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Abstract. The Jackson integrals associated with the non-reduced root system are defined as

multiple sums which are generalization of the Bailey’s very-well-poised 6c6 sum. They are clas-
sified by the number of their parameters when they can be expressed as a product of the Jacobi
elliptic theta functions. The sums which appear in the classification list coincide with those

investigated individually by Gustafson and van Diejen.
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1. Introduction

This paper is a sequel to the paper [Ito2]. In [Ito2], we introduced the Jackson inte-

grals associated with irreducible reduced root systems, and discussed the condition if

they can be expressed as a product of the Jacobi elliptic theta functions. In this

paper, we study the Jackson integral for the non-reduced case. The Jackson integral

associated with the non-reduced root system, i.e., the root system BCn, is a multiple

extension of Baily’s very-well-poised 6c6 sum (q-series).

The result is Theorem 3.3, which classifies the Jackson integrals associated with

BCn when they are expressed as a product of the Jacobi elliptic functions. Bailey’s

very-well-poised 6c6 summation formula

X1
n¼�1

ð1� a2q2nÞðab; qÞnðac; qÞnðad; qÞnðae; qÞn
ð1� a2Þðqa=b; qÞnðqa=c; qÞnðqa=d; qÞnðqa=e; qÞn

q

bcde

� �n

¼
ðq; qÞ1ðq=a2; qÞ1ðqa2; qÞ1

ðq=ab; qÞ1ðq=ac; qÞ1ðq=ad; qÞ1ðq=ae; qÞ1
�

�
ðq=bc; qÞ1ðq=bd; qÞ1ðq=be; qÞ1ðq=cd; qÞ1ðq=ce; qÞ1ðq=de; qÞ1

ðqa=b; qÞ1ðqa=c; qÞ1ðqa=d; qÞ1ðqa=e; qÞ1ðq=bcde; qÞ1

can be regarded as the formula for the BC1-type Jackson integral in Theorem 3.3. In

[Gu1], Gustafson established multidimensional generalization of 6c6 summation for-

mula corresponding to semi-simple Lie algeblas. By using Gustafson’s Cn-type sum,
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van Diejen [vD] proved a summation formula for his BCn-type sum, which includes

Aomoto’s Bn and Cn-type sums as special cases. Gustafson’s Cn-type sum and van

Diejen’s BCn-type sum are included in the classification list in Theorem 3.3. The for-

mulae appearing in Theorem 3.3 were essentially investigated by a series of Gustaf-

son’s works [Gu1, Gu2, Gu3, Gu4]. Although we were able to find a new summation

formula [Ito4] for the root system F4 in the irreducible reduced cases [Ito2], Theorem

3.3 assures, in our sense, his formulae are all those of BCn-type. Note that Schlosser

[S] also presented other multidimensional generalization of 6c6 summation formula

and his Cn-type sums are not included in our list.

Throughout this paper, we assume 0 < q < 1 and use notation

ðx; qÞ1 :¼
Y1
i¼0

ð1� xqiÞ and ðx; qÞn :¼ ðx; qÞ1=ðxqn; qÞ1:

2. Jackson Integral Associated with the Root System BCn

Let fe1; . . . ; eng be the standard basis of E ¼ Rn satisfying hei; eji ¼ dij for all

i; j ¼ 1; . . . ; n, where dij is the Kronecker delta. Let R be the root system BCn provi-

ded by R ¼ R1 [ R2 [ 2R1 where

R1 :¼ f�ei; 14 i4 ng; R2 :¼ f�ei � ej; 14 i < j4 ng

and

2R1 :¼ f�2ei; 14 i4 ng:

We set

Rþ
1 :¼ fei; 14 i4 ng; Rþ

2 :¼ fei � ej; 14 i < j4 ng

and

2Rþ
1 :¼ f2ei; 14 i4 ng:

For each a 2 R, let a_ ¼ 2a= ha; ai. The root systems Bn and Cn are the sets

R1 [ R2 and R2 [ 2R1, respectively. Let fa1; . . . ; ang be a basis of the root system

Cn given by

a1 ¼ e1 � e2; a2 ¼ e2 � e3; . . . ; an�1 ¼ en�1 � en; an ¼ 2en:

Let fw1; . . . ; wng be the set of the fundamental coweights of Cn given by

w1 ¼ e1; w2 ¼ e1 þ e2; . . . ; wn�1 ¼ e1 þ � � � þ en�1; wn ¼ ðe1 þ � � � þ enÞ=2;

which satisfy hai; wji ¼ dij for all i; j ¼ 1; . . . ; n. We denote by P the coweight lattice

of Cn defined by P :¼ Zw1 þ � � � þ Zwn; and Q be the coroot lattice of Cn defined by

Q :¼ Za_1 þ � � � þ Za_n ¼ Ze1 þ � � � þ Zen � P:

Let L be any sublattice of P of rank n. We assume L is W-stable, i.e., L ¼ wL

for w 2 W. The scalar product h�; �i is uniquely extended linearly to EC ¼

E�R C ’ Cn. For x 2 EC, we define a function FBn
ðfbig

s
i¼1; fcjg

l
j¼1; xÞ as
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FBn
ðfbig

s
i¼1; fcjg

l
j¼1; xÞ

:¼
Ys
i¼1

Y
a2Rþ

1

qð1=2�biÞha;xi ðq
1�biþha;xi; qÞ1
ðqbiþha;xi; qÞ1

Yl
j¼1

Y
a2Rþ

2

qð1=2�cjÞha;xi ðq
1�cjþha;xi; qÞ1
ðqcjþha;xi; qÞ1

¼
Ys
i¼1

�Yn
k¼1

qð1=2�biÞhek;xi ðq
1�biþhek;xi; qÞ1
ðqbiþhek;xi; qÞ1

�
�

�
Yl
j¼1

� Y
14m<n4 n

qð1�2cjÞhem;xi ðq
1�cjþhem�en;xi; qÞ1
ðqcjþhem�en;xi; qÞ1

ðq1�cjþhemþen;xi; qÞ1
ðqcjþhemþen;xi; qÞ1

�
;

where s; l 2 Z5 0 and bi; cj 2 C. We denote by DCn
ðxÞ the Weyl denominator of Cn as

DCn
ðxÞ :¼

Y
a2Rþ

2

ðqha;xi=2�q�ha;xi=2Þ
Y

a22Rþ

1

ðqha;xi=2�q�ha;xi=2Þ

¼
Y
a2Rþ

1

ðqha;xi�q�ha;xiÞ
Y
a2Rþ

2

ðqha;xi=2�q�ha;xi=2Þ

¼
Yn
k¼1

ðqhek;xi�q�hek;xiÞ
Y

14m<n4n

ðqhem�en;xi=2�q�hem�en;xi=2Þðqhemþen;xi=2�q�hemþen;xi=2Þ:

Let W be the Weyl group generated by orthogonal reflections with respect to the

hyperplane perpendicular to a 2 R. For w 2 W, we define wFðxÞ :¼ Fðw�1xÞ for a

function FðxÞ of x 2 EC. For w 2 W, we denote UwðxÞ by a function defined by

UwðxÞ :¼
Ys
i¼1

Y
a2Rþ

1

�w�1a2Rþ
1

qð2bi�1Þha;xi yðqbiþha;xi; qÞ

yðq1�biþha;xi; qÞ

Yl
j¼1

Y
a2Rþ

2

�w�1a2Rþ
2

qð2cj�1Þha;xi yðqcjþha;xi; qÞ

yðq1�cjþha;xi; qÞ;

where yðx; qÞ :¼ ðx; qÞ1ðq=x; qÞ1. The function yðx; qÞðq; qÞ1 is called the Jacobi

elliptic theta function. Since yðx; qÞ has a property yðqx; qÞ ¼ �yðx; qÞ=x, we see

UwðxÞ is an invariant under the shift x ! xþ w for w 2 P. Under the action of

w 2 W, the function :¼ FRðfbig; fcjg; xÞ changes as follows:

wFBn
ðfbig

s
i¼1; fcjg

l
j¼1; xÞ ¼ UwðxÞ FBn

ðfbig
s
i¼1; fcjg

l
j¼1; xÞ; w 2 W: ð1Þ

The Weyl denominator DCn
ðxÞ changes by the action of W as

wDCn
ðxÞ ¼ sgnw DCn

ðxÞ: ð2Þ

For z 2 EC, we now define the Jackson integral associated with the root system BCn

as

JBCn
ðfbig

s
i¼1; fcjg

l
j¼1;L; zÞ :¼

X
w2L

FBn
ðfbig

s
i¼1; fcjg

l
j¼1; zþ wÞ DCn

ðzþ wÞ: ð3Þ

For simplicity, we abbreviate JBCn
ðfbig

s
i¼1; fcjg

l
j¼1;L; zÞ by JBCn

ðfbig; fcjg;L; zÞ. By

definition, the Jackson integral JBCn
ðfbig; fcjg;L; zÞ is obviously invariant under the

shift z ! zþ w for w 2 L:

JBCn
ðfbig; fcjg;L; zþ wÞ ¼ JBCn

ðfbig; fcjg;L; zÞ: ð4Þ

SYMMETRY CLASSIFICATION FOR BCn-TYPE JACKSON INTEGRALS 211

https://doi.org/10.1023/A:1022892011301 Published online by Cambridge University Press

https://doi.org/10.1023/A:1022892011301


From (1) and (2), for w 2 W, we have the following property of JBCn
ðfbig; fcjg;L; zÞ:

wJBCn
ðfbig; fcjg;L; zÞ ¼ sgnw UwðzÞ JBCn

ðfbig; fcjg;L; zÞ; w 2 W:

3. Product Formula

In this section, we discuss the sum JBCn
ðfbig; fcjg;L; zÞ which can be expressed as a

product of the Jacobi elliptic theta function yðx; qÞðq; qÞ1. The function yðx; qÞ has
a quasi-periodic property such as yðqx; qÞ ¼ �yðx; qÞ=x. By using this property, for

w 2 L and yðqcþha;zi; qÞ, we have

yðqcþha;zþwi; qÞ ¼ ð�1Þha;wiqð1=2�cÞha;wi�ha;wi2=2�ha;ziha;wiyðqcþha;zi; qÞ; ð5Þ

which is used in the subsequent discussion.

LEMMA 3.1. Assume that L ¼ P or Q. For a 2 Rþ
2 [ 2Rþ

1 , if ha; zi ¼ 0, then

JBCn
ðfbig; fcjg;L; zþ wÞ ¼ 0 for all w 2 P.

Proof. See [Ito2, p. 332 Lemma 4.2]. &

PROPOSITION 3.2. For L ¼ P or Q, the sum JBCn
ðfbig; fcjg;L; zÞ is expressed as

fðzÞ
Y
a2Rþ

1

q

�
s
2�1�

Ps

i¼1
bi

	
ha;ziyðqh2a;zi; qÞQs

i¼1 yðqbiþha;zi; qÞ

Y
a2Rþ

2

q

�
l�1
2 �

Pl

j¼1
cj

	
ha;ziyðqha;zi; qÞQl

j¼1 yðq
cjþha;zi; qÞ

where fðzÞ is a holomorphic function of z 2 EC.

Proof. Since JBCn
ðfbig; fcjg;L; zÞ has poles lying in the set

z 2 EC ;
Ys
i¼1

Y
a2Rþ

1

yðqbiþha;zi; qÞ
Yl
j¼1

Y
a2Rþ

2

yðqcjþha;zi; qÞ ¼ 0

8<
:

9=
;;

the sum JBCn
ðfbig; fcjg;L; zÞ is written as

JBCn
ðfbig; fcjg;L; zÞ

¼ gðzÞ

Q
a2Rþ

1
q

�
s
2�1�

Ps

i¼1
bi

	
ha;zi Q

a2Rþ

2
q

�
l�1
2 �

Pl

j¼1
cj

	
ha;zi

Qs
i¼1

Q
a2Rþ

1
yðqbiþha;zi; qÞ

Ql
j¼1

Q
a2Rþ

2
yðqcjþha;zi; qÞ

;

where gðzÞ is a holomorphic function of z 2 EC. By Lemma 3.1, the function gðzÞ is

divided out by the product
Q

a2Rþ

1
yðqh2a;zi; qÞ

Q
a2Rþ

2
yðqha;zi; qÞ. &

Now we consider the case where the holomorphic function fðzÞ in Proposition 3.2

is a constant not depending on z. As we see in the next theorem, its classification list

includes not only two cases for arbitrary n, but three exceptional cases.
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THEOREM 3.3. For L ¼ P or Q, the sum JBCn
ðfbig; fcjg;L; zÞ is expressed as

CBCn
ðfbig; fcjg;LÞ

Yn
k¼1

q

�
s
2�1�

Ps

i¼1
bi

	
hek;ziy

�
qh2ek;zi; q

	
Qs

i¼1 yðqbiþhek;zi; qÞ
�

�
Y

14m< n4 n

q

�
l�1�2

Pl

j¼1
cj

	
hem;ziyðqhem�en;zi; qÞyðqhemþen;zi; qÞQl

j¼1 yðq
cjþhem�en;zi; qÞyðqcjþhemþen;zi; qÞ

;

where CBCn
ðfbig; fcjg;LÞ is a constant not depending on z 2 EC, if and only if ðs; l Þ

satisfies the following:

or

Remark 3:3:1. In particular, if n ¼ 1 in Theorem 3.3, we have s ¼ 4 and it is

nothing but Bailey’s very-well-poised 6c6 summation formula (see [vD, p. 484]).

Remark 3:3:2. The cases ðs; l Þ ¼ ð4; 1Þ and ð2nþ 2; 0Þ were investigated by

Gustafson [Gu1, Gu2, Gu3] and van Diejen [vD]. The explicit forms of the constants

CBCn
ðfbig; fcjg;QÞ are the following:

CBCn
ðb1; b2; b3; b4; c1;QÞ

¼ ðq; qÞn1

Yn
j¼1

ðq1�jc1; qÞ1
ðq1�c1; qÞ1

Q
14m<n4 4ðq

1�ð j�1Þc1�bm�bn; qÞ1

ðq1�ðnþj�2Þc1�b1�b2�b3�b4; qÞ1
;

CBCn
ðb1; . . . ; b2nþ2;QÞ ¼ ðq; qÞn1

Q
14m<n4 2nþ2ðq

1�bm�bn; qÞ1

ðq1�b1�����b2nþ2; qÞ1
:

For Cn-type, the sum JCn
ðfbig; fcjg;L; zÞ of ðs; l Þ ¼ ð1; 1Þ and ð0; ðnþ 1Þ=2Þ, n: odd,

in [Ito2, p. 334 Theorem 4.5] are the special cases of the cases above.

Remark 3:3:3. In [Gu4], Gustafson studied the generalized Nasrallah–Rahman

integral. There exist the generalized Nasrallah–Rahman integrals corresponding to

the Jackson integrals JBCn
ðfbig; fcjg;Q; zÞ in the list of Theorem 3.3 (see [Gu4,

pp. 447–449]). The explicit forms of the constants CBC2
ðc1; c2; c3;QÞ, CBC2

ðb1; b2;

c1; c2;QÞ and CBC3
ðc1; c2;QÞ are the following:

CBC2
ðc1; c2; c3;QÞ

¼
ðq; qÞ21ðq1�c1�c2; qÞ1ðq1�c1�c3; qÞ1ðq1�c2�c3; qÞ1

ðq�c1�c2�c3; qÞ1

Y3
i¼1

ðq1�2cj; qÞ1
ðq1�cj; qÞ1

;
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CBC2
ðb1; b2; c1; c2;QÞ

¼ ðq; qÞ21ðq1�b1�b2; qÞ1ðq1�b1�b2�c1; qÞ1ðq1�b1�b2�c2; qÞ1�

� ðq1�c1�c2; qÞ1ðq1�2b1�c1�c2; qÞ1ðq1�2b2�c1�c2; qÞ1�

�
ðq1�b1�b2�c1�c2; qÞ1

ðq1�2b1�2b2�2c1�2c2; qÞ1

Y2
i¼1

ðq1�2cj; qÞ1
ðq1�cj; qÞ1

;

CBC3
ðc1; c2;QÞ

¼ ðq; qÞ31ðq1�c1�2c2; qÞ1ðq1�2c1�c2; qÞ1�

�
ðq1�c1�c2; qÞ1ðq1�2c1�2c2; qÞ1

ðq�3c1�3c2; qÞ1

Y2
i¼1

ðq1�2cj; qÞ1
ðq1�cj; qÞ1

ðq1�3cj; qÞ1
ðq1�cj; qÞ1

:

Proof of Theorem 3:3: By the q-periodicity (4) of JBCn
ðfbig; fcjg;L; zÞ and (5), for

w 2 L, the function fðzÞ in Proposition 3.2 satisfies

fðzþ wÞ ¼ VwðzÞfðzÞ; ð6Þ

where

VwðzÞ ¼
Y
a2Rþ

1

ð�1Þsha;wiqðs�4Þð�ha;wi2=2�ha;ziha;wiÞ
Y
a2Rþ

2

ð�1Þðl�1Þha;wiqðl�1Þð�ha;wi2=2�ha;ziha;wiÞ: ð7Þ

If fðxÞ is a constant, VwðzÞ ¼ 1. From (7), it suffices to find ðs; l Þ satisfying

s
X
a2Rþ

1

ha; w0ii þ ðl� 1Þ
X
a2Rþ

2

ha; w0ii � 0 ðmod 2Þ ð8Þ

for i ¼ 1; . . . ; n, and

ðs� 4Þ
X
a2Rþ

1

ha; w0iiha; w
0
ji þ ðl� 1Þ

X
a2Rþ

2

ha; w0iiha; w
0
ji ¼ 0 ð9Þ

for i; j ¼ 1; . . . ; n, where fw01; . . . ; w
0
ng is a basis of L. We define positive definite in-

tegral symmetric matrices AL ¼ ðaijÞ
n
i; j¼1 and BL ¼ ðbijÞ

n
i; j¼1 as

aij ¼
X
a2Rþ

1

ha; w0iiha; w
0
ji; bij ¼

X
a2Rþ

2

ha; w0iiha; w
0
ji;

Since we see BL ¼ ð2n� 2ÞAL by [Ito2, p.335 Lemma 4.6], Equation (9) implies that

s� 4þ ð2n� 2Þðl� 1Þ ¼ 0: ð10Þ

From (10), we have ðs; l Þ as in Theorem 3.3. Equation (8) is valid for such ðs; l Þ. &

THEOREM 3.4. If ðs; l Þ satisfies the condition in Theorem 3.3, then the following

relation holds for L ¼ P or Q:
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JBCn
ðfbig; fcjg;P; zÞ ¼ 2 JBCn

ðfbig; fcjg;Q; zÞ;

in particular,

CBCn
ðfbig; fcjg;PÞ ¼ 2 CBCn

ðfbig; fcjg;QÞ:

Proof. We set wn þQ :¼ fwn þ l; l 2 Qg. Since the lattice P is described as

P ¼ Q [ ðwn þQÞ, by the definition (3) of JBCn
ðfbig; fcjg;L; zÞ, we have

JBCn
ðfbig; fcjg;P; zÞ ¼ JBCn

ðfbig; fcjg;Q; zÞ þ JBCn
ðfbig; fcjg;Q; zþ wnÞ

.From the theta product expression of JBCn
ðfbig; fcjg;Q; zÞ in Theorem 3.3, it follows

that

JBCn
ðfbig; fcjg;Q; zþ wnÞ ¼ JBCn

ðfbig; fcjg;Q; zÞ:

Thus we have JBCn
ðfbig; fcjg;P; zÞ ¼ 2JBCn

ðfbig; fcjg;Q; zÞ. This concludes the

proof. &
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