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We explore the existence of travelling wave solutions to coupled, advection–
reaction–diffusion (ARD) equation systems in one spatial dimension that come
from mathematical biology. The specific ARD systems of interest are those in
which diffusion is small (relative to the other terms), such that the systems are
singularly perturbed. By looking for travelling wave solutions, the ARD systems are
reduced to singularly perturbed systems of first-order ordinary differential equations,
which we analyse using geometric singular perturbation theory (GSPT) and canard
theory. Travelling wave solutions are then represented by heteroclinic orbits in a
multidimensional phase plane.

Singular perturbation problems possess an inherent separation of scales. Geometric
singular perturbation theory enables us to separate these scales into independent,
lower-dimensional subsystems, which are more amenable to analysis. We construct
solutions to the full system as concatenations of components from each of the
subsystems. The justification for this method is provided by GSPT, specifically
Fenichel theory. Canard theory is required, in addition to standard GSPT, when there
is a fold in a critical manifold, along which the system loses normal hyperbolicity
and hence Fenichel theory no longer applies. Along this fold, canard points can exist
that allow solution trajectories to pass through the fold curve, via the canard point.
These trajectories are either canard solutions, which pass from the attracting to the
repelling branch of the critical manifold, or faux canard solutions, which pass from
the repelling to the attracting branch. For the ARD models under consideration in this
thesis, the combination of the folded nature of the critical manifold and the existence
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of canard points, specifically folded saddle canard points, is essential for the existence
of travelling wave solutions with steep fronts, which become shocks in the singular,
diffusion-free limit.

Our analysis focuses on three specific models from the mathematical biology
literature: a haptotaxis-dominated model of malignant tumour growth [2], a model
of chemotactically driven wound healing angiogenesis [3] and a version of the Keller–
Segel model for which explicit solutions are known [1].

Firstly, we prove the existence of travelling wave solutions for an extended,
biologically more realistic version of the malignant tumour model in [2] with small,
rather than zero, diffusion. In the singular limit of no diffusion, these solutions reduce
to those that have previously been identified numerically and can be classified into
three distinct types. As well as providing a first proof of existence of the three types
of solutions, our results validate a modelling assumption that the effect of diffusion is
negligible, which is not evident in the original analysis. Furthermore, we prove the
existence of a fourth type of wave that is physically unrealistic due to a component
with negative cell density and so was previously neglected.

Secondly, we prove the existence of a novel, shock-fronted travelling wave solution
for the wound healing model in [3] assuming that two conjectures hold. The
conjectures relate to the validity of numerically observed behaviour. A proof of
existence of a previously identified smooth travelling wave solution is also provided.
In addition, we generalise these results to broader parameter regimes and discuss the
potential for more exotic solutions: for example, where a solution trajectory passes
through multiple canard points. The analysis of this model is similar to that of the
malignant tumour model. However, it is significantly more involved due to the addition
of two model parameters that complicate the slow dynamics. For example, up to five
canard points may exist along the fold in the critical manifold, which interact and
change type as the parameters vary, rather than a single folded saddle canard point.

Finally, we investigate the existence of travelling wave solutions for a version of
the Keller–Segel model for which explicit solutions are known in the diffusion-free
limit. In this context, we also demonstrate the effects that small but unequal diffusion
coefficients have on the results.
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