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MATRIX COEFFICIENTS OF THE LARGE DISCRETE
SERIES REPRESENTATIONS OF Sp(2;R) AS
HYPERGEOMETRIC SERIES OF TWO VARIABLES

TAKAYUKI ODA

In Memoriam: Hiroshi Saito

Abstract. We investigate the radial part of the matrix coefficients with mini-
mal K-types of the large discrete series representations of Sp(2; R). They satisfy
certain difference-differential equations derived from Schmid operators. This
system is reduced to a holonomic system of rank 4, which is finally found to
be equivalent to higher-order hypergeometric series in the sense of Appell and
Kampé de Fériet.
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Introduction

We investigate the radial part of the matrix coefficients of the large dis-
crete series representations with minimal K-type on the real symplectic
group G = Sp(2,R) of rank 2.

Given a Hilbert representation (7, H) of G, for some vectors v, w € H the
function ¢, 4 : g € G — (w(g)v,w) g is called a matriz element or a matriz
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coefficient of the representations w. Among the set of equivalence classes of
the discrete series representations of G (or the irreducible square integrable
representations of ), there are 4 =8/2 = |Wg|/|Wik| different classes with
the same infinitesimal characters. Here, W is the Weyl group of G, and
Wi is the Weyl group of a maximal compact subgroup K, whose orders are
8 and 2, respectively.

In these four discrete series representations with the same infinitesimal
character, one belongs to the holomorphic discrete series and another to the
antiholomorphic discrete series. The Gelfand-Kirillov dimension of these
two representations is 3, and that of the remaining two discrete series rep-
resentations is 4, which is equal to the dimension of the maximal unipotent
subgroup. We call the latter two representations the large discrete series rep-
resentations, following Kostant and Vogan. This kind of representation is
rather different from the holomorphic discrete series; in particular, they have
the Whittaker model. But these representations are also very important. For
example, they also contribute to the relative Lie algebra cohomology.

If we realize a holomorphic discrete series representation in L?(G) and see
its double K-finite elements, then the restriction of these functions to the
split Cartan subgroup A in view of the Cartan decomposition G = K AK is
a (Laurent) rational function in the matrix entries of elements in A. This
follows the explicit formula by Hua of the Bergmann kernel.

If we consider the same problem for the large discrete series representa-
tions, we can guess that more difficult transcendental functions appear in
the matrix entries of the elements of A. However, as we have already shown
in [10] in the case of Whittaker functions, these functions are not as “tran-
scendental” as in the case when 7 is a principal series representation, where
they should appear as BC-type hypergeometric functions (see [1], [2], [5],
6], [7], [14], [15)).

Our target in this paper is to grasp these functions for the large discrete
series, which are mid-transcendental between rationals and BCs-type tran-
scendentals. The answer is the hypergeometric functions of two variables
in the sense of Appell and Kampé de Fériet. It is essentially F5 or, more
generally speaking, Fp of Lauricella and a kind of half system of BCa-type
hypergeometric functions.

First, we want to have the holonomic system for the A-radial part of
the matrix coefficients with minimal K-type of the large discrete series
representations.

https://doi.org/10.1017/5S0027763000010631 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000010631

MATRIX COEFFICIENTS 203

In the G x G birepresentation on L?(G) via the right and the left reg-
ular representations, any discrete series representation 7 is realized as a
closed subspace in L?(G) isomorphic to the outer tensor product 7* X 7
(with multiplicity 1, a conclusion of the Plancherel theorem). Here 7* is the
contragredient representation of G.

A deep result, but now rather well known, is that there exists the min-
imal K-type (7,,W),) in m. Then 7; K 7, is a finite-dimensional (K x K)-
bimodule, consisting of real analytic functions on G.

There is a method to characterize those functions with these special dou-
ble K-types in 7* X 7, by utilizing Schmid operators (see [16]). And there is
a way to compute the A-radial parts of these Schmid operators, though it
is rather tedious and long. Arranging these functions in a canonical way, we
have a (unique) vector-valued function on G, which is also the reproducing
kernel of this discrete series.

The purpose of this paper is to go through this procedure until we can
write the function in terms of the classical object, Appell’s hypergeometric
functions.

The organization of this paper is the following. Section 1 presents gener-
alities and basic symbols on our group G and its Lie subgroups and corre-
sponding Lie algebras; Section 2, basic results on the discrete series represen-
tations of GG and the Schmid operators; Section 3, the explicit expression of
the Schmid operators with respect to the standard basis of K-modules, and
we detail a system of differential-difference equations in two variables. In
Section 4 the system of equations is rewritten in a new system of variables,
so that we have a more tractable system. In Section 5 we show the extremal
components of the radial part of the matrix coefficients satisfy Appell’s dif-
ferential equations of type 2, and we present a power series solution and an
integrable expression for these extremal components. In Section 6, power
series and integral expressions are extended for all components of the radial
parts of the matrix coefficients. Section 7 presents a short postscript for
further research.

Chronologically speaking, our first result on the special functions on
Sp(2,R) is [11], that is, the Whittaker functions belonging to the large
discrete series. Somewhat later, Miyazaki [10] pointed out that the “shape”
of K-types of the generalized principal series representations obtained by
the parabolic induction with respect to the Jacobi parabolic subgroup (cor-
responding to the long root) from a discrete series of SL(2,R), is the same as
that of the large discrete series. We can prove that the Whittaker function
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with the corner K-type is quite similar to that of the large discrete series
(see [10]). On the other hand, Iida [9] investigated the matrix coefficients
with minimal K-types of the principal series representations induced via
the minimal parabolic subgroup and those with the corner K-types of the
generalized principal series induced via the Jacobi parabolic subgroup. He
and others showed that the radial part of the matrix coefficients of the latter
representations satisfied a holonomic system in two variables of rank 4. We
note here that this 4 is the degree of the associate variety of our discrete
series.

Since the K-type of these representations is the same as that of the large
discrete series up to translation, it is reasonable to believe that the radial
parts of the matrix coefficients of the large discrete series are written by
similar functions. And we have confirmed that in this paper.

The holonomic system for ¢y in Section 2 itself was already obtained in
the fall of 1994. The solutions at peripheral entries were obtained relatively
early because the reduced holonomic system for them is similar to that
of Iida [9]. The whole system of solutions took until 1998. An informal
report on the result was contributed to RIMS, Kokyuroku (see [12], [13]).
I apologize to the mathematics community for taking so long to prepare the
final version of the paper.

Since my original intention was to apply this kernel function for trace for-
mulas, this opportunity seems to be adequate for me to publish my results.

Also I have to add that the ideas here originated from a talk with my
former teacher Thara in the early 1980s, while we were sitting beside the
Yasuda auditorium at Hongo campus, about the article by Hirai [8] on the
character formula of the discrete series of Sp(2,R).

81. Generalities on the real symplectic group of rank 2

1.1. The group and related subgroups and the corresponding
Lie algebras
Let E;; be the matrix unit in the space My(R) of real square matrices
of size 4, with 1 as its (4,j)-component and 0 at the other entries. We set
J=FE13+ Ey4— E31 — Eys2. Then the real symplectic group G = Sp(2,R)
of rank 2 is a subgroup of the real special linear SL4(R) of size 4, defined
by

Sp(2,R) = {g € SL4(R) |' gJg=J}.
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A maximal compact subgroup K of G is given by

K= {<_“§3 i) €Sp(2,R) ' A,Be Mz(R)}

which is the fixed part of the associated Cartan involution 6 : g — tg_l.

The Cartan symmetric decomposition for the corresponding Lie algebras is
denoted as
g=tdp.

Here we use the standard convention to denote the Lie algebra of a Lie
group X by the corresponding German lowercase letter g.
A maximal abelian subalgebra a in p is chosen as

a={diag(z1, 2, —21, —72) | #1,72 € R},

with the standard basis H; = diag(1,0,—1,0) and Hy = diag(0,1,0,—1), and
we put A = exp(a). It defines a split Cartan subgroup of G. The root system
for (g,a) is realized as

<I>(g, a) = {:]:261, :]:262, :|:€1 + 62}

with respect to the standard basis {e; =(1,0),e2 = (0,1)} in the 2-dimen-
sional Euclidean space, with ey (z1,22) =21 and ey(z1,2) = x2, or equiva-
lently, e;(H;) = d;; (0;; being the Kronecker delta).

We fix a positive system by the simple roots {e; — ea,2e2}; then the
unipotent radical n of the corresponding Borel subalgebra is given by

n=RE, _., ®RE2, ®RE. 1., ® RE2,,
with

Eei ey =FE12— FEy3, Ese, = E1 3,
Ee te, = E23+ E1 4, Ese, = E3 4.

Set N =exp(n). Then we have Iwasawa decompositions
g=tbadn and G=KAN.

The homogeneous space G/ K is a Hermitian symmetric space of C7-type,
and its complex structure on the tangent space p at the origin [K] € G/K
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is given by the adjoint action of the central element ¢ = (1/v/2)( _1122 E) in
K. The eigenspaces of Ady(¢) with the eigenvalues +1/—1 in the complexi-
fication pc =p ®Rr C are given by

pi={<i\/€—m, ig(j)eg‘CeMQ(C)}.

1.2. Cartan decomposition of the basis of p
Let a = diag(a1,az,a; " ,a;") € A be a regular element of A; that is,

a;#1 (1=1,2), a1 # as, and aras # 1.
Then we have Cartan double coset decompositions
g=Ad(a Ht@aant and g=Ad(a)tdadt.

Here we collect the formulas of Cartan decompositions of standard basis
of p+. First, we consider the case g = Ad(a"')¢ @ a @ £. Before stating the
formulas, we describe the standard basis of p.

NoOTATION 1.1. For a square matrix x of size 2, we set

e () R I () S

Then we define a basis in each of p1 by

X0 =p+len),  Xgp=p+lenzt+ea),  Xoo =p+(e2)€py;
X o0 =p-(e11), X1 =p-(er2+ea),  X_2 =p(e22)ecp_
with the matrix units in Ms(C):

(10 (01 N (00
11~—007 12-—0(); 21 — €12, 22-—01-

The inverse of the mapping

A B .
(—B A) ct— A+iBecu(2)

is denoted by k, and its complexification My(C) = ¢c is denoted by the
same symbol. We put

H!:=k(e;) (i=1,2), X :=k(e12), X :=r(ea1).
Moreover, we set

E—Qei - tEQGi (2 = 1; 2)7 E—e1:|:62 =t E81:FEQ-
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For our later convenience, we introduce some notation for hyperbolic
functions in loga;.

NoTATION 1.2. For real positive numbers a,aq,as, we set

sh(a):%(a—a_l), ch(a):%(a+a_1),
th(a) = sh(a)/ch(a), cth(a) = ch(a)/sh(a), and
D = D(ay,az) = sh*(ay) — sh*(as) = ch*(a1) — ch*(az).

Note here that the last function is antisymmetric with respect to the per-
mutation of the variables (a1, az2) <> (ag,a1). Moreover, for a = (a1,as), we
introduce the other four functions:

epal) = (~1)P~ D" sh(ay)ch(ag) (p.q € {1.2}).

LEMMA 1.1. With respect to the decomposition g = Ad(a™' )@ adE, we
have

X(_20) = —sh(a}) "Ad(a” ") H, + Hy + ct(a}) H,
%X(,l,,l) =e11(a)X + ex2(a) X — e12(a)Ad(a™ )X — e91(a)Ad(a™ )X,
X(0,—2) = —sh(a%)_lAd(a_l)Hé + Hy + ct(a%)H;,
X(2,0) = sh(a})"Ad(a™ ") Hy + Hy — ct(a}) H),
5 X = —en(@)X —en (@)X +en(@)Ad(a)X + en()Ad(a)X,
X(0,2) = sh(a3) 'Ad(a™)Hy + Hy — ct(a3) H,.
Proof. Recall that
X120y =H1 = V—=1(Fae, + F_2¢,),
X(o,42) = Hy £ V—=1(Ese, + E_sc,),
X 1,-1)=—2X 4+ 2E¢, ¢, —2V=1E¢, tc,,
and

Xay)= 2X +2FE¢, e, +2V—1E; 1 c,.
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It is enough to have Cartan decompositions for elements in p. For example,
for /{(\/ ley) = E13— E31 = Eo, — E_»,, we have Ad(a™Y)-k(v/—Tep1) =
a;?E13 — a?F3 ;. Apply the Cartan involution 6 : W € g+ —!W. Then we
have

Ad(a™")k(V=1en) = —sh(a])(E13 + E31) + ch(ai)(E1s — Es )

or, equivalently,
i(E3+ E31) = shil(al)Ad(afl)m(en) — ct(a%)ﬂ(en).

This gives the decomposition for X (19 0). The remaining cases are treated
similarly. 0

The other decomposition, g = Ad(a)t ® a® &, is discussed similarly.

LEMMA 1.2. We have
X(—20) = sh(a%)_lAd(a)Hi + Hi — ct(a%)Hi,
S X (11 = —en(@)X — en(a) X +era(@)Ad(@)X + e ()Ad(@)X,
X(0,—2) = sh(a%)_lAd(a)Hé + Hy — ct(a%)Hé,

X(2.0) = —sh(a}) " Ad(a) Hy + Hy + ct(a}) Hy,
S X = en(@)X +en(0)X — en(@)Ad(@)X — er2Ad(@)X,

X2 = —sh(a2)"'Ad(a)Hy + Hy + ct(a3) H,.
Proof. The proof is similar to that of Lemma 1.1. 0

1.3. Representations of the maximal compact subgroup

We recall some basic facts on the irreducible representations of the max-
imal compact subgroup K, because our explicit computations in the later
sections frequently use the K-types of the representations of G. The group
K is isomorphic to the compact unitary group U(2) of degree 2. The com-
plexification of the Lie algebra of U(2) has four generators:

(10 , (10 (01 _ (00
o Y ) B S

The irreducible finite-dimensional representation 7, of K with highest
weight A = (I1,l2) € Z®? has the standard basis {v;}o<i<a, (dr =11 — l2)
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in the representation space W), so that the associated action of the Lie
algebra is given by

Zv; = (11 + lg)vi, H/Ui = (2i - d/\)Uiy

Xv;=(i+1)viy1,  Xvi=(dr+1—i)vi1.

Now let us consider the irreducible decomposition of the tensor product
W@ Wiy1h—1) =Wy, © Wy, ® Wy,

with Mlz(l1+k+1,l2+k*1), ugz(l1+k‘,l2+k‘), and /J,3:(l1+ki*
1L,lo+k+1).

We need explicit computation of Clebsch-Gordan coefficients, which is
well known for the case K¢ = GL(2,C).

LEMMA 1.3. Let {v}} be the standard basis of each target space W, (k=
1, 2, 3).

(i) Let P be the projector from W& Wiy1 -1 to W,. Then in terms
of standard basis, up to scalar multiple, it is given by

POy, @ wo) =) (0<i<d—2),

POy, @uwy) =20, (1<i<d-—1),

POy @uwp) =vl_, (2<i<d).
For other standard generators, we have PYV"(v; ® wj) =0, if either
i+ji>dori+j<2.

(ii) Let PV be the projector Wx @ W11 x—1) = Wy,. Then up to scalar
multiple, it is given by

P v, @we) = (i+1)vj,, (0<i<d-—1),
PV (y; @ wy) = (d —2i)v)  (0<i<d),
P (p; @wo) = —(d+1—d)v)_ , (1<i<d),

and PV (vg ® we) = PV (vo ® wp) = 0.
(iii) Let P be the projector from Wy ® Wiiq gx—1 to W, . Then it is given
by

(+1)(E+2) ,

P™(v; @ we) = 5 Vg2,
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P™(v; @wy) = (i +1)(d+1—1i)v, 4,
(d+1—i)(d+2—1) ,

Pup(vi ® wo) == 2 ’U,L'_l,
for 0 <i<d.
Proof. This is an elementary fact. See Lemmas 2.1-2.3 of [11]. U

§2. The discrete series representations of Sp(2;R)

Let G be the unitary dual of a real semisimple Lie group G with finite
center, that is, the set of unitary equivalence classes [r] of irreducible unitary
representation 7 of G, equipped with the dual topology. Then 7 is called a
discrete series representation if [r] is isolated in G.

The group G has discrete series if and only if rank G = rank K, that
is, if and only if G has a compact Cartan subgroup 7. Harish-Chandra
gave a description of the subset Gpg of G consisting of the discrete series
representations in terms of the unitary characters of 7.

For G =Sp(2,R), we have the following description.

2.1. Parameterization of the discrete series
The root system of G with respect to a compact Cartan subgroup

T =exp(R(E1 3 — E31) + R(E24 — Ey2))
is also given by a set of vectors in the Euclidean plane:
{£2e1,+2e9,+e1 T2}
Here
e1(r1(Bis — E31) +r2(Eou — Eg)) = V—1ry,
e2(r1(Er3 — E31) + r2(Eou — Eg2)) = V—1rs.
We fix a subset of simple roots and the associated positive roots by
{e9,61 — €2}, {2e1,e1 +€2,61 — 2,263},

respectively.

Let T be a compact Cartan subgroup; then the set of the unitary charac-
ters (or their derivations) is identified naturally with Z @ Z, and the subset
consisting of dominant integral weights is

—

== {(nl,ng) ‘nz € Z,n1 an}
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Because an isomorphism class of finite-dimensional irreducible representa-
tions of K is determined by its highest weight, there is a bijection between
K and E.

Because the half-sum of the positive roots is integral, the discrete series
representations of Sp(2;R) are parameterized by the subset of regular ele-
ments in =:

E/:{V:(nl,ng) ‘niGZ,nl >n2,n17é0,n27é0,n1+n27é0}.

The subsets Z; = {(n1,n2) | n1 > n2 >0} and Zry = {(n1,n2) |0 >ng >
ny} parameterize the holomorphic discrete series and the antiholomorphic
discrete series, respectively. Set

2= {(nl,ng) ‘ n1 >0>ng,n; +ng > 0},

and set
Er = {(n1,n2) | n1>0>n2,0>n; +ns}.

Then the union =;; U Z;; parameterizes the large discrete series.

2.2. Formulation of the main problem
In general, given a discrete series representation (w, H) of a semisimple
Lie group G, the matrix coefficients

cow(T) = (r(2)v,w) (v,w € H)
are square-integrable, that is, they belong to L?(G). Because of the inter-
twining property

vaw(xg) = Cﬂ(g)v,w(x) ($,g € G)

and the orthogonality relation of Godement for square-integrable represen-
tations of G, for a fixed nonzero vector w € H, the map

veEH ey € L2(G)

defines an injective intertwining isometry between unitary G-modules, if one
regards L?(G) as a G-module via the right regular action. Similarly, for a
fixed v € H, the map

w € H s ¢y € L(G)

defines an intertwining isometry from the contragredient representation 7*
of 7 to the left regular G-module L?(G). Move both v and w in H; then the

https://doi.org/10.1017/5S0027763000010631 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000010631

212 T. ODA

coefficients ¢, ,, generate a G'x G birepresentation 7* X7 which occurs with
multiplicity 1 inside the (G x G)-module L?(G) by the Plancherel theorem.

Let (7,W) be the K-module, contragredient to the minimal K-type 7* of
7 with representation space W* < H, and let us choose a basis {v;}1<i<m
in W and the dual basis {vj}i<j<m in the dual space W* of W. Then
the contragredient representation 7 on W is the minimal K-type of 7*. We
choose another basis {w; }1<j<m, which is possibly different from {v} }1<j<m.

Put
ZZCU W} Uz®wja

which is a (W ®c W*)-valued functlon on G. Clearly, this does not depend
on the choice of basis.

Let us consider the discrete series representation w5 with Harish-Chandra
parameter A € Z777. Let A = (l1,1l2) be the highest weight of (7, W); that is,
its dual (—lg,—[) is the Blattner parameter, which is the parameter of the
minimal K-type 75 of my.

NOTATION 2.1. Let us choose a standard basis {v;}o<i<q in W, and let
{vf}o<i<q be its dual basis in W*. Let us also choose a standard basis
{w;}o<j<a in W7, and let {w]}o<j<q be its dual in W.

Then we put
ZZCW Jvi & wj,

which is a (W ®@c W*)-valued functlon on G.

The main problem of this paper is to determine the A-radial part of
this .

2.3. Realization of the discrete series via Schmid equations
First, we recall the definition of the gradient operators.

NOTATION 2.2. For two continuous finite-dimensional representations
(15, W;) (i=1,2) of K, we set

CX (K\G/K):={f:G— W1 W,,C®function |
f(kizks) = 11 (k1)ma (ko) ' f(z) Vh1, ko € K,z € G}.

Let a basis {X;} of p and its dual basis { X7} in the dual p* be such that
(Xi, X7) = 6ij. Then we can define the right gradient operator as

VR 1 OF (K\G/K) - T1, T2®Ad (K\G/K>

T1,72 ° 71,72
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Here for f e C K\G/K), we set

T1, T2(

T1 T2 Z RX ® X;k *
Here Rx(f) is the right derivation:

Rx(f)(g) :=lim - {f(g exp(tX)) — f(g)}-

t—0 ¢t

Similarly, we can define the left gradient operator

Vim O3 (K\G/K) = CXgaa, m (K\G/K)

T1,T2 ° 7 T1,T2

by
7’1 ’7'2 ZLX ®X’L*

Here Lx(f) is the left derivation:

Lx(F)(g) = lim {7 (exp(~1X) -9) ~ F(0)}.

If we decompose the complexification pc into a direct sum p4 @ p_ of holo-
morphic part and antiholomorphic part, then V¥ (O € {R,L}) is a sum
Vi + VY. Let {Y;} be a basis of p_, and let {Y;"} be its dual basis in p*
which is identified with py via the Killing form. Then we put

vfl,'rm (g)) ::ZRﬁ(f)®}/;*>

and we define the other three operators VTI — VTM% 1 Vfl 7~ similarly.
Now let 7; be the minimal K-type of the discrete series representation.

Then by the minimality property of the K-type 7,;, we have

even R _
PV 4,42 =0,

down R _
P V%mgﬁ 0,

plow. i $=0.

TX>Tp,—
Here Pe¥® P°dd are the linear operators

O rpony, (K\G/K) = CX 1 (K\G/K)

TX, TXT
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corresponding to the projectors to the simple K-modules 7, in the Clebsch-
Gordan decomposition 7; ® pi = ED?:I Ty, With PV for p; = p* £ (1,1)
and P"" for p; = p* 4+ (0,2) (see also [11, Lemmas 3.1-3.3]).

Schmid [16] proved the converse. Namely, we have the following.

PROPOSITION 2.1. The discrete series representation 7y, contragredient
to wa, 1s realized in the closure of the solution of the above three equations
in C’Toi(G/K), if A is sufficiently regular.

REMARK. The condition “sufficiently regular” was necessary to assure
the ellipticity of certain operators, and so forth. This is not necessary at
least for Sp(2,R). Anyway, we do not use this result on the sufficiency.

2.4. Radial part of the gradient operators
Our function ¢ belongs to the space

Cf;TR(K\G/K) = {f:G—)WTR®WTL |
f(klng) = TL(kl)TR(kQ)_lf(g)vkl?k2 €eK,ge G}
with some K-types (71,7R).

NOTATION 2.3. In the following, we denote by pa(V}) the A-radial part
of Vis. We suppress the subscripts 77,7 in V to simplify the notation. We
also denote by d; and 9 the Euler operators aia%i (i =1,2), respectively.

CoOMPUTATION. By the Cartan double K decomposition, we have
(RX( 2,0) )= {31 —sh™ (al) 1,(HY) — Cth(al) Tr(Hy) }¢
Then we have
{PA RX(—2 0) ¢} ® X(2 0)
= {01 —sh™(a}) - 7o (H) — cth(a}) - (Tr @ Ady, )(H1) } (¢ ® X(20))
+ cth(a?)¢ @ [HY, X 2,0
= {81 —sh™ Yal) -7 (HY) — cth(al) - (1r, ® Ady, )(HY) + ZCth(a%)}
X (¢ ® X(2,0))-

Here we note that [H{, X (5 0)] = 2X(2,0)-
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The Cartan decomposition implies also that

1
_IOA(RX(71,71))¢

2
= {—e12(a)7L(X) — ea1(a)7L(X) — e11(a)Tr(X) — e22(a)Tr(X) } &.

Hence, we have

1
{§pA(RX(_1,—1) )d)} ® X(l,l)

= —{e12(a)7L(X) + e21(a)7L(X) } (¢ @ X(1,1))
(X)(p® X1,1)) +er(a)p® [X, X 1]

TR ®Adp, )(X)(¢® X(1,1)) + e22(a)p @ [X, X(11)]

(

(

+ 2611(0, (¢ ® X(270)) + 2622(0,)((;5 & X(072)).

Finally, noting that [Hy, X o 2)] = 2X (g 2), we have

{Pa(Rx,_2)¢} @ X(02)
= {52 - Shfl(a%) -7 (Hy) — Cth(a%)(TR ® Adp+)(H§)}(¢ ® X(0,2))
+ cth(a3) (¢ ® [H3, X(0.2)])
= {02 — sh™'(a3) - TL(Hy) — cth(a3)(Tr @ Ady, )(H) + 2cth(a3) }
x (¢ ® X(0,2))-
Summing up these computations, we have

PROPOSITION 2.2.

pa(VE )0
= {01 — sh™ ! (a?)7L(H]) — cth(a?)(tr ® Ady, ) (H])
+2cth(a?) + 2e11(a) } (6 © X(20))
+ {—elg(a)TL(X) —e91(a)T(X) —e11(a)(Tp ® Ady, )(X)
—ex(a)(TR ®@ Adp, )(X) } (o ® X11))
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+ {02 — sh™"(a3) 7. (H3) — cth(a3)(Tr @ Ady, ) (Hy)
+ 2cth(a3) + 2e22(a) } (¢ ® X(.9))-
Similarly we have
AV, )0
= {01+ sh™ (a?)TL(H]) + cth(al)(Tr ® Ady_)s(H])
+2cth(ai) + 2e11(a) }(9 ® X(20))
+ {e21(a)n(X) + era(a) . (X)
+ ea2(a)(Tr @ Ady_) + e11(a) (TR ® Ady_)(X) } (¢ © X(1,1)
+ {0y + sh™ " (a3)7L.(Hy) + cth(a3)(Tr © Adp+)( 5)
+ 2cth(a3) + 2e22(a) } (¢ ® X0,2))-
For the left gradient operators, we have

ProposITION 2.3.
PA(V 7, )
= {=01 — sh™ ! (af)7R(H]) — cth(a?)(7; @ Ad,_)(H]7)
— 2cth(a}) + 2e11(a) } (¢ ® X (_a0))
+{—e21(a)7r(X) — e12(a)rR(X) + e11(a)(tz ® Ady_)(X)
+e22(a)(rp @ Ady )(X) } (o @ X(_1,-1)
+ {—0y — sh™ " (a3)Tr(H3) — cth(a3) (T2 © Ad,_)(H3)
— 2cth(a3) + 2e22(a) } (¢ @ X(0,—2))-
PA(VT, 40
= {=01 + sh™'(a})Tr(H]) + cth(a})(r1, © Ady, )s(H7)
— 2cth(a?) 4 211(a) } (¢ © X(2,0))
+ {612 Tr(X) + e21(a)7r(X) — e11(a)(1 ® Ady, )(X)
—e(a)(tr ® Ady, )(X) } (6 ® X(11))
+ {02 + sh™" (a3)TR(H3) + cth(a3)(rr, @ Ady, ) (Hj)
— 2cth(a3) + 2e22(a) } (¢ @ X(0,))-
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§3. Explicit formulas of Schmid operators

We write Schmid operators in terms of coeflicients explicitly.
We write A = (I1,12), p= (m1,ms), and X, i’ the target K-types

d#’ d“/

U(a):=PYVE _ (®)ala)=D > di;j(a)(w]®v}),

i=1 j=1
where © € {even,down}, & € {R,L}, and € € {+,—}.

3.1. Schmid operators
3.1.1. Right actions.

LEMMA 3.1 (Chirality operators).
(i) Let U = Peven. p(VE ®. Then p/ = (mq —1,mgo— 1), and

TX, Tu,—i-)

R;even
d;” Gt

=i{01 — (lz+ j)sh(a?) ™" = (ma +i— D)ct(a}) — (du — 2i)e11(a) peior
+ (dy — 2i){—jeiz(a)cij—1 — (dx — jea(a)ciji1}
— (dy = ) {82 — (L = j)sh(a3) ™" — (m1 —i — 1)ct(a3)
+ (dy — 2i)ega(a) feiy,j-

(ii) Let W =pPiovn.p,(VE  )®. Then p' = (my —2,my), and

TX TM

R;down
d 7] +

= {01 — (Lo + j)sh(a?) ™" = (ma +d)ct(a?) + 2(i + 1)enr(a) fei
+2je1z(a)civrj—1(a) +2(dx — jear(a)cir,j
+ {02 — (I1 — j)sh(a3) ™" — (m1 — i — 2)ct(a3)
+2(dy, —i— 1)622(&)}Cl+2’]

Here we assume that 0 <1< d#/ =d, —2.
(iii) (Adjoint operator). Let W = PI"n . p(VE _ &, Then ' = (my,

TXNTH,—

mo + 2), andforOﬁigdu—2:d#,O§j§d>\, we have

R;down

= {01+ (la + j)sh(a?) ™" + (ma + i + 2)ct(af)
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+ 2(dM —1— 1)611(&)}Ci+27]’
+2jea1(a)civ1j—1+2(dxy — j)er(a)citr jr1
+ {02+ (i — j)sh(a?) ™" + (m1 —i)et(a3) +2(i + 1)eaa(a) feij.

Proof. This proposition and the next are shown by direct computation
employing Propositions 2.2 and 2.3 and Lemma 1.3. We indicate here only
the key points of the computation.

To prove (i), we start from the first formula in Proposition 2.2 with
Tr = T, and 77, = 7. Note that

Peven{ (T# ® Adp+)(Y)(q) ® X(a,b)) = 7'#/ (Y)PeVen((I) X X(a,b))}

for any Y € tc and X(44) € p+. Next we identify X (o ), X(1,1), X(0,2) With
we, w1, wy of Lemma 2.3. Now note that the operators before P*V"(® ®
X(2,0)) and P (® ® X(g2)) are diagonal operators. Therefore, their con-
tributions to the coefficients of v} ® w; come up from the coefficients ¢;—1
and c;y1, respectively, with corresponding operators. The factors before
the brackets {*} come up by Lemma 2.3.

The remaining are four terms involving the functions ep,(a). They come
from the operator before ® ® X(; ;). Among them, two involving 7 have no
relation with the gradient and the projector. The actions of 7)(X), 7\ (X)
appear as the coefficients —j and dy — j. Finally, there remain two terms,
which should be handled most carefully. 0

3.1.2. Left actions.

LEMMA 3.2 (Chirality operators).
(i) Let U =P .p4(VE )&, and let N = (I1,13). Then for 0 < j <dy,

TN Tpy—

L;even
4,75~

= (dx = 7){01 + (m2 +i)sh(af) ™" + (I2 + j + 1)ct(a])
+ (dx — 2j)e11(a) feijm
+ (dx — 2j){+iea1(a)ci—rj + (dy — i)er2(e)citrj }
— {02+ (m1 —i)sh(a3) ™" + (I = j + 1)et(a3)
— (dy — 2j)egg(a)}ci,j_1.

https://doi.org/10.1017/5S0027763000010631 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000010631

MATRIX COEFFICIENTS 219

(ii) Let U = Pdovn. p, (VL ), and let N = (I1,la +2). Then

TX>Tpy™—

L;down

={~01 — (mz +i)sh(ai) ™" = (l2 +j + 2))ct(a])
+ 2(d)\ —j — 1)611(@)}01'7]‘4_2
+{=0> — (m1 —i)sh(a3) ™" — (I1 — j)ct(a3) +2(j + 1)exn(a) }ci,

— 2’5621 (a)ci_17j+1 — Q(du — i)elg(a)ci+17j+1.

Here we assume that 0 < 5 <dy =dy — 2.
(iii) (Adjoint operator). Assume that X' = (Iy —2,1l3) and that ¥ = PV .
PA(VU,W )®. Then for 0<i<d,,0<j<dy=dy\—2, we have

Lidown
i.jit
= —{01 — (ma+i)sh(al) ™" = (la+j)et(a?) +2(j + Derr(a) feij
— 2iea(a)ci—1 j+1 — 2(dy — i)eg1(a)ciyr j1
— {02 — (m1 — D)sh(a3) ™" — (I — j — 2)ct(a3)
+2(dy—j— 1)622(&)}61,]‘_._2.

3.2. The Schmid equations
The Schmid operators are obtained by setting ¥ = 0, that is, d; ; =0, in
the formulas of the previous section. By adding some equations, we have

simpler equations.

3.2.1. The right equations.

PROPOSITION 3.1. The system of equations
even R _

P Vi 2 =0,
down R _

P VT>\7TM7+ - O’

Pdown vR d=0

TXsTp,—

is represented by the following system in terms of the coefficients {c; j} of ®.
Right chirality equations:
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{01 = (Lo + j)sh(a]) ™" — (m2 +i)et(al) + (i + 1en(a) iy
(R+.1) + (dy — i — D)exn(a)ciya,j + jer2(a)cip,j—1
+ (dx — j)erz(a)citr,j+1 =0,
{02 — (I1 — §) — (m1 — i — 2)ct(ad) + (d, — i — )exn(a) }eita,
(R+.2) + (i + Den(a)eij + jerz(a)civj—1
+ (dx — j)ea1(a)civ1 j+1=0.

Right adjoint equations:

{81 + (lQ —l—j)sh(a%)_l + (mg +1 4+ Q)Ct(a%) + 2(dM -7 — 1)611(0,)}Ci+27j
+2jea1(a)cir1j—1+ 2(dx — jlerz(a)cir j+1

+{0+ —j)Sh(az)f + (my —i)ct(a3)
+ 2 Z + 1 e22 }C’L_]

3.2.2. The left equations. Similarly to the right Schmid equations, we
can consider the left system.

PROPOSITION 3.2. The explicit formulas of the left Schmid equations

peven VL o= 0’

TXsTp,—
down L _
plovn.yL o=y,
down L —
P VT)\ T 7+ 0

in terms of the coefficients of ® are given as follows.
Left chirality equations:

{On + (ma +)sh(a}) ™" + (Is + j + 2)ct(a})
(L_.1) +(dr—7— 1)611(@)}01',]'4_2
+ (dy —i)era(a)ciyr j+1 +iear(a)ci—1 j+1 + (J + 1)eaa(a)ci; =0,
{05+ (m1 —i)sh(a3) ™" + (lh — j)ct(a3) + (j + Dexa(a) beij
(L-.2) +ieai(a)ci—1 j+1 + (dy — 9)e12Cip1 j+1
+ (dx — j — Deri(a)ci jr2 =0.
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Left adjoint equations:
{01 — (ma + i)sh(a?)™ = (Io + j)ct(a?) + 2(j + Der1(a a)}ci;
+ 2iera(a)ci—1 j4+1 + 2(dy —i)ear(a)civ j+1
+{02 — (m1 = i)sh(a}) ™" — (L — j — 2)ct(a3)
+2(dy — j — 1)eaz(a) peijr2=0.

(L+.3)

3.2.8. Derivation of a holonomic system from the Schmid operators. We
prepare some macro symbols to denote our difference-differential equations.
With the help of these symbols, some symmetries of the system become
apparent. These are some symbols concerning the indices I = (7,5) = (i1,92)
which belong to the product set {0,d}?, {0,d} being the set of numbers
{0,1,...,d—1,d}.

NoTATION 3.1. For I = (i,7), we define integers

ah=56-j-L), e)=5G-i-L)

Here we recall that we set L =1y + l3. The last number w(I) is called the
weight of the index I. Moreover, for p € {1,2}, we set

api(‘[) =0 F s(I)ct(ap) — cp(I)th(ap).

Finally, for the indices I = (4,7), we set I3 = (i +a,j +b) for a,b € Z.
When we use this notation in the subscript, say, ¢y(41,-1), the use of double
subscripts is avoided.

PROPOSITION 3.3. Here are the differential-difference equations given by
the Schmid operators.

(a) (Chirality equations):

{GT(I(O,Q)) +(d—j— 1)611((1)}01(072) +(d— Z.)612(a)cf<1,1)

+(j +Dex(a)er +iean(a)er_, ;) =0,

(€17)

{07 (I) + (i + Denr(a) fer + jera(a)er,

+ (d — j)€21(a)C[<171) + (d —1— 1)622(G)C[<270) =0,

(€17)
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{05 (I2,0) + (d =i = V)eas(a) fery o) + (d = jen(a)er,

—|—j€12<a)61(1771> + (2 + 1)611(@)6[ =0,

(€27)

{05 (I) + (j + 1)eaz(a) ber + iea1(a)er_,
-+ (d — i)elg(a)C[(lyl) + (d o 1)611(&)0[@’2) =0.
(b) (Adjoint equations):

(€27)

{8 )+ 2co(I)th(az) +2(i + 1)eza(a }C[ +2je21(a )C[(l,_l)
(C3T) + {61 (2,0) ) +201(I(2 0))th(a1) +2(d—i— 1)611((1)}0[@70)

+2(d— j)eis2(a )01(1 by =0,
{81_ (I) + 261( )th(al) + 2(] + 1 611 }C[ + 2@612( )61(71,1)

(C?)l) + {8;_(1(072)) + 202(1(0,2))th(a2) + 2(d o 1)622(&)}0[(0’2>
+2(d — t)ear(a)er, ,, =0.
Proof. This is just a paraphrase of Propositions 3.1 and 3.2. 0

3.2.4. Symmetry with respect to the indices I. We define an involutive
automorphism on the set {0,d}? of indices by

Obviously, we have

s(I)=—s(I), I =c(l) (k=1,2).

Hence,
OEI)y=0F(I) (k=1,2).

Also for 1,69 € {0,£1,£2},

{1(81,82)}/ = Ié—ag,—&)'

Apply the involution ’ to the equations of our holonomic system, say, to
(1.£). Then it is transformed to similar equations (1.F). Therefore, we have
the following.

COROLLARY 3.1. If we replace the functions {cr} by another system {¢r}
defined

61 =cp = Cd—j,d—i fOT’ each .[ - (lgj)a

then they satisfy the same holonomic system as for {cr}.
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3.3. Linear relations among coefficients c;
To proceed further, we need some simple linear relations among the coef-
ficients {cr}.

LEMMA 3.3. We have the six-term relations

(J— 1)01(0,_2) —(d—i- 1)CI(+2,0)
ch(ay)

(F64) ch(az) {icf<71,—1) - <d_j)cl(+1,+1)}
I
sh(ay)
—2s(I)ct(aq)th(ag)er —2s(1) Shiaa) Iy 1y =0
(i = 1)ep—2,0) — (d—=J = 1)ego,+2)
ch(a ) .

+ h( 2) {]CI(—1,—1) —(d— Z)CI(+1,+1)}

(F6B); ch(a)

—2s(I)ct(ag)th(ay)er — 2s(1) sh(ay) cr(—1,41) =0
(1<i<d0<j<d—1).

Proof. To get (F6A), apply the shift I — Iy _5) to (C1%). Then sub-
tract (C17) from that. Note that d —i — j = 2s(I) and 9; (I) — 9] (I) =
—2s(I)ct(ay). Then the result is

—2s(I){ct(ar) —e11(a) per +2s(D)erz(a)err,—1)
+iea(a)er—1,-1) — (d— jear(@)er(r1,41)

+ (J — Dexa(a)er,—2) — (d — i — 1)exn(a)erz o) = 0.
The coefficient of c; is equal to
2s(I)ct(a1){—1+ sh®*(a1)/D} = 2s(I)ct(a1)sh*(az)/D.
Therefore, dividing the whole formula by esa(a), we have (F6A).

To get (F6B), apply the shift I+ I_y ) to (C2%) and subtract (C27).
After that, divide by ej1(a). [
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LEMMA 3.4. We have the following two kinds of nine-term relations:
2(i — 1)eg—2,0) — (4 — ego,—2)
—2(d—j—1Decgoq42) + (d—i—1)er420)

ot s 2 - S e
D sh(asg)
(F9A)r - 28(1){5]1(@1)571(&2) " Sh(a?) }C](_l’H)
sh(az)

—2s(I)ct(ay)th(ag)er + 2s(1)

Sh(al)cl(+1,71)

sh(ay
sh(as

~—

—(d+j — 2i)

j

D
S URCEY ) ) chia)

~—

X cr41,41) =0,
and (F9B), obtained similarly.

REMARK 3.1. We do not give the relation (F9B) explicitly, which is
obtained by symmetry. It is deduced from (F9A) and the symmetrized nine-
term relation (F6A) + (F6B), because the latter is equivalent to (F9A) +
(F9B). So we omit it here; however, we have its equivalent form in Lem-
ma 4.5(ii).

Proof of Lemma 3.4. Compute
(C1) 11,1y = (C3")pc141) — (C17)p21—1) + (C3Y) 11 1),

Here (C17);(41,—1) means the formula obtained from (C'17%); after applica-
tion of the shift I — I(; _q) to the index [, and the other terms have similar
meaning. Then we have

2(i — erz(a)er—2,0) — (1 — Derz(a)er(o,—2)
+(d—i—1)erz(a)er42,0) — 2(d — j — D)era(a)cro 42
+ {2c1(L(—1,-1))th(ar) + (25 — i)err(a) fer—1,—1)
—{2e1(I (11, 41))th(ar) + (d = 2i + j)enr (a) fe(r(41,41)
+2s(I)ea1(a)er — 25(L 41 41ye22(a)crq1,—1)
—25(I(41,—1)){ct(az) — 2ex(a) fep—1 41y =0.
Divide this by ej2(a) to get the formula (F9A). [
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Lemmas 3.3 and 3.4 imply the following linear relations among five adja-
cent coeflicients.

LEMMA 3.5. We have
— (L —i— j)sh(ar)sh(az)cr(—1,-1)
—2s(I)ch(ar)ch(az)er—1,4+1) +4s(I)cr
(F5); — 2s(I)ch(ar)ch(az)cr(41,-1)
+ (L —2d+i+ j)sh(ar)sh(az)cr(11,41) =0
(1<ij<d-—1).

REMARK 3.2. The above five-term relations decay for I around the corner
(0,0) or (1,0),(0,1). This means that the systems of transcendentals {c;}
which are solutions of our holonomic system in Proposition 3.3 are essen-
tially of dimension 4 over the rational function field C[th(a)™!,th(as)].

The number 4 is found to be the rank of our holonomic system and also the
degree of the associated variety of the discrete series my.

84. Reduction of the holonomic system

4.1. Change of functions and variables

Up to the previous section, we had an explicit system of differential equa-
tions in terms of the coefficients {c;}. In order to make this system simpler
to handle, we introduce new functions {h;}, which differ from {c;} by simple
multipliers. Also, we change the variables a; by —sh?(a;).

DEFINITION 4.1 (Multipliers). We set

2
i (@) = {sh(ar)sh(az) } O T  ehai)®

=1
= {sh(al)sh(ag)}i(d_i_j)/2 )
{ch(ay)ch(az)}™""*{ch(ay) /ch(az)} .
DEFINITION 4.2 (New functions). We set
c1(a) = uf (a)h (a) = g (a)hy ().

We consider mainly only h;r in the later sections for the reason of symmetry
between the systems {hic} Therefore, we drop the superscript + in the
symbol from now on.
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REMARK 4.1 (Symmetry for the multipliers). We have u,(a) = uf (a).
DEFINITION 4.3 (Change of variables). We set
z; = —sh?(a;) (i=1,2).
Obviously, ch?(a;) =1 — z; = —(z; — 1). Note that

0 1 1

oz; _sh(ag)ai - ~ 2sh(a;)ch(a;)

8 (i=1,2).

Now we rewrite the equations for {c;} in Proposition 3.3 in terms of new
functions {h;} and new wariables x;, which are found to be a holonomic
system for {hs}.

PROPOSITION 4.1.

(a) (Chirality equations) We have

0 d—j—1 d—1
{ + 4}}11(0,2) + o —hiuy

(H1H) o (2~(111; . o)
J T2 1T2
hr + hy_11 =0,
2(x1 — x2) I 2(x1 — x2) I(—1,1)
{371— + S(I + (#}h] + jilhl(l,—l)
e d—j d—i—1
—J —1—
2(z1 — 22) I(1,1) 2(z1 — 72) 1(2,0)
0 d—i—1 d—j
(H2+) {3962 2o wz>} @0 2(a1 ~a2) 1y
—Lh - (l'*’l)xlh —0
2(x1 — x2) -y 2(z1 — x2) =5
{7255, 500~ H}}” ~ 3 gy D
(H27)

_d-i _d=j-1 _ 0
2(%1 — 1'2) 11 2(33'1 — 1’2) 1(0.2) '
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(b) (Adjoint equations) We have

<m2_1){x2i+3<1)+@(1> z2 —(”1)“};”

Oy ro—1  x -
(x1 —1Dx L r2—1
(ng) — jwhl(l,—l) _ (d _]) 2 hI(l,l)
Tr1 — T2 T — T2
0  a(20) d-i-1 _
— (21— 1){—8901 + p—I + pra— }hI(Q,()) =0,
0 1 (4 +1)xy
-1 — I I
(x1 ){x18x1+8( )+ ci( )x1—1+ 1 — Z3 }hI
x1(xg — 1 o1 —1
(H3I) + ZM}LI(—LU +(d—1) - hr)
xr1 — X9 Tl — X2

8 e(I0,2) d—j-—1 B
_(m_l){a—ngr xo—1 a1 —1 }hl(o’z)_o'

Proof. These are immediately derived from the system for {c;}. We
should note the identity

pf (@)t -0 {pf (a) f(a)} = {8+ s(D)et(as) + ci(T)th(aq) } f. [

REMARK 4.2 (Symmetry). By the involution I — I’ = (d — j,d — i), the
system of equations for {hr} (s(I) > 0) can be regarded as a system of
equations for {h; } (s(I') <0).

4.2. Inductive equations

We derive from the basic system of the previous section for {h;}, some
simpler equations in this section. We call them inductive equations because
they will be used to find solutions for general I from peripheral entries, such
as h()’(), hO,l-

LEMMA 4.1. We have

) ) i
- —hn _Z _
) 9z, 02 T gy — i1

hy=0

(I=(i, j)€{0,d—1} x {~1,d —2}),
0 0 1+1 j
—h ——hya0) — ——hr — =hj1_1) =0
(i) 921 1(1,1)+8$2 1(2,0) 5 = Gl
(I:(i,j)é{—l,d—Q}X{O,d—l}).
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Proof. Shift the index I in the formula (H2") by I — I(—1,1), and add
the obtained formula to (H1%) in Proposition 4.1. The equation (ii) is just

the index shift I — I(1,—1) in (i). 0
LEMMA 4.2 (Inductive equations of type I). We have
. 0 0 .
(i) 6—:v1h1(0’2) (962% +s(1 ))hz (j €{0,d—2}),
.. 0 0 ,
(ii) 8—362711(2,0) =- <x18—xl + S(I)>h1 (i€{0,d—2}),
0 j 0 141
i 4 — — I =
(i) Ba, ML) 2h1(1,—1) <ZB1 . +s(I) + 5 )hl
(I=(i.j) €{0,d -2} x {0,d —1}),
0 i 0 j+1
(iv) 8—:32}”(1’1) - §h1(71,1) - (9628_:1:2 +s(I)+ T)h[ =0

(I=(,5) €{0,d—1} x {0,d — 2}).

Proof. Add (H17) and (H27) to get (i), and add (H17) and (H2") to
get (ii). To show (iii) (resp., (iv)), subtract (ii) (resp., (i)) of the present
lemma from (ii) (resp., (i)) of Lemma 4.1. U

REMARK 4.3. Note that up to this point, we use only the chirality equa-
tions.

We have more complicated inductive equations derived from the right
and left adjoint equations.

LEMMA 4.3 (Inductive equations of type II). We have

9 d—j—1+calp2) .
(w2 — 1){8952 + P 0.2) }h1(0,2) +ihr1)
(v)
0 0 . c1(l)xy _
—(xl—l){xla o +2x28x +3s(I)+j+1+ P }hz—O,
0 d—i—1+c(lpp) ,
(z1 — 1){6—351 + po— 20 }h1(2,0) +Jhra,-1
(vi)
8 0 . ca(I)xs _
Proof. Subtract (H3I) (resp., (HBT)) from (H27) x 2(x; — 1) (resp.,
(17) x 2(z2 — 1)) to get (v) (resp., (iv)). [
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4.3. Linear relations in terms of {h;}
By eliminating the derivative terms in the equations by addition and
subtraction among them, we have various linear relations of hj.

LEMMA 4.4 (Six-term relations). We have

) — 1
S(I)l’gh[ + S(I)l’lh[(L_l) + J 5 11711’2h1(07_2)

d—j d—i—1
5 hrany — 5
(I=(i,j) € {0,d — 1} x {1,d}).

Proof. This is just a paraphrase of Lemma 3.3. The direct way to get this
is to apply the shift I — I(0,—2) to (H17"); then we have

(F6-i)

)
+ §I1$2h1(71,71) - hr(2,0)=0

. h h Y
{8951 2(x1 — xQ)} 1+ ey — ) 1(1,-1) t+ 2(z1 — 72) 1(0,—2)
i:L’g .
+ 2  hyy=0 (je{l,d});
2(:1:1 —{L’g) I( 1 1) (j { })

multiply this by z;, and subtract (H17). Note that d —i —j =2s(I). [l

REMARK 4.4. By eliminating 0, in place of 91 of the proof of Lemma 4.4,
we have a similar six-term linear relation. It is identical to Lemma 4.4 up
to the shift. For the convenience of reference, we write it explicitly here:
i—1

2

s(I)z2hp—11) +s(D)z1hs + %$1$2h1(_1,—1) + 12201 (—2)0)

(F6ii) L
—J— —1 . .
— ey~ i =0 (i€{Ld},je{0,d—1}).

LEMMA 4.5 (Nine-term linear relations). We have
w129{2(i — 1) (w2 — Dhy—g0) — (7 — 1)(@1 — 1)hy(o,—2
+{(2j—i)(w1 = 1)+ (i — j — L) (w1 — x2) bhy—1,-1)
+25(I) (21 + x2) (22 — D)hy—1,1) + 25(1) (21 — 1)a2hs
(i) —2s5(I)(z1 — D)xahy,—1)
+(d—i—=1)(z1 = Dhpoo —2(d—j—1)(z2 — 1)hpo2)
—{(d=2i+j) (@1 —1)+ (i —j— L)(x1 — x2) }hya,1) =0
(te{l,d—1},5e{1,d-1}),
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2129{2(j — 1) (21 — Dhyo—2) — (i = 1) (w2 = Dhy_gp)
+{( —2i)(z2 = 1)+ (j — i — L)(z1 — x2) phy1, 1)
+2s(1)xy (22 — Dhy_11y — 28(1)z1 (22 — 1)y
(i) — s(I) (21 — 1)(z1 + 22)hy 1)
+2(d—i—1) (1 — )hyo0) — (d—j —1)(z2 — Dhre)
+{(d=2j+i)(wa—1) = (j—i— L)(x1 — x2) }hya,1) =0
(i,7 € {1,d—1}).

Proof. We have the following.
(i) Set
A= (H1+)I(1,71) (w1 = 1)+ (H3")p(—1,1)-

Then
e(x) ' A= {_(d+j —2i) (w1 — 1) —er(1,1)) - 221 — x2)}h1(1,1)
+(d—i—=1)(z1 = Dhpoo —2(d—j—1)(z2 = 1)hpe2

+j(w1 — Daghy,—1) + (i — 25 — 1) (21 — Da2hy

0
+ (wQ — 1) . 2(1‘1 — x2){$28—x2 + S(I(—l,l))

X .
i T~ 2Z$26($)}h1(,1’1)

+ 02(—7(—1,1))332

(1e{l,d—1},j€{0,d—1}).

Set
B={(H1 )11 (z1 —1)+ (H3Z)I(—1,—1)}$2-
Then
—1 0 To
e(x) B = (w2 —1) - 2(x, — xz){xga—m ter(I(-1,1) 2

—2(d— j)ﬂﬁze(fﬂ)}hl(—l,n
+ (—d +2i—7 — 1)(131 — 1)$2h[ + (d — z)(a:l — 1)$2h[(1,_1)
+ (j - 1)(%1 - 1)x1x2h1(0,,2) - 2(i — 1)%‘11’2(%2 — 1)}1[(,270)
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1 . - 2(xq —xg)}

+ (z1 — 1>{<i_2j) +01(I(_1’_1))x1 -

X (Ell'ghj(,l,,l) =0 (2 S {l,d},j S {1,d - 1})

The subtraction (A — B)e(x)~! yields formula (i).
(ii) By symmetry, compute

(H2")pc1y - (w2 — 1)+ (H3l)1(1,—1)
- 1'2{(902 -1)- (H2_)I(—1,—1) - (H3T)I(—1,—1)}- [
LEMMA 4.6 (Five-term relations). Fori,j € {1,d — 1}, we have
(d—i—5){2hs+ (w1 — Vhja,—1)+ (@2 — Dhy11)}
+(i+Jj— L)xizehy 11y + (i+j+ L —2d)hyq,1)=0.
REMARK 4.5. We may rewrite the above relation as
s(I){2hr + (x1 — Dhy,—1) + (x2 = Dhy_1n )
+ {(d - L)/2 - S(I)}ﬁ]_JJQhI(_L_l) — {(d — L)/2 -+ S(I)}hf(l,l) =0.
Proof. Compute first a combination of the six-term relations:
2(x1 — 1) x (F6-1) + (—4)(z2 — 1) x (F6-ii),
which equals
28([){(331 — 1).%2 — 21(%2 — 1)}h1
28([)%1(3)1 — 1)h[(17_1) — 48(])1‘2(%‘2 — 1)h[(_171)
{ixll'g(a}l — 1) — 2jx1x2(x2 — 1)}}11(,17,1)
+ (J — Dzrza(21 — Dhro,-2) — 2(i — Da1za(z2 — Dhy(—20)
{=(d—Jj)(z1—1)+2(d—1i)(x2 — 1) }hra )
—(d—i—=1)(z1 = Dhy@e) +2(d—j—1)(z2 — Dhjoz2 =0
(irj € {1,d}).

After that, add the nine-term relation (i) of Lemma 4.5. Then we have
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4s(I)(z1 — x2)hr + 2s(I)(x1 — z2) (1 — 1)
X hy,-1) +25(I)(@1 — x2) (w2 — Dhy-11)
122 - (145 — L) (w1 — 22)hp(1 -1
+(2d —i—j — L)(x1 — 22)hy,1) =0.

Divide the last equality by (z; — z2) to get Lemma 4.6. 0
LEMMA 4.7 (Initial values). Fori,j € {1,d — 1}, at (z1,22) = (0,0), we
have
d—L
s(1){2h1(0) = hy1,-1)(0) = hy—1.1)(0)} = {S(I) + T}hl(l,l)(o)'
Proof. Set z1 =x2 =0 in Lemma 4.6. []

4.4. The initial values h;(0,0)
We determine the values of hj(x1,x2) at the origin (0,0). We start with
the case of diagonal entries h; with s(I)=0.

LEMMA 4.8. If s(I)=0 (i.e., j=d—1i), then

)\ ! o il
h[(0,0) = hi,dfi(o) = CQ(—l)Z (Z) = Co(—l)(l J+d)/27‘7‘7

where cg is a constant independent of 7.

Proof. The normalization condition for the matrix coefficient ®(a1,as2)
should be ®(1,1) = 1441, with 14,1 being the unit matrix of size d + 1, if ®
is written in terms of some basis in the representation space of the minimal
K-type of the left side and its dual basis in the minimal K-type of the right
side. However, our formulation uses the standard basis for the K-types of
both sides. In view of the relation between the standard basis and the dual
basis for them, this condition for ®(1,1) is equivalent to

o fai() =,
R ) if i+ #d.
Note finally that h; 4—;(0) = ¢; 4—i(0) if s(L) =0 by definition. U

REMARK 4.6. The constant ¢y depends on the choice of the identification
of the standard basis in W and the dual basis in the same W of the standard
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basis in the contragredient space W*. There is no canonical way to specify
it completely. Even if one fixes the length of the standard basis and the
dual standard basis, ¢y still has ambiguity up to a complex number with
modulus 1.

Next we consider the relation between hy(0) with the same s(I).

LEMMA 4.9.
(d = 7)hij+1(0) + (d = i)hit1,;(0) = 0.
Proof. Input 1 =0,22 =0 in Lemma 4.4 (the six-term relations). Then
(d = 7)hit1,j+1(0) + (d — i = Dhit2,;(0) = 0.
Replace 7 by ¢ — 1 to get our lemma. 0

Now we determine the value h;(0) for general I with s(/) > 0. By Lem-
ma 4.6 (the five-term relation) or Lemma 4.7, we have

1
S(I){2hl(0) - hl(fl,l)(o) - hl(l,—l)(o)} = <§(d - L)+ S(I))hl(l,l)(0)~
On the other hand, Lemma 4.8 shows that

2h1(0) = hp—11) — hia,-1)
- m{z(d—i)(d—j)+(d—i)(d-z‘+1)
+(d—j+1)(d—35)}hi(0)
_ 2d+1—i—j)(2d—1i—j)
CET T I
Thus, we have the following.

LEMMA 4.10. For I =(i,j),

(s(I) + 5(d—L))(d —i)(d—j)
s(D)2d+1—i—j)(2d—i—j)

Summing up these equalities, we have the following.

h1(0) = hr1,1)(0).

PrOPOSITION 4.2. If s(I) >0, then

1 B i Ld—L)+s(I)\ (d—4)!(d—j)
51O =al-1 +d)/2<2 s(I) )(2d+1—z’—j)!'
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Proof. When s(I) =0, the right-hand side RHS(I) of our statement,
which is a function in I = (i,7) = (i,d — i), equals

Jd—iit 1
Loy T

by Lemma 4.8. So this case is settled.

hi.a—i(0)

For the case s(I) > 0, by definition we have the first equality for the ratio
RHS(I(~1,—1))/RHS(I)
s+ 3(d—L)+1 (d+1—i)(d+1—37)
s(I) + 1 2d+3—i—j)(2d+2—i—j)
= hy(~1,-1)(0)/h1(0),

and the second equality was shown in Lemma 4.10. Hence, our proposition

follows immediately by induction with respect to s([). [

85. Modified system of F, for extremal entries

In order to solve this involved system of difference-differential equations
for hy, we have to borrow an idea from chess: “checkmate by two knights,”
that is, force the opponent’s king to a corner first, and checkmate!

We have to find the holonomic system for the corner entries of the func-
tions i 7. We show that the extremal entries hy with s(I) = £[4] are solutions
of certain holonomic systems of rank 4 with singularities along the divisor
z1x2(x1 — 1)(x2 — 1)(x1 — 22) =0 and at infinity, which is called the modi-
fied system of (Appell’s) F in Takayama [17, Section 2], that consists of an
Euler-Darboux equation (Proposition 5.1) and a Poisson equation (Propo-
sition 5.2) These two equations are deduced from part of the inductive
equations in Section 4.2.

We treat the Euler-Darboux equation first.

5.1. The Euler-Darboux equation for extremal entries
We want to determine h; when the index I attains the highest possible
weight w(I) = |s(I)| = [d/2], that is, when
I'=(0,0)or I =(d,d) for d even,
I€{(0,1),(1,0),(d,d—1),(d—1,d)} for d odd.

By symmetry, it suffices to consider only positive s(I), that is, I = (0,1),] =
(1,0) if d is odd. When d is even, it is convenient to discuss also hy 1, not only
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ho,0. To simplify the notation, we suppress the parentheses of the subscript
in h; ), to write h; ;.

PROPOSITION 5.1 (Euler-Darboux equations).
(a) If d is even, both hoo and hi1 satisfy the equation

{ 92 d+1 1 (%—%)}hi,i—o (i=0,1).

(b) If d is odd, ho1 and hi satisfy the equations

0r10xs 2 x1— 29

0? d+2 1 0 d 1 0
(et
0x1019 2 x1—x90x1 21— X9 010 ’
and
0? d 1 9 d+2 1 0
(- e+ e e
(9:618.%’2 2 r1 — T2 8:)51 2 Tr1 — T2 6:132
respectively.

Proof. If d is even, we have

0 0 d+1
o :(~—— )h =1,2),
ox; 1 mlaxi + 2 o0 (i )
by setting I = (0,0) in Lemma 4.2(iii),(iv) among the inductive equations

of type L.
Now apply the operator 8%2 to one of the last formulas, and utilize the

remaining one, to get

9? d+1\ 0
hi1= — +t— )=
0r1019 L1 (261 ox1 + )8
0 d+1 0 d+1
— 1 . _— _
— 2 (xlam1+' 2 )(axghLl 2 }mﬂ)'
Multiply x2 to the above formula to have
d? 0 d+1\ 0 d+1 9
hi1= —+— ) ————h
2 0x10x2 11 (.%‘1 0x1 + 2 )aﬂjg 11 2 Oz L
0 d+1/ 0 0
= hii— h
Nowor, T 2 (8$1 axQ) 11

which is the equation in question for hq ;.
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For hg,0, we have

0? 0 ( 0 d+1>h00:< 0? d+1 0 >h00

B — v
0x10x9 L1 8%1 8$2+ 2 x28x18x2+ 2 0x

Change the role of the variables 1, x5 to get the other formula, and subtract
it from the original one. Then we have the asymmetric equality

2 2
{(xl 83:(198302 + d; 18%[:2) B (mﬁx?@xg + d; 1 8?;1)}%0

which is the desired equation for hg . Thus, (a) is proved.
Now we settle the case of d odd. Set [ = (0,—1) in (H1"), and set I =
(—1,0) in (H27"). Then

(i+§ ! >h0,1+g ! h1,0=0

oxr1 2z — 29 211 — X9

and o d 1 d 1
—_—— = — = ho1=0.
(81’2 2x1 — m2> 1,0 2x1— X2 0.1

Eliminate h1 o in the second formula by using the first one. Then we have the
equation for hg ;. Eliminate hg 1 in the first formula by the second formula.
Then we have the other equation for hqg. []

5.2. The Poisson equations for the peripheral and extremal
entries
We deduce the other partial differential equations for the extremal hj.
We start with an equation valid for each of the peripheral entries, that is,
for hy with i =0 (or j =0 by symmetry).

LEMMA 5.1. If I =(0,4), that is, i =0, we have an equation
2
0? 0?
k=1 7
(#); a—L 9
) +Z{( La j+3)m (s(I)+1)}8$ih1

—(d+1)a%1h1+<d;j+1><d;L+d;j+1>hI:0.
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Proof. Set i =0 in Lemma 4.3(v) of the inductive equation. Then we have

0 d—j—1+c2loy2))
(22 —1) (8—:n2 + p— )h1(0,2)
0 0 . c1(l)zy _
(21— 1)(I18—m2x28—$2 (1) +j+1+ 7x2>h1 —0.

Apply the operator 8%1 to the above formula. Then, since the operator on

the function hy(g 2y depends only on the variable z9, it commutes with 6%1‘
Recalling the inductive equation

0 0
6—3:1}”(0’2) = _(3328—3:2 + 5(—7)>h1,

we have an equation

0 0 0 .

c1(1)xy
xr1 — 1 >hI}
0 . 0
n {(g;2 g td—ji- 1t 02(1(072))} (%—m + 5(1))h1 = 0.
Note here that

3s(I)+j+14+er(l)=2s(I)+j+ 1+ {s(I)+ci()}
d—L d—L
=25()+ ——+1l=—F—+d—j+1

Then the last equation is found to be the desired equation by direct com-
putation. [

The following Poisson equations are obtained from the above lemma.
PROPOSITION 5.2.
(a) If d is even,

1‘2(1'2 — 1) i
r1 — T2 6%2

2 2 1\ L1 —
{Zxk(xk - 1)% taenB@=b 9 g
k=1 ?

r1 — T2 8.%'1

(R ()

+(g+1)(%+g+1)}h0,0:0.
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(b) If d is odd,

82 (xl—l) 8 112(%2—1) 8

{Z“ g + )
2 rd—L d+2k—3\y 0
(S v (R0

and

2
{Z k($k—1)882 +dx1(x1_1) 0 —(d+ 2)7@2_1) 0

1 r1— 22 01 r1 — T2 Ox2
+k22::1{(d_TL+4—2k)xk - <CH?)T_%)}6%§
) e

Proof. When d is even (resp., odd), set j =0 (resp., 7 =1) in formula
(#) j of Lemma 5.1, and applying the Euler-Darboux equation, replace the
2
term 2(x; — 1)1728;;:?—8:52 by

(d+1 +j)7(3;11__132:2 8%1 —(d+1- )(:;11__132;2 ail
_ (d+1+j);11_;2% —(d+1 —j)xlxsz%
with j =0 (resp., j=1). U

5.3. The solutions for the modified system of F,
We recall some basic facts on the regular solutions of the modified system
of Fy (see [1], [2], [9, Section 8.2]).
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NoTATION 5.1. We define an operator (g, B,, called the Fuler-Darboux
operator, by
0? B 0 B 0
QBl,BQ = - 2 a + ! a_
0x10x9 21— 292011 X1 — T OT9

Here By, By are constants in x1 and xs.

LEMMA 5.2. If a function h(x1,x2), analytic around the origin, satisfies

the equation
QBl,th =0 (Bl >0,By > 0),

it has a power series expansion of the form

ez = Y (B1)my (B2)my & (ma +ma) s

X
mllmg! 1 2
m1,m22>0

with some series {£(k)}ren. Here we set

(B)k = %

Moreover, let Fy(z) be a function in one variable z, reqular around z =0,
defined by the restriction of h to the diagonal:

B2 = T e Pl =;}@5<k>zk.

Then the Eulerian integral formula for the B-function implies an integral
expression

1
h($17ﬂ?2) = / Fh(txl -+ (]_ — t):]?g)tBl*l(l _ t)Bgfl dt,
0

if the integral of the right-hand side converges.

The modified F» system consists of the above @), B, and a Poisson oper-
ator P = P4 B, B, c:x- The key property of the Poisson operator is the fol-
lowing “intertwining property” for the series of the above type.

LEMMA 5.3. Assume that h satisfies the condition in Lemma 5.2,

@B,,B,h =0,
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and let Fy,(z) be the associated power series of one variable defined there.
Let

i 82
P:in(azl —
i=1
-1 0
+ {(A+Bl *BQJrl)SCleBQ *C+2BQM}—
r1 — T2 6$1
-1 0
+{(A—Bl+BQ+1)$2+Bl —C—QBlw}——)\
r1 — T2 81‘2

Then hy = Ph also satisfies Qp, B,h1 =0, and for the operator
d2
dz2

we have an intertwining property:
Fpp(z) =L+ Fp(2).

REMARK 5.1. This is an analogy of [9, Lemma 8.6, p. 720]. Though Iida
formulated this for the integral expression of h, strictly speaking, to justify
it one needs extra work to verify its convergence in the definite interval
[0,1]. So we prefer to formulate in terms of (formal) power series.

L=2(z2-1) {C A+Bl+B2+1)Z}%—>\

Proof. Since @p, B,h =0, we have an equality

Ph = {P—i— 2({L’1 — 1)%2@31732 — (xl — xQ)QBI,BQ}h.

Set
8
Pyh = F(A+B + B+ 1) 2=,
0 ;;x%&vl@x] (A+ B+ B+ 296 ox;
and set
2
02 02 0 0
P =— — — — =+ =
! ;aﬁ (Wr”)axlam (8x1+8x2)

2
0 0 0
(el o) (240,
(; Zaxi 8%1 69@
Then by direct computation, we have an equality between operators:

P+2(z1 —1)x2QB,,B, — (x1 — 22)@B,,B, = Po + Pi.
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The power series Pyh is given by

Z%{m +m2)® + (A+ But By)(mi +m) — A}

x E(my +ma)z " x5,

and the power series Pih is given by

. Z (Bl)ml (B2)m2

(m1 +my + By + Bg)(ml + mo +C)
m1!7TL2!

mi ,.m2

x &(my +mo + 1)a" x5,
Hence, hy = Ph is equal to

n(my + me)z" xn?,

Z (Bl)ﬂn (BQ)mz

ml!mgl

with
={k? 4+ (A+ By + Ba)k — A\}¢(k) — (k + By + Ba)(k + C)&(k + 1)

for each natural number k.
Now it is obvious that @p, B,h1 = 0 from the last power series expression
of hy, and for F}, we have

I'(B)T'(B2 )Fh (=% (31+B2)kn(k)zk

|
['(By + Bs) >0 k!

by definition. In turn, it is equal to the sum of

3 (Blz—BQ{k? (A+ By + Bo)k — A}&(k) 2

~{ (o) Bt B (o) AN OE P )}

and

-3 w(k + By + By)(k + C)é(k + 1)2F

k>0
s B1 +32 k-+1 d k+1
kzo R AR GRS Ca
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= —%{i(n—l— C— 1)5(11)2”}

n=0
_dy d I'(B1)I'(B2)
= —E<za +C — 1) T(B: % Ba) n(2).

Therefore, canceling the same factor I'(B1)['(B3)/T'(By + Bs), we have

d

Fi (2) = {(z%)Q +(A+ B+ Bg)(z%) - dilz (za +C - 1) }Fh(z),

as desired. []

5.4. The solutions for the extremal entries
Now we can describe the solutions for the extremal entries hg o (when d
is even) and hg 1,h1,0 (when d is odd). We see in Section 5.2 that for even d,

Qd+1)/2,(d+1)/2h00 =0  and Q(d+1)/2,(d+1)/2M 1 =0,

and for odd d,

Qay2,a+2)2h01 =0  and  Qay2)/2,4/2M,0=0.
Thus, we have the following immediately by Lemma 5.2.

LEMMA 5.4.

(i) If d is even, hoo and hiy are constant multiples of the formal power
series hgo and hfl of the form

hfz _ Z (Bl)m1 (BZ)MQ

ml!mQ! §i7i(m1 + mg)mgnlx;m (l = 0, 1),

m12>0,m2>0
with By = By = (d+1)/2, for some series {&;i(k) |k € N} (i=0,1).

(ii) If d is odd, ho,1 and hio have power series expressions:

P (B1)m, (B2) .
hiii= Z W&,l—i(ﬂh +ma)z"zy?  (i=0,1),
mi,m2>0

with By = (d/2)+1,By = (d/2)+1—1, for some series {& 1-i(k) | k € N}
(i=0,1).

We can apply Lemma 5.3 here to get the following.
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PROPOSITION 5.3.
(i) The series {o,0(k)} is given by
(d+2

) (52
M+%)M+1M

§o0(k) =&11(k+1)= for k€ {0,00}
with some constant cg.
(ii) For the series {£o.1(k)} we have
(), (F + 5
l
2

Co1(k)=—&0(k)=c1 )i for k € {0,00}

with some constant cy.

Proof. Since hg  satisfies the Poisson equation Phg o = 0 with parameters

d—L
A:T—i-l, BlZBQZ(d+1)/2,

omavdy am(fr)(iE g

the associated function Fj,,(2), which is a solution of the hypergeometric
equation LF =0 regular at the origin, should be a constant multiple of the
hypergeometric series

QE(g+ d2L+Z+1d+3 2).

Therefore, the series {£p0(k)} is given as above.
Similarly for d odd, ho satisfies the Poisson equation Phg1 = 0 with

parameters
d—L
A:T, Blzd/2, B2:d/2+1,
d—1 d—L d-1
C=d+1 A=—(Tm ) (5 + )

Hence, we have the series {£.1(k)} above. The equality
§1.0(k) = —&o,1(k) for any k

follows immediately from

Oho1  Ohig
: = =0.
6901 + 8.7}2 D
Now we have the following formulas for hg o for even d and hq 1,h1 o for

odd d.
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PROPOSITION 5.4.
(i) If d is even,
1 d d—L d 3
hoo(z1,22) = Co/ 2F1(— + 1, ——— 4+ —+1;d+ Szt +2o(1 — t))
0 2 2 2 2
« t(d+1)/2(1 _ t)(d+1)/2 dt.

(ii) If d is odd,

ho(x1,x2)
d—1 d—L d-1

1
1
:Cl/ 2F1( +1, + +1;d+—;x1t+x2(1—t)>
o 2 2 2 2

x (=272 — )4/ g,

REMARK 5.2. We do not know the value & 1(0) for even d. But this will
be known by Lemma 6.2 in the next section.

Now the chess game part is finished. To have solutions for all entries, next
we face a kind of a jigsaw puzzle: to guess the next pieces, starting from the
corners. We need some patience here.

86. Power series solutions and integral solutions for general entries

6.1. The power series solutions for general h;

In this section, we determine the (unique) power series expansion of the
solutions of the holonomic system for {h; | s(I) > 0}, which is regular at the
origin.

THEOREM 6.1. The holonomic system for {h;|d =i+ j(mod 2)} given
by Proposition 4.1 has a unique system of solutions reqular at the origin
(z1,22) = (0,0), up to nonzero constant multiple. Moreover, these power
series expansions are given as follows.

(i) If d is even and s(L) >0 for I =(i,7),

hi(z1,20) = ch(—1)I+d/2
d+1

d+1
Z (%)ml—[j/Q](T)mg—[i/Q]
mllmg!

m1,m2>0
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[¢/2] [7/2]
(m1+s(I)+0) - [[(ma+s(I)+20)
=1 =1

x €00 (m1+m2—(z+j)/2) 1ty
Here

P+t
(d—i—l)k

oo (k) = )i for ke {—d/2,00}.

~— —~
ISH
+
[\l [d%) A
\_/

(ii) If d is odd and s(I) >

d d
hi(21,22) :Cll(_l)(i—j—‘rd)/Q Z (2)m1+1 [(J‘H)/Q}( )m2+1 [(i+1)/2]

mama>0 ml!mQ!
[i/2] [3/2]
[T (m1+s@)+ ) T] (m2 + s(1) + )
/=1 (=1
x &o1(my +mg — (i+j —1)/2) a7 b,
Here
(%) (% + 55,
k)= ke{-d/2, .

Finally, cj,c| are constants independent of i, .

The proof is given in the following way. For the extremal entries h(g )
or h(1,0), ho,1), we know the solution already, which is regular at the origin
(z1,22) = (0,0) and unique up to nonzero constant multiple. The inductive
equations (Lemmas 4.2 and 4.3) determine almost all the coefficients of the
formal power series solutions for h;. The problem is that we cannot get the
information on the coefficients h; with peripheral indices directly, that is,
those I = (i,7) with ij = 0. On the other hand, the linear relations give the
initial values h;(0,0). Thus, the problem was to know h; when ij = (0,0)
but with I # (0,0). Anyway, we have to guess at the correct system of
power series solutions somehow. And once this is obtained, we can prove
our theorem in the following three steps.

Step 1: Let {hF} denote the system of the power series defined by the
right-hand sides of our theorem. Then, Lemma 6.2 shows that the initial
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values hy(0) coincide with the constant terms h(0) of the power series
solutions hf .

Step 2: Proposition 6.1 claims that the system {hf} is a special solution
of our holonomic system.

Step 3: We show that the difference hf(fnl,ﬂzg) — hi(x1,22) is zero.

This is the outline of our proof.

6.2. Integral expression of the solutions

In this section, we give an integral expression of Euler type for the system
of solutions for {h;}, because it is deduced rather immediately from the
power series expression given in the previous section. The first step in this
procedure is to represent hy by simpler power series.

LEMMA 6.1. Assume that s(I) > 0. Let ¢, (resp., ¢}) be the constant
defined in Theorem 6.1 for even (resp., odd) d. We set for I = (i1,i2)

1
m1!m2!

H[(Z’l,ng): Z

m1,m2>0

(%)ml[im] <%)m2[i1/2]

1
X €00 (m1 +mg — 5(2 —|—j))x71mx§”2 (if d is even),

(5) (5)
2 m1+l—[(i2+l)/2] 2 m2+1—[(i1+1)/2]
1
X €01 (m1 +mg — 5(2 +j— l))mTlxgnQ (if d is odd ).
Then

0 )[i1/2]< 0 )[i2/2]

o B O IR (CTE R S T

hy=d, x ($1SE2)_S(1)<
Proof. It suffices to check the corresponding statement termwise:

0 \[u/2 /0 \l[iz/2] i i2/2] my_m
0 () ) g

o1 92
[i1/2] [i2/2]
= H (m1 + s(I) +¢) H (ma + s(I) + £) ™ ah™.
=1 =1 0
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The next step is to find an integral expression for H;. Note that now it
satisfies the Euler-Darboux equations with

Blz(d+1)/2—[i2/2], Bgz(d+1)/2—[il/2] ifdiseven,
By =(d+2)/2+4[—i2/2],  Ba=(d+2)/2+[—i1/2] ifdis odd.

THEOREM 6.2. We have an integral expression for {Hr}.

(a) The case of even d:
(i) If both i1 and iy are even,

r(d+1- 455

P(H5)0(5572)

H](flfl,l'g) = H](O)

1
X /0 By <s(I) +1, %(d —L)+s(I)+1;

d+3
o s(Ditay + (1 t)xg)
 t T ) T g,

Here the constant Hy(0) is given by

(041 555
F(E T ()

H;(0)

v D(d+1 —adi2) i1 + o
:cg(—l)( J+d)/2 F(%)F(%ﬁl) §OO<_T>

= ¢ (—1)li=i+d)/2

" I'(d+1) (%JFS(I))@IHQ)/Q
D (1) (1) + Viyin)2(3(d = L) + (1) +1) iy

(ii) If both iy and ie are odd,

[(d+1—49%241)
D(E52)0(H572)G(0)

H[($1,.’L'2) = H[(O)

+2—ip 4 d+2—iy

1 d
x/ Gtz +(L—t)z)t 2z N(1—t) z “lat,
0
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where
d i1 + 12
G(z) = <za+d+1——2 >
1 d+3
X 2F1(8(I)+1,§(d—L)—|—S(I)—|—1;%4_3(]);2).

Moreover, the constant Hr(0) is given by
D(d+2- 552
D(H5) D (H572)G(0)
I(d+1— adi2) ( i1+i2>
00| —
L(5H)0 (%) 2

Hp(0)

_ CB(_l)(ifj+d)/2

— o (—1)ii )2

LD+ (%2 + (D) 4,2
D(HN2 (s(1) + 1) (11442 (3(d — L) + s(I) + 1)(““2)/2

(b) The case of odd d:
s 1)
r(s—-[3hrs-[3])

1
></0 oy (s(I)+1,%(d—L)+s(I)+1;

H[(Ltl,xg) = H[(O)

d+2
— +s(I);txy + (1 —t)m)

dt1—i dt2—i
{t 2 271(1—75) e (if i1 even, iy odd),
X

d+2—1 d+1—1
o 1 —t)"z Nt (if iy odd, iy even).

The constant Hy(0) is given by

(d+ - 5
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6.3. Preparation for the proof of Theorem 6.1

We denote by hf ; the power series of the right-hand side of the equalities
in Theorem 6.1.

We first confirm that the constant terms hf ;(0) of hf ; are consistent with
the known values of the constants h; ;(0).

LEMMA 6.2. We have h;(0) = h?(0) for all I.
Proof. 1t suffices to show the following two statements.
(i) If hij(0) = hf;(0), then hizyj+1(0) = hfZ ;41(0) for i+ j <d.
(ii) If hij(0) = hf;(0), then
hit1,j+1(0) =hly ;11(0) fori+j<d-2.
To show (i), it suffices to show an equivalent (single) statement:
it (0) /i (0) = —(d+ 1~ )/(d ~ ) = hE 511 (0)/hE5(0).

The first equality is immediate from Proposition 4.2. We want to show
the second one. Set

d d . .
fl(dﬂb,]) — {(dTH)_[J/Q](%dl)_[Z/Q} if d is even,
(5)_[(j_1)/2](E)—[(i—l)/Q] if d is odd.
Moreover, set
[i/2] 1 [i/2] )
f2(d%laﬂ>=g<§(d—z—3)+z) H(i(d—z—j)—&%).
Then by definition,
P (o) = | OO0 (=) fu(diin ) o) i d s even,
W (=12 (_% + ) fi(dsi, §) f2(d; i, 5) if d is odd.
Hence,
dii—1,j+1) foldii—1,j+1)
rE 0)/hP(0) = (—1) o] b))
i 1,]+1( )/ 7,,]( ) ( ) f1(d;z,]) fg(d;l,j)
Since

(d,i,j all even),
(T (d even,i,j odd),
(?)71(%) (d,i odd, j even),
1 (d,j odd, i even)
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and
ﬂ)—l

5 d,i,j all even),
d+1 z)
2

d even,i,j odd),

dii— 1,7+ 1)/ foldsi,5) =
fa( j+1)/fa(d;i, j) d,i odd, j even),

— =~

(
(
(
d—j)—l(d—éﬂ) (

=7 d,j odd,i even),

we have the desired equality:
hi’1,4+1(0)/{5(0) = —(d+1—1)/(d ~ j).

(ii) We know already that
hiv11(0) _ (d+35—5)(d—)
O @)
It suffices to compute hﬁrLjH(O)/hfj(O). Whe

1+ J 1+ J
50”( 2 1)/5070( 2 >

3ld—i—j) _ 5(d—i—j)
{z(@=i=i)+3} {L(d-i—5)+1}

1x1x

(if 4,7 even),
(L — )T (i _H T L g — g — ) x S(d—i— )

2
| (if i, odd),

which is in turn equal to

(co—F-1)(d+1-L-1) o d=i=§)  hig1,in(0)
(ap— 32 —1)(bo— 2L —1) ~ (d—1i)(d—j) hij(0)

as desired.
When d is odd,

hz+13+1( )/hfj(()):fm(— ;)/501<_ +J+%)

(%—%)_lxlx%(d—i—j)x

3(d=i—j)
{3(d—i—j)+3}
(if 7 odd, j even),
d_ iy _gid) g
I (2 2) X {%Fd—i—j)‘f'%} X 2(d i—J)
(if 7 even, 7 odd).
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It in turn is equal to
(A=) (d+3-5)  (d—i—j)
(G0 B1)(bo— )~ (d—D)(d—))

Thus, the proof of the lemma is completed. 0

= hi+1,j+1(0)/hi ;(0).

Here is another ingredient for the proof of Theorem 6.1.

PROPOSITION 6.1. The system of power series {hfj |i+j <d} satisfies
the following equations:

0 .p 0 d—i—j\,p
(i) Oy a2 (wza—ngr 5 )hi,jv
0 p 0 d—i—j\,p
(i) 3" = (o1 + 5 )
0 L+i—j7-2 1 P
_1d =2 1) —
(02 = D){ g + (@ =5 = 1) = T =
= —i- By g+ (21— 1)
(i) o, 0 P .
{$18—1+ $28—x2+§( —i—j)+0U+1)
_L—H—j T }P.
2 1 —1 b’
) L @i - P
(wl ){6951 + ( ! ) 2 I 1} 42,
=—j b1+ (za—1)
(iv) ) ) .
{2x16—1+x28—$2+§(dﬂ—])+(z+1)
_L+Z—j Z2 }p
2 To —1 LI

Proof. We have the following.
(i) The coefficient of z{"*z5" in the right-hand side is given as

i—i (Bl)m —j/2 (BQ)m —[i/2
06(_1)( T (=1)- 1 Erl/1am2! i

[i/2] 1
X el(ml —|—§(d—z—j)+€)
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/2] 1
X H{(m2+§(d—i—j)+€>
/=1
. (mz—i— %(d—z—y))}

On the other hand, the coefficients at 27" !25"2 of hfj+2 times (mq + 1)
equal

1 (_1)(i—i+d=2)/2 (Bl)m1+1f[(j+2)/2](52)7712*[1'/2}
co(=1) mylma!
1!mo!

/2]
x H((m1+1)+%(d—i—j—2)+€>
/=1

(G+2)/2) . .
< 1 {(m2+§(d—i—j—2)+€> : (m2—|—§(d—i—j))}.
=1

Since these two numbers are equal, (i) is true. The proof of (ii) is the same,
changing the roles of 1 and xs. 0

(iii) We first rewrite the equation: set

g+ (1= 5+ 55

0 o 3, L .
—x1{w172x2—+—d— ——Z—]-l-l}hP

and

0 0 3 3 1
D P WA B.d Sy 1}}#’..
{xlaxl L P A L VS (L F

Then the equality (iii) is equivalent to fi = fo. First, we compute the coef-
ficients of the power series f;.

LEMMA 6.3. The coefficient of x]"*x5'* in the power series fi is given by
the following.
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(i) If d is even

147
fél,m2§0,0<m1+m2— 2‘7 — 1) (m1+ma+ag— 1)
i+J i+j
.(m1+mg+ao 1 5 )(m1—|—m2+b0 1 5 >7
with
d+1 d+1
A —d(=1 (i—j+d)/2—1( 2 )ml—[j/Q]—l( 2 )mg—[i/Q]
mume CO( ) m1!m2!
[i/2] 1 (/2] 1
XH(m1+§(d_2_])+£—1>H(m2+§(d—z—j)—|—£)
=1 /=1
and d+2 d+2 d-—L
=" b= —= _
ao 9 3 0 9 + 9

(ii) If d is odd,

1+7 1 ~ 1
f7€‘117m2§071(m1+m2_ 2j—§>(m1+m2+ao—§(2+3)>

X (m1 +m2+50—1(z‘+j)),

2
with
X 1 \(i—jtd)/2—1
— 1 Z =
mimz = A1) (2>m1—[<j+1)/21 <2)m2+1—[<i+1>/2}
[i/2] [i/2]
1 . 1 .
X H(m1+§(d—z—])+€—l> H<m2+§(d—z—j)+€)
=1 =1
and
Ld g d L
0 27 0 — 9 2
Proof. We have the following.
(i) If d is even, the first term of f; equals
1 . 1+]
A “(d—i— 1
Z Jrna mo (mz + 2(d ) ])) (mg +bg—1 5 )

m1,mz2>0

it
I 1)961"%312,

X 0,0 (ml +mg —
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and the second term equals

d .
Z f,f‘%m,zml(ml—1+2m2+§+b0—z—j>
m1,m22>0
X §<m1 +mg — I _ 1>m§”1:r5n2.

2
Hence, the sum of the coefficients at z]" 25" is equal to

147
Fovyma0.0 <m1 tme—— J 1)

X <m2+%(d—i—j))(m2+bo—1—i—g‘j)
+m1<m1+2m2+g+bo—1—i—j)

= (m1 + M)+ <g+b0—1>m2+ <g+bo—1>m1+g(bo—1)

d
z(m1+m2+§)(m1+m2+b0—l),

if we write mg =mg — (i + 7)/2. Thus, the case of even d is proved.
(ii) For odd d, the coefficient at z|"'z5" of the first term in f; is given by

Log_i s P it i+j 1
7?‘11,m2(m2+§(d_7/_])> (m2+b0— Tj>§<m1+m2_ 2‘7 _ §>7
and that of the second term by

= ood o i+ 1
s i e me )
The sum of these two coefficients equals
A 1+ 1
fml,m2£0,1 <m1 +m2_ 2 — 5)
1 . s it
X<m2+—(d—z—]))(m2—|—b0— J)
2 2
a - . .
+m1<m1+2m2—|—§+b0—z—j)
d _i+j - it
:(m1+m2—|——— >.<m1+m2+b0__>’
2 2 2
and our lemma is shown. i

Now we compute the other side, fa.
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LEMMA 6.4. The coefficient of x]"* x5 in the power series fy is given by
the following.

(i) For even d,

S m280,0 (ml +mg — ﬂ) (ml + l(d —1 —j)>

2 2
i+ i+7 1
x<m1+m2+d——2 )<m1+m2+d— 5 +§),
with
i d+1 d+1
P — o (—1)E—d+d)/2—-1
fm1,m2 CO( ) ( 9 )m1f[j/2]71( B >m2—[i/2]
[i/2]-1 [1/2]
1 . 1 o
X H (m1+§(d—z—])+€) H<m2+§(d—z—j)+€).
=1 =1
(ii) For odd d,
ity 1 o
fhima €01 (m1 +mg — T) <m1 + E(d —i— ]))
it+7 1 t+7 1
X (m1+m2+d— 5 —§>(m1—|—m2—|—d— 5 +§>,
with
i d d
P — (1) i—g+d)/2=1 (2 a
Finsima = (1) (2)mr[(j+1)/2] (2)m2+17[(i+1)/2]
[i/2]-1 /2]
1 . 1 o
X H (m1+§(d—z—j)) +7) H<m2+§(d—z—j)+€).
=1 =1
Proof. First, for (a%g)hi»ﬂ?v we have the following.
SUBLEMMA 2A. The coefficient of 7" x5 in the power series %hfjﬂ
equals
_ i ;
P « §0,0(m1 +m 5 ) (if d even),
T G0 (ma+my — HL3) (if d odd)
times
1 N1 1 L 1 o
(m2+5d=)+35) (met3d=i=j)+1) (mi+(d=i=j)).
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Proof of Sublemma 2A. 1f d is even, %th,ﬂg equals

Zfﬁh,mQ(mQ—l— % — [%D <m2+ %(d—i—j) + [%} +1>
X (m1 +-(d—i —j))&m (m1 + mo — %)x’flx?
We can confirm that

(o 45 - [ o= [

= <m2+%(d—z’)+%)<m2+%(d—i)Jrl)

either if 7,7 are both odd or if 7,5 are both even.
If d is odd, (%)hi,jw equals

S Hms (ot S 1= [ (mat Sa—i— i)+ [2] 41)

i+] 1) mi_mo

1
X<m1+§(d*i*j))§0,1<ml+m2* 9 +§ Ty Ty~
Note here that

(mat g 1= [57]) (mat gtd=i-+ [5] +1)

:(m2+%(d*i)+%)(mQJF%(d*Z’)WLl)a

either if 7 is odd and j is even or if 7 is even and j is odd.
Thus, Sublemma 2A is proved. 0

For —ih! 1,j+1, we have the following.

SUBLEMMA 2B. The coefficient of x7"x5'? in the power series hil,jﬂ
s equal to
0 €o0,0(m1 +mg — %) (if d even),
mi,ma €01 (ml +msy — % + %) (if d odd)
times 1 1 1 1
=i (mu+5(d=5) = 5) (ma+ 5(@d=i) +3).
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Proof of Sublemma 2B. 1f d,i,j are all even, the coefficient in question is

i+
Sy ma€01 (ml tmy—— J)

ot em g ) ()

by definition of hf'il,j_H. If d is even and i, j are both odd, it reads

z‘+j)

Sy m280,0 <m1 +my = —

x (i) (1 + 5@ =i =)+ [2]) (mat 5 =i =)+ [L23]).
Since

(m+ 50 =i- 0+ [g]) (ma+ 5a-i-0+ [157])

- <m1+%(d—j) - %) (mg—i—%(d—i)—i—%) for i, odd,

Sublemma 2B is true for even d.
If d is odd, the coefficient in question is equal to

1+ 1)
2 +2

S ma €0 (ml +mg —

] > ] (i odd, j even),
(4 4+my — [H2]) (ma2+ 3(d—i—5) + [Z2]) (i even, j odd).

In cases where either ¢ is odd and j is even or ¢ is even and j is odd, the
last number is the same:

(i) (1 + %(d—j) - %) (o + %(d—z’) + %)
Hence, Sublemma 2B is shown for the case of odd d, too. [
For 0 o 3. 3 1
—(fﬂla—xl +2$28—x2 + Qd_ il 1>h5j7

we have the following.
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SUBLEMMA 2C. The coefficient of x"' x5 in the power series
0 0 3 3.1
—\r1=—+2290—+=d—=i—=j 1)hP<
("Tlaxl T, T2 T T )
s equal to
0 » 0,0 (m1 +ma — %) (if d even),
TR &oa(ma +me — L+ 1) (if d odd)
times
1 1 1 3 3. 1
S(d=9) (mut 5@ =5) =5 ) (m+2ma+ Sd—Si- i+ 1),
(m1+2( 7) m1+2( J) 5 )\t 2met+od—ci-oj+
Proof of Sublemma 2C. 1f d is even, the coefficient in question is

fﬁu,mfo,o(ml + g — %) <m1 +% _ [%} _1>
x <m1+(d—i—j); [%D(m1+2m2+§d__i__j+1>_

Thus, the equality

i 452 ) )+ S50 3]

— (m1+%(d—j)—%) (ml‘l‘%(d_i))’

which is valid either when both ¢ and j are even or when both i and j are
odd, implies Sublemma 2C.
If d is odd, the coefficient in question is

o= 552+ o2 1)
X (m1 +2m2+gd—gi—%j+1)(m1+%(d—i—j)+ [%D

The equality

(= ) ==+ )

(s Ja-5) -

is valid either when ¢ is odd and j is even or when ¢ is even and j is odd.
Hence, Sublemma 2C is proved. 0
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6.3.1. Conclusion of the proofs of Lemma 6.4 and Proposition 6.1. In
view of Sublemmas 2A, 2B, and 2C, the proof of Lemma 6.4 is reduced to

show the following equality:
1 , 1 L1 1 .
<m2+§(d—2)+1) (mg—i—§(d—z)+§><m1+§(d—z—j)>

(e e -3) s oo

1 3 3 1
1., ) 3,3 1. 1)
+<m1+2(d ])> <m1+ 77”L2+2d 22 2]+

X (ml—i-%(d— )—%)
:<m1+%(d—i—j)><m1+m2+d—i—gj>
X <m1+m2+d—i—£j+%>7

which is confirmed by direct computation.
Now let us return to the proof of Proposition 6.1(iii). We have to show

that fi = fo. By Lemmas 6.3 and 6.4, it is reduced to the equality

1+7
Fnsma€0,0 <m1 Hmy = o 1)

1+ it
><(m1+m2+ao—1—Tj)<m1+m2+bo_1_TJ)
1+7
:fp1,m2€0,0<m1+m2— 2‘7>
1 o it
x<m1+§(d—z—j)><m1+m2+d_ 2])
1+7 1
if d is even, and to
A 1+7 1
fm1,m25071<m1+m2— 2 _5)
- 1+7 ~ it
X(m1+m2+a0_Tj>(m1+m2+bo—Tj>

itj 1
fo;Ll,mQSO,l(ml-sz— 5 +§>
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1 . L+ J
X <m1+§(d—z—j))(m1+m2+d—%>
t+j5 1
X <m1+m2+d— 2‘7—1-5)

if d is odd.
Either d is even or it is odd; thus, we have

1 .
oz = Py (1 5(d == )
by definition. So at last we have to show that
1
€o.0(k = 1)k + a0 — 1)(k+bo — 1) = o0k + ) (k +d + 5),

for k=my+ma— (i +j)/2, if d is even. If d is odd, we have to check that

50,1(k—1)(k—1+5Lo+%>(l€—1+50+%)25071(k:)(k+d—%>(k:+d)

with k =mj+mo—(i+J)/241/2 € Z. Since these are exactly the recurrence
relations defining &y (k) and &p,1(k), respectively, we complete the proof of

fi=fa. 0

6.4. Proof of Theorem 6.1

When d is even, Theorem 6.1 is true for ho o by Proposition 5.3, and when
d is odd, it is also true for ho 1 and hy g by Proposition 5.3.

We proceed by induction on the indices I = (4,7). The first step of the
induction is to show Theorem 6.1 when ¢ <1 or j < 1. By symmetry, it
suffices to discuss only the case ¢ < 1. Moreover, we may assume that j > 2.

Since B 0 d—i—j+2
i
S A A . VS
oxr; {m@ajg—i_ 2 } =2

by an inductive equation of type I (Lemma 4.2), and since

A I S S O o
ox; 7 {$2 0xo + 2 } =2

by Proposition 6.1, the hypothesis of the induction
hij-2=h{;_
implies that

9 P

—(hi; — hE) =0.
0901( 5] ’L,j)
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Hence,
hi,j = hfj + F(IEQ),

where F'(x2) is a power series only in the variable x, regular at 9 = 0. By
Proposition 6.1(iii) and by the corresponding equation for h; j, we have
L+i—j

(:cg—l){aim+(d—j—1 ; )ml_l}(hi,j—hfj)zo,

since h; j_o = hf];Q and h;_1 ;1= hfil,jfl by the hypothesis of induction.
Therefore, we have

(xg—l){aim—l—(d—j—l—

L+2i—j)x21_1}F(x2):0;

that is,
F(ﬂi’g) _ C/(QZ'Q o 1)d+1—L/2—(i+j)/2
with a constant of integration C’. Then

hij(0) = hi;(0) + F»(0) = h[;(0) + C.

But we already know that h;;(0) = hfj(()) by Lemma 6.2. Thus, C’ =0,
that is, Fy(x2) =0, which means that h; j = hfj.

The next and last step of induction is to discuss the case when 4,5 > 2.
In this case we use the equations

0 0 d—i—j+2
oyt = ~{aaggy + g e
and
0 1o} d—i—j5+2
gt = gy + T s
Since the corresponding equations are valid for hf ;» the hypothesis of induc-
tion,
hij—o= h5j727 hi—o; = h£2,j7
implies that
0 P 0

P .
8_351(}“” —hij)= 8—3:2(%,;' —hi ;) =0;

that is,

hi ;= hfj +C with a constant of integration C.

Since Lemma 6.2 implies that C' = h; ;(0) — hfj(O) =0, we complete the
proof of the equality h; ; = hfj for i+ 75 <d. []
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87. Postscript

7.1. Comparison with the case SU(2,2)

Here we discuss a problem of the behavior of the matrix coefficients at
infinity.

When G/K is of Hermitian type, the matrix coefficients of holomor-
phic and antiholomorphic discrete series with the minimal K-types are
the Bergmann kernel. In this case, its A-radial part is a Laurent polyno-
mial function in the coordinates (i.e., in the matrix entries of A C G —
GL(N,C)). No transcendental function appears in this case.

Some years ago, I together with Takahiro Hayata and Harutaka Koseki
had an explicit formula of the radial part of the middle discrete series of
SU(2,2) (see [3]). As a corollary of this result, we can say that the matrix
coefficients have logarithmic singularities at infinity (see [4]).

Our main results also seem to give the asymptotic expansion at infinity.
But the characteristic indices are always halves of integers; hence, we have
no logarithmic singularities.

7.2. A conjecture, or a hope?

CONJECTURE. Given a discrete series representation 7 of a semisimple
Lie group G with Cartan decomposition G = K AK, the A-radial part of the
matrix coefficients of K-finite types of 7 is an elementary transcendental
function in the matrix variables in the coordinates of A. Here elementary
transcendental functions are rational expressions of logarithms, hyperbolic
sines, and algebraic functions.

This means that our job is not finished even for the case of the group
Sp(2,R). We have to find a better expression than the main theorems,
Theorems 6.1 and 6.2.
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