS :={x e E||xl| =1}

is weakly compact. However this is impossible since E is irreflexive. Thus
there exists a sequence x, in E, x, € S for n € N, with no weak cluster
point.
Define
= -1 R -2
C:= UIA A, =moz + Y, [n 7, 00)(m “x, + y).
h=

m>
m=
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We will verify that

(3.45) WP-(m 'z) =0 forallm € N
and

(3.46) y € T~0).

As m~ 'z € ¢l C and since both the Clarke tangent cone and the weak
contingent cones always are the same for a set and its closure, this will
violate 2).

To prove (3.45) suppose & € WKC(m_lz), h # 0. Then there exists
M > 0 and a sequence h, with the weak limit 4 such that

th,+m'zecC
for some ¢, > 0, 7, — 0 and ||A,|| < M. Thus there also exist sequences m,,
k,, with m,, k, € N, m,, k, > 0 and A, with A\, = 1 for which
m 'z + 1h, = m, 'z + )\nk;](m,,_2xkn + ).
As (z*, xk”) = 0 for n € N, this together with (3.42) and (3.43) imply
1

m ' —m~ ! =1,(x* h,)— 0.

Hence without loss of generality we assume m, = m for all n € N.
Then
th, = }\nk"_l(m;zxkn + y).
As (y*, xk") = 0 for n € N this and (3.44) show
L% b)) = Nk =k
This in turn implies that k, — oco. Let
B, 1=tk .

Then
Bnhn -y = m~2xkn'

Select h* € E* with (h*, h) = ||h|l, [|h*|| = 1. Then for n sufficiently large
(h*, h,) = 27 !||nl|, and as

B,(h*, h,) = Al Iy + m™*x, || = 2,

B, remains bounded. It follows now that m ™~ 2x, has a weak cluster point.
Since k,, tends to oo, this means x,, has a cluster point. This contradiction
shows

WP-(m ™~ 'z) = WK-(m™'z) = 0.
To prove (3.46), let sequences ¢,, z, be given such that,

t,—>0,¢,>0,z,—0,z € C, then
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z, = mn_lz + }\nkn_l(mn_zxk'1 + ),
for some sequences A, m,, k, as above. As (z*, z) = 1,
(% %) = (%) = 0,
we may argue that m, — co. Setting
¢, :=m, 'z + Ak D+ tn)(mn_zxkn + ),
we have
¢, €4, CC 1, ', = z,)>y
and y € T(0). (3.46) is proven and the proof is finished.

If E is an infinite dimensional Banach space, then replacing the weak
topology with the norm topology in the construction of the set C above,
we recover the example from [18]. As a consequence we get the

following.
THEOREM 3.3. Let E be a Banach space. Then the following are
equivalent.
1) liminf P-(x") = T(x)
x'—x
C

for all closed sets C C E, x € C,
2) liminf P-(x") D T(x)
x’gx
for all closed sets C C E, x € C,
3) liminf K-(x") D To(x)
for all closed sets C € E, x € C,
4) E is finite dimensional.
The analysis of the proof of Theorem 3.1, Proposition 1.1 and Lemmas 1

and 2 shows that similar methods may be used to prove the following
theorem.

THEOREM 3.4. If C is a weakly compact subset of a Banach space E,
x € C then

lin} inf P-(x") C Te(x),
X' —x
c
whenever E may be given an equivalent smooth norm, and
lir{l _jnf WP-(x") € Te(x),

C

whenever E may be given a Frechet differentiable norm.
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4. “Discrete lim inf” inclusions and stars of boundedly relatively weak
compact sets. It is an easy consequence of the corresponding definitions
that if

lim inf R-(x") € T-(x)
x'—x
c

then
dlim inf R-(x") + x’ C lim inf R-(x") + x’ C To(x) + x.

)CE)X c
Corollary 2.1 implies that if C is a closed subset of a Banach space,

then
N _ R-(x") + x' C star
YecC C( ) C9

whenever for all x € C
dlim inf R-(x") + x’ C To(x) + x.

x'—x
c
This motivates our following considerations for the boundedly relatively
weakly compact sets. First we recall Borwein’s nearest point result proven
in [3].

ProprosITION 4.1 (Borwein). If C is a norm-closed relatively weakly
compact subset of a Banach space E, which has a Kadec norm and is such
that E* has an equivalent strictly convex dual norm, then the set of those
points which have a nearest point in C is dense in E.

THEOREM 4.1. Let E be a Banach space and let C be a norm-closed
boundedly relatively weakly compact subset of E, x € C, then
(i) the following inclusion holds

(4.1) dliminf P-(x) + x' C To(x) + x;

x'—x
C
(i1) if E can be given an equivalent Frechet differentiable and Kadec norm
then also
(42) dliminf WP-(x') + x' C Te(x) + x.
x'—x
C

Proof. Let us observe first that as C is boundedly relatively weakly
compact, then E : = span C is a weakly compactly generated subspace of
E (see [2] for the proof) and as such it possesses an equivalent smooth and
Kadec norm. ([8]). Let || || denote some equivalent norm on E which is
smooth and Kadec in the case (i) and which is Frechet and Kadec in the
case (ii). Let B be a unit ball associated with the norm || ||. Suppose that
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y & Te(x) +x and |y — x|l =1

Then as in the proof of Theorem 3.1 we can find ¢ > 0, A, > 0 and
x, € C N (x + 2 "B)forn € N with

43) Cn(x,+ O]y —x+2B)) =40

Without loss of generality suppose that € < 1/4 and choose p, > 0
with

p, < min(2™", A,/4, €/4)
and «, > 0 such that
«, < min(ep,/12, A,,/6).
Let us set forn € N
W=+ a,) ([-1, 1)y — x,) + a,(e/2)B).

By Lemma 1, the norm || ||, associated with the ball W, is equivalent norm
on E, which is smooth and Kadec in case (i) and Frechet differentiable
and Kadec in case (ii). Note also that there exists an equivalent strictly
convex dual norm on E*, because E is weakly compactly generated ( [8] )-

Select, using Borwein’s nearest point result (Proposition 4.1), some y, in £
with

Yo — (y —x,) € a,W, and
Iy, — x,ll, = inf{ [ly, — zll,lz € C,}.

for some x, € C, := (C — x,) N p,B. Following the proof of Theorem
3.1 we get

Iy, = XM, =1+ 2a,, W, C 2B,

and

45 x,€y—x,+ W, + 3a,W,

Also

(46) y—x,+ W, c (0,o00)y — x, + (¢/2)B)
= (0, +oo)(y — x + (x — x,) + (¢/2)B)
C (0, 00)(y — x + €B),

whenever 27" = €/2. Let us restrict our considerations to those n for
which this inequality is satisfied. Furthermore we get

{(O» co)(y — x + €B) + 3anVVn} N Cn
c {(O,N)y — x + eB) + 3a,W,} N C,
= {(0, 6a,e 'Yy — x + €B) + 3a,W,} N C,
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where the last equality follows from (4.3). Hence using (4.5) and (4.6) we
have

1%, = 6a,e (1 + ¢ + 60, = 12a,¢ ' < p,,

which in turn implies that X, satisfies (3.35) for some r, > 0. Thus y, — X,
is the proximal normal vector to C at x,, + X, in the norm || [|,,. However

as
(y—x,+wW)ync,=49
we get
1x, =y, =21 — a,.
Thus

@Dy, =% — (= @, + T,
=a,<1—a,=|x, =yl

Now (4.7) implies in the case (i), via (1.3), that
y — (x, + X,) &€ Pe(x, + X,),

which proves (4.1) and in the case (ii), via (1.4), that
y — (x, +x,) € WPA(x,, + X,),

which proves (4.2).

CoroLLARY 4.1. If C is a norm-closed boundedly relatively weakly
compact subset of a Banach space E, then

4.8) QC P-(x) + x = star C, and
XQC P-(x) = rec(star C)

whenever C is starshaped.
If E can be given an equivalent Frechet differentiable and Kadec norm
then

4.9) QC WPq(x) + x = star C, and
XQC WPq(x) = rec(star C)

whenever C is starshaped.
In particular (4.9) holds for closed subsets in reflexive spaces.

Proof. Combine Theorem 4.1 and Corollary 2.1. Note that always

XQC P-(x) C rec(XQC P-(x) + x) and
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'\AQC WP-(x) C rec(xre\c WP-(x) + x),

which follows from the convexity of the corresponding cones.

This completes Part I. In Part II we continue on applications of this
theory as indicated at the introduction.
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