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Abstract

Tent spaces of vector-valued functions were recently studied by Hytonen, van Neerven and Portal with an
eye on applications to H*-functional calculi. This paper extends their results to the endpoint cases p = 1
and p = oo along the lines of earlier work by Harboure, Torrea and Viviani in the scalar-valued case. The
main result of the paper is an atomic decomposition in the case p = 1, which relies on a new geometric
argument for cones. A result on the duality of these spaces is also given.
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1. Introduction

Coifman et al. introduced in [4] the concept of tent spaces that provides a neat
framework for several ideas and techniques in harmonic analysis. In particular, they
defined the spaces 77, 1 < p < oo, that are relevant for square functions, and consist of
functions f on the upper half-space R"*! for which the L norm of the conical square

function is finite: 2
dy dt\P
L[ vonpf) ar<e,
R \JT(x) "

where I'(x) denotes the cone {(y,?) € RTI :|x —y| < t} at x € R". Typical functions in
these spaces arise for instance from harmonic extensions u to R**! of L? functions on
R™ according to the formula f(y, ) = t0,u(y, t).

Tent spaces were approached by Harboure et al. in [5] as L” spaces of L>-valued
functions, which gave an abstract way to deduce many of their basic properties.
Indeed, for 1 < p < oo, the mapping Jf(x) = 1r(f is readily seen to embed 77 in
LP(R"; L*(R™1)), when R"*! is equipped with the measure dy dt/t"*!. Furthermore,
they showed that 77 is embedded as a complemented subspace, which not only

I gratefully acknowledge the support from the Finnish National Graduate School in Mathematics and its
Applications and from the Academy of Finland, grant 133264.

© 2014 Australian Mathematical Publishing Association Inc. 1446-7887/2014 $16.00

107

https://doi.org/10.1017/51446788714000123 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000123

108 M. Kemppainen [2]

implies its completeness, but also gives a way to prove a few other properties,
such as equivalence of norms defined by cones of different aperture and the duality
(TP)* ~ TP where 1/p+1/p’ = 1.

Treatment of the endpoint cases p = 1 and p = oo requires more careful inspection.
First, the space T was defined in [4] as the space of functions g on R**! for which

lf , dydt
sup— | 1g0. 0P2L < oo,
WP g J5 800

where the supremum is taken over all balls B C R” and where B C R™! denotes the
‘tent’ over B (see Section 4). The tent space duality is now extended to the endpoint
case as (T')* =~ T*. Moreover, functions in T' admit a decomposition into atoms a
each of which is supported in B for some ball B ¢ R" and satisfies

dydt 1
la(y, D —— < —.
fg PO 2 0B

As for the embeddings, it is proven in [5] that 7! embeds in the L*(R"*!)-valued
Hardy space H'(R"; L>(R"*!)), while 7> embeds in BMO(R"; L>(R"*!)), the space
of LZ(RTl)-Valued functions with bounded mean oscillation.

The study of vector-valued analogues of these spaces was initiated by Hytonen,
van Neerven and Portal in [7], where they followed the ideas from [5] and proved the
analogous embedding results for 77(X) with 1 < p < co under the assumption that X is
a Banach space with unconditional martingale differences (UMD). It should be noted
that, for non-Hilbertian X, the L? integrals had to be replaced by stochastic integrals or
some equivalent objects, which in turn required further adjustments in proofs, namely
the lattice maximal functions that appeared in [5] were replaced by an appeal to Stein’s
inequality for conditional expectation operators. Later on, Hytonen and Weis provided
in [8] a scale of vector-valued versions of the quantity appearing above in the definition
of T™.

This paper continues the work on the endpoint cases and provides definitions for
T'(X) and T(X). The main result decomposes a 7'(X) function into atoms using
a geometric argument for cones. The original decomposition argument in [4] is
inherently scalar-valued and not as such suitable for stochastic integrals. Moreover,
the spaces T'(X) and T*(X) are embedded in certain Hardy and BMO spaces,
respectively, much in the spirit of [5]. The theory of vector-valued stochastic
integration (see van Neerven and Weis [14]) is used throughout the paper.

2. Preliminaries

2.1. Notation. Random variables are taken to be defined on a fixed probability space
whose probability measure and expectation are denoted by P and E. The integral
average (with respect to Lebesgue measure) over a measurable set A € R” is written
as fA = A"} fA, where |A| stands for the Lebesgue measure of A. For a ball B in R”
we write xg and rp for its center and radius, respectively. Throughout the paper X is
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assumed to be a real Banach space and (£, £*) is used to denote the duality pairing
between & € X and &* € X*. Isomorphism of Banach spaces is expressed using ~. By
a < B it is meant that there exists a constant C such that @ < CS. Quantities « and 8
are comparable, o = 8, if « <Band 8 < a.

2.2. Stochastic integration. We start by discussing the correspondence between
Gaussian random measures and stochastic integrals of real-valued functions. Recall
that a Gaussian random measure on a o-finite measure space (M, u) is a mapping W
that takes subsets of M with finite measure to (centered) Gaussian random variables in
such a manner that:

(i) the variance EW(A)? = u(A);
(i) for all disjoint A and B the random variables W(A) and W(B) are independent
and W(A U B) = W(A) + W(B) almost surely.

Since for Gaussian random variables the notions of independence and orthogonality
are equivalent, it suffices to consider their pairwise independence in the definition
above. Given a Gaussian random measure W, we obtain a linear isometry from L?(M)
to L>(P), our stochastic integral, by first defining fM 14 dW = W(A) and then extending
by linearity and density to the whole of L*(M). On the other hand, if we are in
possession of such an isometry, we may define a Gaussian random measure W by
sending a subset A of M with finite measure to the stochastic integral of 14. For more
details, see Janson [9, Ch. 7].

A function f : M — X is said to be weakly L? if (f(-),&*) is in L*(M) for all &* € X*.
Such a function is said to be stochastically integrable (with respect to a Gaussian
random measure W) if there exists a (unique) random variable fM fdW in X so that
for all £* € X*

< f de,§*>: f (F@0),£YaW()  almost surely.
M M

We also say that a function f is stochastically integrable over a measurable subset
A of M if 14f is stochastically integrable. Note, in particular, that each function
f =73 fc ®& in the algebraic tensor product L>(M) ® X is stochastically integrable

and that
[ raw=3(] nawk.
k

A detailed theory of vector-valued stochastic integration can be found in van Neerven
and Weis [14], see also Rosifiski and Suchanecki [15]. Stochastic integrals have a
number of nice properties (see [14]).

(1) Khintchine—Kahane inequality: for every stochastically integrable f we have

(EHL]‘(ZW P)I/P _ (EHLde q)l/q

whenever 1 < p, g < co.
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(i) Covariance domination: if a function g € L*(M) ® X is dominated by a function
f € L*(M) ® X in covariance, that is, if

f(g(t),§*>2d#(t)Sf(f(t),§*>2dﬂ(t)
M M

EHfMgdW fodW

(iii) Dominated convergence: if a sequence (f) of stochastically integrable functions
is dominated in covariance by a single stochastically integrable function and

\fmmffwmﬁo
M

o[ v

In particular, if a sequence (Ay) of measurable sets satisfies 14, — 0 pointwise
almost everywhere, then for every f in L>(M) ® X,

fAkde
Bl L)

defines a norm on the space of (equivalence classes of) strongly measurable
stochastically integrable functions f : M — X. However, the norm is not generally
complete, unless X is a Hilbert space. For convenience, we operate mainly with
functions in L?(M) ® X and denote their completion under the norm above by y(M; X).

This space can be identified with the space of y-radonifying operators from L*(M)
to X (see [14] and the survey [13]). We note the following facts.

for all £&* € X*, then
2 2
<3| [ sanf

for all £&* € X*, then
2

— 0.

2
E - 0.

The expression

(i) Given an m € L*(M), the multiplication operator f + mf on L>(M)® X has
norm ||m|ze ).

(i) For K-convex X (see [13, Section 10]) the duality y(M; X)* = y(M; X*) holds
and realizes for f € L> (M) ® X and g € L*(M) ® X* via

M@=Lvmﬂmwm

A family 7~ of operators in £(X) is said to be y-bounded if for every finite collection
of operators T} € 7 and vectors & € X,
Z Yibk
k

Z YiTéx
%

where (y;) is an independent sequence of standard Gaussians.

2

2
E sE‘

>
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Observe, that families of operators obtained by composing operators from (a finite
number of) other y-bounded families are also y-bounded. It follows from covariance
domination and Fubini’s theorem, that the family of operators f — mf is y-bounded
on L7(R"; X) whenever the multipliers m are chosen from a bounded set in L™ (R").

The following continuous-time result for y-bounded families is common knowledge
(to be found in Kalton and Weis [10]).

Lemma 2.1. Assume that X does not contain a closed subspace isomorphic to c.
If the range of an X-strongly measurable function A : M — L(X) is y-bounded,
then for every strongly measurable stochastically integrable function f: M — X the
strongly measurable function t — A@)f(t) : M — X is also stochastically integrable

and satisfies
2 2
B <s|[ smawo).

M

‘ f AW dW (D)
M

Recall that X-strong measurability of a function A : M — L(X) requires A(-)¢ :
M — X to be strongly measurable for every & € X. For simple functions A : M — L(X)
the lemma above is immediate from the definition of y-boundedness and requires no
assumption regarding containment of ¢, as the function r — A®#)f(t) : M — X is also
in L>(M) ® X. Assuming A to be simple is anyhow too restrictive for applications
and to consider nonsimple functions A we need to handle more general stochastically
integrable functions than just those in L>(M) ® X.

Our choice of (M, u) will be the upper half-space R"*! = R” x (0, o0) equipped with
the measure dydt/t"*'. We will simplify our notation and write y(X) = y(RTl ; X); in
what follows, stochastic integration is performed on R™*!.

2.3. The UMD property and averaging operators. It is often necessary to assume
that our Banach space X is UMD. This has the crucial implication, known as Stein’s
inequality (see Bourgain [2] and Clément et al. [3]), that every increasing family of
conditional expectation operators is y-bounded on L”(X) whenever 1 < p < co. While
this is proven in the given references only in the case of probability spaces, it can
be generalized to the o-finite case such as ours with no difficulty. Namely, let us
consider filtrations on R” generated by systems of dyadic cubes, that is, by collections
D = Urez Dr, where each Dy is a disjoint cover of R" consisting of cubes Q of the
form xg + [0, 27%y* and every Q € Dy is a union of 2" cubes in Dy, . The conditional
expectation operators or averaging operators are then given for each integer k by

o)) 1fo, feLl ®":X).
gen, V@

Composing such an operator with multiplication by an indicator 1y of a dyadic cube
0, we arrive through Stein’s inequality to the conclusion that the family {Ap}pep of

localized averaging operators
AQf = 1Q JC e
Qo
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is y-bounded on L?(R"; X) whenever 1 < p < co. The following result of Mei [11]
allows us to replace dyadic cubes by balls.

Lemma 2.2. There exist n + 1 systems of dyadic cubes such that every ball B is
contained in a dyadic cube Qg from one of the systems and |B| < |Q3pl.

Stein’s inequality together with the lemma above guarantees that the family
{Ap : Bball in R"} is y-bounded on LP(R"; X) whenever 1 < p < co. Indeed, for each
ball B we can write 0l

Ag = 1BﬁAQ313.
This was proven already in [7].

It will be useful to consider smoothed or otherwise different versions of indicators
15(x) = 1jo.1y(Ix — xpl/rp). Given a measurable ¢ : [0, 00) — R with 1) < [¢/] < 100
for some a > 1, we define the averaging operators

Af,;f(x)=¢'(|x_y|)l fnl//(|z_y|)f(z)dz, xeR",

r eyt t

where
cy= | wix)dx.
Rﬂ

Again, under the assumption that X is UMD and 1 < p < oo, the y-boundedness of the
family {A'f,’t 1 (y,0) € RTI} of operators on L”(R"; X) follows at once when we write

| . —yl |QB(y at)l | . —yI
Ad,’ = (—) —— A (—)
=¥ t cyt" Osian ¥ t

Observe, that the function (y,?) — A;”J from Rﬁ“ to L(LP(R"; X)) is LP(R"; X)-
strongly measurable. Recall also that every UMD space is K-convex and cannot
contain a closed subspace isomorphic to cy.

3. Overview of tent spaces

3.1. Tent spaces T?(X). Let us equip the upper half-space R"*! with the measure
dydt/?"! and a Gaussian random measure W. Recall the definition of the cone
[(x) ={(,) eR™ : |x—y| <t} at x e R".

Let 1 < p < co. We wish to define a norm on the space of functions f : R"*! — X
for which I, f € LA(R™!) ® X for almost every x € R" by

202 \1/p
ey = (f (E f fdw ) dx)
R ()

and use the Khintchine—Kahane inequality to write

p 1/p
Ifll7rcx) = (EHf fdw ) ,
T¢) LP(R";X)

but issues concerning measurability need closer inspection.
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Lemma 3.1. Suppose that f: R™' — X is such that 1 f € L>(R™) ® X for almost
every x € R". Then:

(1)  the function x = lr( f is strongly measurable from R" to y(X);
(2) the function x — fr(x) f dW is strongly measurable from R" to L*>(P; X) and may
be considered, when || fllr»(x) < oo, as a random LP(R"; X) function;
the function x +— agrees almost everywhere with a Lower
3) th ' El i, £ dWIP)' 7 agrees al rywhere with a |

2,1/2
) >4

semicontinuous function so that the set

f fdaw
T(x)

Proor. Denote by Ay the set {(y,?) € Rﬁ“ 1t > 1/k} and write f; = 14, f. Itis clear that
for each positive integer k, the functions x — 1y f; and x — fm) fi dW are strongly
measurable and continuous since

f fedW
T'(x)AT(x")

Furthermore, 1ry fi = lr f in y(X) for almost every x € R" since

f fdw
T(0)\Ax

Consequently, x — 1l f and x — dW are strongly measurable. Moreover, the
q y ) ) gly

pointwise limit of an increasing sequence of real-valued continuous functions is lower

semicontinuous, which proves the third claim. O

{XER”:(E

is open whenever A > Q.

2

-0, as x—x.

E

2 2

E =E

- 0.

(f = fi) dW

I'(x)

Dermition 3.2. Let 1 < p < oo. The tent space T7(X) is defined as the completion
under || - [l7»xy of the space of (equivalence classes of) functions RTI — X (in what
follows, ‘T”(X) functions’) such that I f € L>(R""!') ® X for almost every x in R"
and || flzrx) < 0.

As was mentioned in the previous section, it is useful to consider the more general
situation where the indicator of a ball is replaced by a measurable function ¢ : [0, o)
— R with 191y < |¢| < 1jo4) for some @ > 1. Let us assume, in addition, that ¢ is
continuous at zero. For functions f : R’}r“ — X such that (y,1) — ¢(|x — y|/H) f(y, 1) €
L*(R™!) ® X for almost every x € R”, the strong measurability of

lx =yl
t

x|—>((y, t).—>¢(@)f(y, z)) ad x| ¢( )f(y, £ dW(y, 1)

are treated as in the case of ¢(|x — y|/1) = Ljo,1h(|x = y|/1) = 1ry (. B).
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3.2. Embedding 77(X) into LP(R"; ¥(X)). A collection of results from the
paper [7] by Hytonen, van Neerven and Portal is presented next. Following the idea
of Harboure, Torrea and Viviani [5], the tent spaces are embedded into L? spaces of
v(X)-valued functions by

Jf) = Irwf, xeR".
Furthermore, for simple L*(R"*!') ® X-valued functions F on R”" we define an operator
N by

(NP3, 0 = 1gon(0) T F@y.ndz, xeR',(nneR
B(y.1)
Assuming that X is UMD, we can now view T7(X) as a complemented subspace of
LP(R"; y(X)):

THeEOREM 3.3. Suppose that X is UMD and let 1 < p < co. Then N extends to a bounded
projection on L (R"; y(X)) and J extends to an isometry from T?(X) onto the image of
LP(R™; (X)) under N.

The following result shows the comparability of different tent space norms.

TuEOREM 3.4. Suppose that X is UMD, let 1 < p < co and let 1191y < |¢| < 1jo0). For
every function f in TP(X) the function (y,t) — ¢(|x — y|/t)f(y,t) is stochastically

integrable for almost every x € R" and
p
dx = f E f fdaw
" I(x)

L=

The proof relies on the boundedness of modified projection operators

p
dx.

lx =yl
[ LA o nawen

(NgF)(x;y,1) = ¢(|x—;yl)f F(z;y,0)dz, x€R", (y,0) eR:!
B(y.n)

and the observation that the embedding

sofeyn=o( "Moo, xer g ery.
can be written as J4f = NyJ f. In particular, this shows that the norms given by cones
of different apertures are comparable. Indeed, choosing ¢ = 1} o) gives the norm where
I'(x) is replaced by the cone I'y(x) = {(y,?) € R’f’l . |x — y| < at} with aperture a > 1.
Identification of tent spaces 77(X) with complemented subspaces of L(R"; y(X))
gives a powerful way to deduce their duality.

TueoreM 3.5. Suppose that X is UMD and let 1 < p < co. Then the dual of T?(X) is
TP (X*), where 1/p + 1/p" = 1, and the duality is realized for functions f € T?(X) and
g € TP (X*) via

dyd
o =a [ Fo.e0.0 B,

where ¢, is the volume of the unit ball in R".
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The following theorem combines results from [7, Theorem 4.8] and [8, Corollary
4.3 and Theorem 1.3]. The tent space T>(X) is defined in the next section.

THEOREM 3.6. Suppose that X is UMD and let Y be a Schwartz function with vanishing
integral. Then the operator

Tef(y,)="Y:* f(y)

is bounded from LP(R"; X) to TP(X) whenever 1 < p < oo, from H'(R"; X) to T'(X)
and from BMO(R"; X) to T (X).

4. Tent spaces T'(X) and T (X)

Having completed our overview of tent spaces 77(X) with 1 < p < co we turn to the
endpoint cases p = 1 and p = co, of which the latter remains to be defined. As for the
case p = 1, our aim is to show that 7'(X) is isomorphic to a complemented subspace
of the Hardy space H'(R";y(X)) of y(X)-valued functions on R". In the case p = oo,
we introduce the space 7*°(X), which is shown to embed in BMO(R"; y(X)), that is,
the space of y(X)-valued functions whose mean oscillation is bounded. The idea of
these embeddings was originally put forward by Harboure et al. in the scalar-valued
case (see [5]). _

Recall that the tent over an open set E C R”" is defined by E = {(y,1) € R"*! :
B(y,t) C E} or equivalently by

E=R"! \ U T(x).
x¢E

Observe that while cones are open, tents are closed. Truncated cones are also needed:
for x e R" and r > 0 we define I'(x;r) = {(y, 1) e ['(x) : t < 1}.

In [8] Hytonen and Weis adjusted the quantities that define scalar-valued atoms and
T* functions in terms of tents to more suitable ones that rely on averages of square
functions. More precisely for scalar-valued g on R*! we have

\ff mwwnﬂd—fj‘ 1%mmwwnﬂ
T'(x;rp) R*x(0,rp)

:jﬁ 12,0718 0 B, D125
0
from which one reads

d dy d
j\@m2y ‘fL J(ﬂfﬁl fl@m2yt

This motivates the definition of a 7' (X) atom as a function a : Rﬁ“ — X such that for
some ball B we have suppa C B, Irya € L>(R""!) ® X for almost every x € B and

fEf adW
B I'(x)

2

dx <
1B
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Then 1p(ya differs from zero only when x € B and so

2,1/2
”allT‘(X):f(E f adwW ) deIBIl/Z(fE f adw
" I'(x) B I(x)

Furthermore, for (equivalence classes of) functions g : RTI — X such that 1. g €
L>(R™1) ® X for every r > 0 and almost every x € R" we define

2 (12
dx) <l

2 1/2
llgll7=¢x) = sup (J[E f gdw dx) < o0,
B B I'(x;rp)
where the supremum is taken over all balls B ¢ R".
DeriniTioN 4.1. The tent space T%(X) is defined as the completion under || - ||7~(x)

of the space of (equivalence classes of) functions g : R"*! — X such that lr.»g €
L2(R"™1)® X for every r > 0 and almost every x € R" and for which ||g|l7=(x) < 0.

4.1. The atomic decomposition. In an atomic decomposition, we aim to express
a T'(X) function as an infinite sum of (multiples of) atoms. The original proof for
scalar-valued tent spaces by Coifman, Meyer and Stein [4, Theorem 1(c)] rests on a
lemma that allows one to exchange integration in the upper half-space with ‘double
integration’, which is something unthinkable when ‘double integration’ consists of
both standard and stochastic integration. The following argument provides a more
geometrical reasoning. We start with a covering lemma.

LemmA 4.2. Suppose that an open set E C R" has finite measure. Then there exist
disjoint balls B/ C E such that
Ec U 5BJ.

=1

Proor. We start by writing d; = supg_ 7z and choosing a ball B! C E with radius
r1 > d;/2. Then we proceed inductively: suppose that balls B', ..., B have been
chosen and write

dyi1 =sup{rg : BCE,BNB/ =0,j=1,...,k).

If possible, we choose B! ¢ E with radius rg.; > dis1/2 so that B<! s disjoint from
all B',..., B*. Let then (y,1) € E. In order to show that B(y, ) C 5B/ for some j we
note that B(y, t) has to intersect some B’: indeed, if there are only finitely many balls
B/, theny e Bi for some j. On the other hand, if there are infinitely many balls B/ and
they are all disjoint from B(y, t), then r; > d;/2 > t/2 and E has infinite measure, which
is a contradiction. Thus, there exists a j for which B(y,f) N B/ # () and so B(y,t) C 5B/
because ¢ < d; < 2r; by construction. o

Given a 0 < A < 1, we define the extension of a measurable set £ C R" by

Ey={xeR": Mlg(x)> A}.
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Here M is the Hardy—Littlewood maximal operator assigning the maximal function

Mf() = su fB SOy, xeR,

B>x

to every locally integrable real-valued f. Note that the lower semicontinuity of M f
guarantees that £’ is open while the weak (1, 1) inequality for the maximal operator
assures us that |E;| < 17'|E].
We continue by constructing sectors opening in finite number of directions of our
choice. To do this, we fix vectors vy,. .., vy in the unit sphere S"1 of R” such that
V3
max v-v, = —
1<m<N 2
for every v € S*~!. In other words, every v € $"~! makes an angle of no more than 30°
with one of v,,. We write
3
Sm:{veS”‘l VeV 2 i}
2
and observe that the angle between two v,V € §,, is at most 60°, ie. v-V > %
Consequently, [v — V| < 1.
For every x € R" and ¢ > 0, write

y—x
ly =
for the sector opening from x in the direction of v,,. For any two y,y" € R, (x,t), the
angle between y — x and y’ — x is at most 60° (when y and y’ are different from x),
implying that [y — y’| < . Hence the proportion of R,,(x,?) in B(y, t) for any y € R,,(x, 1)
is a dimensional constant, in symbols,

R (5,01 _

By, )]
For every 0 < A < ¢(n) it thus holds that M1g, (s > A in B(y, t) whenever y € R,,,(x, 1).

Writing E* = E:,(n) 5 We have now proven the following result.

Lemma 4.3. If E C R" is measurable and y € R,,(x,t) C E, then B(y,t) C E*.

Rm(x,t)z{yeB(x,t): eSmoryzx}

c(n), yeR,(x1).

Note that the next lemma follows easily when n = 1 and holds even without the
extension. Indeed, if E is an open interval inE and x € E, then one can choose x; and
X, to be the endpoints of E and obtain I'(x) \ E C I'(x;) U T'(x2). On the other hand, for
n > 2 the extension is necessary, which can be seen already by taking E to be an open

ball.
Lemma 4.4. Suppose that an open set E C R" has finite measure. Then for every x € E
there exist x1,...,xy € OF, with N depending only on the dimension n, such that
N
L)\ E ¢ | T ).

m=1
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Proor. For every 1 <m < N we may pick x,, € dE in such a manner that
X — X

€S
|xm_x|

and |x,, — x|, which we denote by t,, is minimal (while positive, since E is open). In
other words, R, (x, ;) C E. We need to show that for every (y,7) € T'(x) \ E* the point
y is less than # away from one of the x,,. Thus, let (y, #) € I'(x) \ E*, which translates to
|x —y| < tand B(y,t) ¢ E*.

Consider first the case of y not belonging to any R,,(x, t,,). Then for some m,

-x
Y €S, and |y—x|>t,.
ly — I
Now the point
y—x
=1y + X
ly — I

sits in the line segment connecting x and y and satisfies |z — x| = 1,,. Hence the
calculation

|y_xm| < |y_Z|+|Z_xm|
Z—X Xm—X

=ly—z+tm

m tm
Z—X Xy — X

=ly—zl+ |z - x

lz—x  |xm —
<ly-z+lz—x
=ly—x <t
where we used the fact that [v —v'| < 1 for any two v,V' € S, shows that (y, 1) € ['(x;,).
On the other hand, if y € R,,,(x, ,,,) for some m, then |y — x,,| < t,,, since the diameter

of R,,(x, t,,) does not exceed t,,. Also B(y,t,,) C E* by Lemma 4.3 so that #,, < ¢ since
B(y,t) ¢ E*, which shows that (y, 1) € ['(x,,). O

We are now ready to state and prove the atomic decomposition for 7! (X) functions.

TueoreM 4.5. For every function f in T'(X) there exist countably many atoms ay and
real numbers Ay such that

f= ; Avar  and ; [ S Al -

Proor. Let f be a function in T''(X) and write

2,1/2
‘f faw ) >z%
I'(x)

for each integer k. By Lemma 3.1, each Ej is open. For each k, apply Lemma 4.2 to
the open set £} in order to get disjoint balls Bi C E; for which

=1

EkZ{JCERnZ(E

https://doi.org/10.1017/51446788714000123 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000123

[13] The vector-valued tent spaces 7' and 7 119

Further, for each of these covers, take a (rough) partition of unity, that is, a collection
of functions y; for which

OS)(isl, inzlonﬁ\z and supp)(iCSBi_
=1

For instance, one can define )(,'( as the indicator of 53,1 and Xﬁ for j > 2 as the indicator
of

S
5B] \U 5Bi.
i=1

We are now in the position to decompose f as

J——
%

Write A, = E; \ E

k+1°
F=Ytaf=2 > xaf=>" > A,
keZ keZ j>1 keZ jz1
where
. . 2 1/2
A= |SB£|1/2(f E f faw dx) .
5B] T(x0)NAk

J—

Observe that a,{ = Xil At //li is an atom supported in SBI{.

It remains to estimate the sum of /li. For x ¢ E;.1,

f fdw
T(x0)NA,

by the definition of E;,;. The cones at points x € Ey, are the problematic ones and
so in order to estimate /li, we need to exploit the fact that 1, f vanishes on E; . Let
x € Ey;1 and use Lemma 4.4 to pick xy,...,xy € 0Ey.1, where N < ¢’(n), such that

2

E dx < 451

N
T\ B, < TG,
m=1

Now xi,...,xy ¢ Ery1 which allows us to estimate
2 N 2,1/2,2
E f Faw S(Z(E f Fdw ) ) < N4+
T(x)NAk =1 Txm)
Hence, integrating over SB,{ we obtain
2 .
f E f fdW|| dx <|5BJlc'(n)*4**".
5B] T()NA
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Consequently,

Z Z /li <c(n) Z 2k Z |5B£|

kezZ j>1 kez i1

<dms" ) 2E;)

keZ

< (m)An)'s5" Z Pl oN
keZ

< MAM) 5" fll7 x)-
O

It is perhaps surprising that the UMD assumption is not needed for the atomic
decomposition.

4.2. Embedding T'(X) into H'(R"; (X)) and T*(X) into BMO(R"; y(X)).
Armed with the atomic decomposition we proceed to the embeddings. Suppose that
¥ 1 [0, 00) — Ris smooth, that 1} 1) < || < 1[0,4) for some @ > 2 and that & U(x))dx =
0. For functions f : R"! — X we define
J . _ lx — y| n n+l
wf(X,y,t)—l//Tf(Y,t), XER,()’,I)ER+ 5
and note immediately that ﬁg Juf(x)dx=0.

Recall also that functions in the Hardy space H'(R"; (X)) are composed of atoms
A :R" - y(X) each of which is supported on a ball B ¢ R”, has zero integral and

f
B

For further references, see Blasco [1] and Hytonen [6].

2

1
dx < —.
|B|

f A(x;y,0)dW(y,1)
RTI

Tueorem 4.6. Suppose that X is UMD. Then Jy, embeds T'(X) into H'(R"; y(X)) and
T*(X) into BMOR"; y(X)).

Proor. We argue that J, takes 7' (X) atoms to (multiples of) H'(R"; y(X)) atoms. If a
T'(X) atom a is supported in B for some ball B C R”, then Jya is supported in @B and
f Jya = 0. Moreover, since X is UMD, we may use the equivalence of T?(X) norms

(Theorem 3.4) and write
2
dx g f E f adW
B I(x)

f B
aB

The boundedness of J, from T'(X) to H'(R";y(X)) follows. In addition, since

1[0’1) < |w|, it follows that ”f”T'(X) < ||Jg//f||Ll(R”;7(X)) < ”Jl,bf”H](R";y(X)) and so J‘l’ is also
bounded from below.

2 1
dx < —.
|B|

fR ‘!’(lx%yl)“(y’ AW (,1)
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To see that J, maps 7 (X) boundedly into BMO(R"; y(X)), we need to show that

( f E f (Jwg(x;y, ) — JC Jyg(z;y,1) dz) dW(@,1)
B R B

for all balls B ¢ R". We partition the upper half-space into R” X (0, rz) and the sets
A = R" x [2K1rg, 2%rp) for positive integers k and study each piece separately.

On R" x (0, rp),
2 412
) < (JCE f gdw
B Lo(xirp)

(JC (//(
B R7%(0,r5)
< llgllze

since |y < 1j0,4) and the T?(X) norms are comparable (Theorem 3.4). Furthermore, as
one can justify by approximating  with simple functions,
2)1/2

(2 [ s ﬁ o220

S(JLI;E fm(or)w(k y')g(y,t)dW(y,t)

which can be estimated from above by ||g||7~, as above.
For each k and x € B, we claim that

HE) o5

whenever (y, t) € A;. Indeed, if (y, f) € Ay N Ty12(x), we may use the fact that
uwp Y |—— < 57— =2

Qi BB

for all z € B, while for (y,1) € Ay \ Tp42(x) we have [y — x| > (@ + 2)t > at + 2rp so that
[y —zl = |y — x| — |x — z| > at for each z € B, which results in

Jl) - o5 =

fAk%£(¢(|x;y|)—¢/(|Z;y|))dde(y,t)
: z_k(fE f gaw de)l/z,
B AT 442(%)

But every Ay N T'y12(x) with x € B is contained in any I'y,¢(z) with z € 2*B. Indeed, for
all (y,1) € Ay NTgya(x),

2 1/2
dx) < llgllzecx

lz -yl 2

172
dx)

) (v, 1) dW(y, 1)

2 )1/2

<271, Lo D),

lx — | g —k

This gives

(2

2 \12
dx)

y—z<ly—xl+|x—z <(@+2t+ Q2+ Drg < (a +6)t.
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2
J(: E f gdW| dx < JC E f gdw
B AT g4a(x) 2¢B To46(2)

Summing up, we obtain

S o S s
k=1 k
N 2
= kZ:; Z_k(JgB . jl;m(z) g dZ)m

S llgllr=cx)-
To see that ||gl7=x) < [[JygllBMO®R"(x) it suffices to fix a ball B C R" and show, that

for every x € B,
lx =yl lz =yl
lr(x;rg)(y’ t) < w(—y) - w(—y)dZ’,
t (a+2)B t

2dx < JCBE LT] g(y,t)(l/f(|x;y|)‘ JﬁmB"{’(lZ;yl)dz)

< (a + 2)"lJygllBMOE":y(x))-

Hence,
2

dz.

2

172
dx)

since this gives us
JC E f gdw
B I(x;rp)

Now that 1jo;) < [/| and fR,, Y(|x|) dx = 0, it is enough to prove for a fixed x € B, that

2
dx

supp w('—;y') C(a+2)B

for every (y,t) € I'(x; rp), i.e. that B(y, at) C (@ + 2)B whenever |x — y| < t < rg. This
is indeed true, as every z € B(y, at) satisfies

lz—x|<lz=yl+|y— x| < (a+ Drp.

We have established that, also in this case, Jy, is bounded from below. O

It follows that different T'(X) norms are equivalent in the sense that whenever
Lio,1) <14l < 1j0,0) for some a > 1, we can take smooth y : [0, c0) — R with |¢] < ] <
1[0’20{) to obtain

1A lr oy < Ve fll @y < W flloi@eyooy < Vo flla@eyoo) S 1 lzeo-

To identify T'(X) as a complemented subspace of H'(R";y(X)) we define a
projection first on the level of test functions. Let us write

T(X) = {f:R™ = X : Iryyf € LAR"™) ® X for almost every x € R"}
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and
S(y(X)) = span {F : R" x R’f' - X: F(x;y,0) =¥, 0f(,1)
for some ¥ € L™(R" x R"") and f € T(X)}.
Observe that J, maps T(X) into S(y(X)) and that S(y(X)) intersects LP(R"; (X))

densely for all 1 < p < oo and likewise for H'(R"; y(X)).
For F in S (y(X)) we define

(NyF)(x;y, 1) = w(@)%% fR ” w(@)ﬂz;y, Nz,

where ¢, = fRn ¥(|x)* dx. Now N, is a projection and satisfies NyJy, = J,. Also, for
every I € S(y(X)) we find an f € T(X) so that Ny F = J, f, namely

1 z—

e f (N rernd ners,
thn Rn t

Tueorem 4.7. Suppose that X is UMD. Then N, extends to a bounded projection

on H'(R"; (X)) and Jy extends to an isomorphism from T'(X) onto the image of

H'(R"; y(X)) under Ny.

Proor. Let 1 < p < co. For simple L*(R"*!) ® X -valued functions F defined on R" the
mapping (y,£) = F(-;y,£) : R — LP(R"; X) is in L>(R™!) ® LP(R"; X) and we may
express Ny using the averaging operators as

(NyF)(5y,0) = AL (F(y,0)).

Since X is UMD, Stein’s inequality guarantees y-boundedness for the range of the
strongly L”(R"; X)-measurable function (y, f) A” . and so by Lemma 2.1,

it
" P P
E f Ay (F(3y,0)dW(y, 1) <E f F(y,0)dW(y,1) :
R:Hl Lp(]Rn ;X) R’iﬂ Lp(Rn ;X)
P p
In other words, ||Ny F|| D®Ryx) S [|1F|| Lr®1y(X))"

We wish to define a suitable L(y(X))-valued kernel K that allows us to express N,
as a Calderén—Zygmund operator

NyF(x) = f K(x,2)F(z)dz, F € LP(R";y(X)).
RVI

For distinct x, z € R" and we define K(x, z) as multiplication by

(y,t)'_)w(lx—yl) 1 w(lz—yl),

t eyt t

A o)

and so

IK(x, Dl cyexyy = sup
(y,t)GR"H
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)

while |x — z| < at guarantees that

For |x — z| > at,

1 a"

<

cyt" T cylx =z

|x — yI

<

c(,,t” lﬁ( : ; yl)

(=

Hence,

1K Cx, Dl 2eyixyy S .
(X)) |x _ Z|n

Similarly,

w,(lx—yl) 1 w(lz—yl)‘s 1

V.K(x,z x) = Su .
” X ( )”L(V( ) p t thn+l t |x_Z|”+1

()R

Thus K is indeed a Calder6n—Zygmund kernel.

Now [, ¥(|x]) dx = 0 implies that [,, N,F(x)dx = 0 for F € H'(R"; (X)), which
guarantees that Ny, maps H L(R™; ¥(X)) into itself (see Meyer and Coifman [12, Ch. 7,
Section 4]). O

We proceed to the question of duality of 7'(X) and T®(X*). Assuming that X is
UMD, it is both reflexive and K-convex so that the duality

H'(R"; y(X))* ~ BMOR"; ¥(X)*) ~ BMO(R"; y(X*))

holds (recall the discussion in Section 2) and we may define the adjoint of N, by
(F,N,G) = (NyF,G), where F € H'(R"; y(X)) and G € BMO(R"; y(X*)). Moreover,
as T'(X) is isomorphic to the image of H'(R";y(X)) under Ny, its dual T'(X)* is
isomorphic to the image of BMO(R"; y(X™)) under the adjoint le and the question
arises whether the latter is isomorphic to 7°°(X*). For J, to give this isomorphism
(and to be onto) one could try and follow the proof strategy of the case 1 < p < co and
give an explicit definition of N; on a dense subspace of BMO(R"; y(X™)). Even though
the properties of the kernel K of N, guarantee that N, formally agrees with N, on
LP(R™;y(X™)), it is problematic to find suitable dense subspaces of BMO(R"; y(X™)).

In order to address these issues in more detail, we specify another pair of test
function classes, namely

T(X)={g: R™ — X @ g € AR @ X for every r > 0
and for almost every x € R"}
and
S((X)) = span{G : R" xR} = X G(aiy,1) = ¥(x:y.080.1)
for some ¥ € L (R" x R’f’l) and g € T(X)} / {constant functions}.

https://doi.org/10.1017/51446788714000123 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000123

[19] The vector-valued tent spaces T'and 7% 125

Since fRn Y(|x]) dx = 0, the projection N, is well-defined on §(y(X)). Moreover,
given any G € S (y(X)) we can write

1 |z =yl
s0n = — f¢( [ )G(z V.0 dz

to define a function g € T(X) for which N,G = J,g. But §(y(X)) has only weak*-
dense intersection with BMO(R"; y(X)) (recall that X ~ X**). Nevertheless, J, is an
isomorphism from 7% (X) onto the closure of the image of §('y(X)) N BMO®R"; y(X))
under N,. It is not clear whether test functions are dense in the closure of their image
under the projection.

The following relaxed duality result is still valid.

TueorEM 4.8. Suppose that X is UMD. Then T*(X*) isomorphic to a norming
subspace of T'(X)* and its action is realized for functions f € T'(X) and g € T*(X*)
via

dyd
o =c [ Gon.e0.m S,

where c depends on the dimension n.

Proor. Fix a smooth ¢ : [0, c0) — R such that 1} 1y < /| < 1jg4) for some & > 2 and
&n Y(x]) dx = 0. By Theorem 4.7, T'(X) is isomorphic to the image of H'(R"; y(X))
under Ny, from which it follows that the dual 7'(X)* is isomorphic to the image of
BMO(R"; y(X*)) under the adjoint projection Nf;’ which formally agrees with N,.
The space T*(X"), on the other hand, is isomorphic to the closure of the image
of §(y(X*)) N BMO(R"; y(X*)) under Ny, in BMO(R"; ¥(X*)) and hence is a closed
subspace of T'(X)*. We can pair a function f € T!(X) with a function g € T*(X*)
using the pairing of Jy, f and Jy, g and the atomic decomposition of f to obtain

d
U= Y oaun )= 3 f " fR () . gy

= CnCy Z Ak L"*‘ (ar(y, 1), g(y, t»T
k +

dyd
= CnCy L’l+]<fw’ t)7 g(y9 t)>yTta

where ¢, denotes the volume of the unit ball in R”. The space L*(R") ® L*(R"*!) @ X*
is weak*-dense in BMO(R"; y(X*)) and hence a norming subspace for H LR y(X)).
As it is contained in S (y(X*)) N BMO(R"; y(X™)), we obtain

1Al ) = My Sl @y = SUPKwa G)| = SupI(Nwaf G)l
= Slép [KJy f, NyGHl = sup KUy f, Jy )l = sup Kf, &),
g g

where the suprema are taken over G € §(y(X*)) N BMOR"; y(X*)) with
”GHBMO(R";)/(X*)) <1and g€ T°(X*) with ||g||7'oo(x*) <1. [m]
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