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It is well known that Z(pc0) is isomorphic to each of its 
non-zero ho mo mo rp hie images [3]. The aim of the present 
note is to general ize this fact about Z(p°°) to indecomposable 
infective modules over r ings more general than the ring of 
in tegers which will include Dedekind domains as a special case . 

I should like to thank Professor B . Banaschewski for his 
help and guidance. 

Throughout this paper we consider R to be an integral 
domain and P C R a maximal ideal. 

Let R denote the ring of quotients of R with respect 

to P and define <p\ R / P - > I L / R P by <p(x+P) = x + R ^ P . 

The mapping <p is clearly an R-module homomorphism and is 
one-to-one since x + RpP = 0 implies xç R P H R = P . To 

show that it is an epimorphism, let ( r / s ) € R . Then, since 

R = Rs + P, there exist ae R, b e P such that 1 = as + b . 
Hence ( r / s ) + R P = ra + ( r / s )b + R P = ra + R P = <p(ra + P) . 

Thus <p is an R- isomorphism. Since R-p/R-^P is an 

R. -module, this shows that R / P can be made into an 

Rp-module by (1/ s)(r+P) = ra + P if s € RNP and 1 = as + b 

as above, such that <p is an Rp- i somorph i sm. This fact 

extends as follows to E, the R-injective hull of R / P : 

LEMMA By extending the R - m o d u l e s t ructure of 

R / P , E can be made into an Rp-module such that it is 

isomorphic to the Rp-injective hull of L / R P , 
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Proo f . We f i r s t show tha t for s z R \ P , the R - m o d u l e 
ho m o m o rp hi s m f:x j s x , i s an a u t o m o r p h i s m of E . Le t 
O ^ x e E , then s ince E is an e s s e n t i a l e x t e n s i o n of R / P , 
t h e r e e x i s t s a n o n - z e r o e l e m e n t rx e R x f l R / P and s i n c e f i s 
o n e - t o - o n e on R / P we have 0 ^ f(rx) = s r x which i m p l i e s 
tha t sx 4 0 and so f i s o n e - t o - o n e on E . The fac t tha t E i s 
i n d e c o m p o s a b l e [2] and f(E) i s i s o m o r p h i c to E and hence 
in jec t ive , g ives f(E) = E , f i s , t h e r e f o r e , an a u t o m o r p h i s m 
of E . Thus for any x ç E , s ç. R \ P , t h e r e e x i s t s a un ique 
e l e m e n t y ^ E such tha t x = sy and we can def ine (1/s)x = y 
which m a k e s E into an R - m o d u l e . 

F i n a l l y , to p r o v e the r e q u i r e d i s o m o r p h i s m , le t E l be 
an R - i n j ec t i ve hul l of R / R P and j : R / P ÏE and 

i: R*/ I L P — 4 E ! the n a t u r a l i n j e c t i o n s . F r o m the R - i n j e c t i v i t y 

of E it fol lows tha t t h e r e e x i s t s an R - h o m o m o r p h i s m 

d»: E 1 — ) E such tha t joç = d/oi with <p a s defined a b o v e . 
Take x ' e k e r UJ and suppose x" \ 0 . Then R x1 OR / R P 4 0 

sine-j E ! i s an R - e s s e n t i a l e x t e n s i o n of R / R P . H e n c e 
P P P 

t h e r e e x i s t s a n o n - z e r o e l e m e n t rx ' eRx'f lR / R P . As do i 

i s a .monomo r p h i s m , we have 0 ^ujoi (rx f } = ij,' (rx1 ) = rvjj (x! ) = 0 , 
a c o n t r a d i c t i o n . Hence \\i i s a mo no mo- rph i sm. Now, if 
se R \ P , x' €E J , t hen t h e r e e x i s t s a unique e l e m e n t y e E such 
that"; sy = 4J(X5) = 4 J ( S ( 1 / S ) X ! ) = s ( i | j ( l /s)x) whence 
( l / s )q j (x1) = 4J { ( 1 / S ) X { ) , Th i s shows tha t x\i i s R - l i n e a r . It 

fol lows tha t LJJ(E! ) i s R - i n j ec t i ve and t h e r e f o r e an R - d i r e c t 

s u m m a n d of E . In p a r t i c u l a r I |J{E ! ) i s an R e d i r e c t s u m m a n d 
of E . Hence \\i{ ! ) = E . Thus \\t: E*- >E is the d e s i r e d 
R - i s o m o r p h i s m . 

P r o p o s i t i o n . Le t R be a p r i n c i p a l i dea l r i n g . Then 
the in jec t ive hu l l of R / P i s i s o m o r p h i c to any of i t s quo t i en t s 
by a p r o p e r s i ibmodu le . 

P roo f . H e r e R p P = R TT for s o m e TT e R , and 

R / R Ti h a s E = R [ T T ] / R TT a s i t s i n j ec t ive hu l l [ l ] w h e r e 

R [IT ] i s g e n e r a t e d by TT a s a r ing e x t e n s i o n of R in the 

quot ien t field of R. By the l e m m a i t suff ices to c o n s i d e r th i s 
R-iispdule E . 
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We f i r s t show that every R-submodule of E is a lso an 
R - s u b m o d u l e which wi l l imply that the R^-submodule s are 

the s a m e as the R - s u b m o d u l e s . F o r this , it i s sufficient to 
prove that if S C E i s any R-submodule and s c R / P , then 

-1 -k ° 
(1/s ) S C S . Now, R[ir ] = U k Q R p ^ i m p l i e s that any 

-k 
e l e m e n t in S is of the form x = (a/s)-rr + R , ^ where 

k+1 
a c R , S € B > P and k an integer . F r o m R = Rs + P [4] , 

k+1 
we get 1 = s t + u with te R, u c P and, therefore , 

(1/s )x = tx + (1/s )ux = tx + ( u / s )((a/s) ir" + R^TT) = txc S. 
o o o F 

Hence (1/s ) S C S and we can talk about the submodules of E 
o 

without re ference to R or R p . 

We next show that every submodule of E is of the form 

R_rr /R^rr- The lat t ice of a l l submodules of E i s i somorphic 
P P ^ 

to the latt ice of R _ - s u b m o d u l e s of R-Jir ] which contain 

R_;)Tr. Hence any submodule of E corresponds to exact ly one 

fract ional ideal S of R^ with R^r C S C Rp|> ] . Let 
—k -k 

S = S AR^tr then Rpir C S C I L Ï Ï which i m p l i e s 
k+1 k 

R_TT C S TT C R p . By the fact that R_ i s a principal ideal 
ring, one has S TT = R ir k for s o m e I with 0 < 1 < k+1. 

I -k 
Therefore , S = R^ IF "k . If S corresponds to a proper 

submodule of E, then S C R [TT ] and s ince S = U, QS 
k 

n 
and the S f s f orm an ascending sequence , one has S = R^ir 

for s o m e in teger n. Thus every proper submodule of E i s of 

the f o r m Rpfr / R—ir, and any quotient of E by such a 

submodule m a y be e x p r e s s e d as R^TT J / R ^ T T 

Now, if we c o m p o s e the homomorphi sm x—*n x of 

R J T T ] into itself , with the natural homomorphi sm 

y ^y + Rpir f rom RpE^ ] to Rp[ir ] / Rpir , we get an 
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epimorphism R^TT ] ^R-pi^ ]/^p71" who se kernel is R IT . 

This shows that E is isomorphic to R [TT ]/R TT 

Remark. If R is a Dedekind domain then each p roper 
pr ime ideal P of R is maximal , and R^ is a pr incipal 

ideal ring [4] ; therefore, the Proposit ion then applies to any 
R / P . It follows from this that the indecomposable injective 
tors ion modules over a Dedekind domain all have the proper ty 
that they a re isomorphic to any of their non-zero homo mo rp hie 
images . 

In conclusion we provide an example where an indecom
posable injective module has a quotient module which is nei ther 
zero nor isomorphic to itself: 

Let R be a Noetherian domain, P a non-zero , non-
maximal p r ime ideal in R and E an injective hull of R / P . 
Then there exists a maximal ideal M such that 
Û C P C M C R and so E D R / P D M / P ^ °* Hence E / ( M / P ) 4 ° . 
We will show that E is not isomorphic to E / ( M / P ) . Assume 
the contrary . Then E / (M/P) is indecomposable injective 
and contains (R /P) / (M/P) which is isomo rphic to R/M 4 ° , 
and hence E / (M/P) is isomorphic to the injective hull of R/M. 
This implies that R/M and R / P have isomorphic injective 
hulls which leads to a contradiction since P and M are 
different p r ime ideals [2]. Thus the quotient module E / (M/P) 
is neither zero nor isomorphic to E and we have a counter -
example where the above proposit ion fails to be t rue . 
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