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UNIVALENT AND STARLIKE GENERALIZED
HYPERGEOMETRIC FUNCTIONS

SHIGEYOSHI OWA AND H. M. SRIVASTAVA

1. Introduction and definitions. A single-valued function f(z) is said to
be univalent in a domain 2 if it never takes on the same value twice, that
is, if f(z)) = f(z,) for z, z, € & implies that z; = z,. A set &'is said to be
starlike with respect to w, € & if the line segment joining w,, to every other
point w € & lies entirely in & If a function f(z) maps 2 onto a domain
that is starlike with respect to w, then f(z) is said to be starlike with
respect to wy. In particular, if w, is the origin, then we say that f(z) is a
starlike function. Further, a set & is said to be convex if the line segment
joining any two points of & lies entirely in & If a function f(z) maps 2
onto a convex domain, then we say that f(z) is a convex function in 9.

Let o7 denote the class of functions of the form

() f@)=z+ X2 az

n=2

which are analytic in the unit disk % = {z:|z| < 1}. Further, let.% denote
the class of all functions in .« which are univalent in the unit disk % Then
a function f(z) belonging to % is said to be starlike of order a(0 = a << 1)
if and only if (cf. [1], [3], and [9])

(1.2) Re(%ii))) >a (z €U

for 0 = a < 1. We denote by ¥ *(«) the class of all functions in % which
are starlike of order a. Throughout this paper, it should be understood
that functions such as zf"(z)/f(z), which have removable singularities at
z = 0, have had these singularities removed in statements like (1.2).

A function f(z) belonging to % is said to be convex of order a
(0 = a < 1) if and only if

(1.3) Re(l + M) >a (z €W

/@)
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for 0 = a < 1. We denote by #(«) the class of all functions in.%” which are
convex of order a.

We note that f(z) € H{(«a) if and only if z/(z) € ¥ *(a). We also
have
(1.4)  F*a) € .*¥0) = F* H(a) € H(0) =K and

Ha) € L *a) CF

for0 = a < 1.

The classes ¥ *(a) and X (a) were first introduced by Robertson [9], and

were studied subsequently by Schild [13], MacGregor [S], Pinchuk [8], Jack
[3], and others.

Finally, leta; (j = 1...., p)and b, (j = 1,..., q) be complex numbers
with '
bj #0,—-1,—-2,...;5j=1...,q
Then the generalized hypergeometric function pF(2) is defined by
(1L.5)  F(2) =  Fla.....a:b ... b, z)
S (a])” <t (ap)n Z”
- —rrs (p=q+ 1),

n=0 (b]),, ... (bq),, n!
where (), is the Pochhammer symbol defined by

1, ifn=0,
(1.6) ), = {}\(}\+ H..A+n—1), ifnes ={1.2,3,...}

We note that the qu(z) series in (1.5) coverges absolutely for |z| < co if
p<gq+ l,andforz € %if p = g + 1. The condition p = g + 1 stated
with the definition (1.5) will be assumed to hold true throughout this
paper.

Merkes and Scott [6] proved a result involving starlike hypergeometric
functions. More recently, Carlson and Shaffer [1] presented a study of
certain interesting classes of starlike, convex, and prestarlike hypergeo-
metric functions by applying a linear operator defined by a certain
convolution. In the present paper, we prove several interesting results
concerning univalent generalized hypergeometric functions, starlike gener-
alized hypergeometric functions of order «, and convex generalized
hypergeometric functions of order a. Furthermore, by making use of a
certain linear operator involving fractional calculus defined by Equation
(5.14) below, we establish several general characterization theorems in
terms of fractional calculus of functions f(z) belonging to some of the
classes of analytic functions defined above.

2. Univalent generalized hypergeometric functions. A function f(z)
belonging to the class ./ is said to be close-to-convex if there is a convex
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function g(z) such that

2.1y Re(f,(z)

)>0 z € ).

/(Z

We note that f(z) is not required a priori to be univalent (cf. Lemma 2
below), and the associated function g(z) need not be a function belonging
to the class 2Z In the sequel we shall require the following lemmas due to
Jack [3] and Duren [2], respectively.

LeMMA 1. Let w(z) be regular in the unit disk %, with w(0) = 0. Then, if
w(z) | attains its maximum value on the circle |z| = r (0 = r < 1) at a
point z,, we can write

(22)  zW'(z)) = mw(z)),
where m is real and m = 1.
LEMMA 2. Every close-to-convex function is univalent.

We now prove our first result on univalent generalized hypergeometric
functions, contained in

THEOREM 1. Let the generalized hypergeometric function ,F,(z) defined
by (1.5) satisfy the condition

P 1-8
11s
i
2.3) qu’(a,, PN by, .. .,bq; z) — .
IT s
j=1
p 1-8
I1q
z Fay, ... a, by, ... b 2)|B =17 (1)B
< —
pF‘;(al,...,ap; bl,...,bq; z) q 2

Jfor some fixed B = 0 and for all z € U, where

p

I1 4

Jj=1

q
ITy,

J=1

(2.4) > 0.

Then ,F,(z) is univalent in the unit disk %.
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Remark 1. In Theorem 1 and elsewhere in this paper, a, B, a, (j = 1,
.»p)and b, (j = 1,..., q) are thought of as being fixed and z varies
over the unit disk %.

Proof. For the function H(z) defined by

q
IT s,
j=1

2.5 H(z) = p—{qu(al, cees ay b,,..‘,bq; z)y — 1}, z €%,

.H“j
J=1

the condition (2.3) implies

zH"(z)

’ . 1-8
2.6) |H(z) — 1 e

B (1)B
<(-].
2
Further, it is clear that H(z) €
Now define the function w(z) by

27 w(z)=H((z)—1

for z € %. Then it follows that w(z) is analytic in the unit disk % with

w(0) = 0.
Substituting for H(z) into the left-hand side of (2.6) from (2.7), we get
¢ B 1\8
28)  Iwiz)|' AT o (—) :
I + w(2) 2
that is,
/ B B
YR ey R L
w(z) 1+ w(2) 2

where the comment about removable singularities applies just as in (1.2).
Assume that there exists a point z; € % such that

(2.10) max| w(z)| = Iw(z)| = 1.

2| =12,
Then we can put

w'(z)) _
lw(zl)

m =1

by means of Lemma 1. Therefore, we obtain
ZW(z)) . 1 B - (m)B - (1)5
w(z) 1+ wi)| \2/ 2/’

2.11) |wzp |-
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which contradicts the condition (2.9), and so also (2.3). This shows that
(212) w(@) | =H'() — 1] <1,

which implies that Re(H’(z) ) > 0 for z € % Note that g(z) = z is convex
in the unit disk % For such g(z), H(z) satisfies

H(z)
g’(z)) >0 (z €.

(2.13) Re(

Consequently, we get

pE;(al, Ceesay by, ... ,bq; z)
8'(2)

provided that the inequality (2.4) holds true. The inequality (2.14) implies

that the generalized hypergeometric function ,F, (z) — 1 is close-to-convex
in the unit disk % Thus we have the theorem by virtue of Lemma 2.

>0 (z €),

(2.14) Re(

COROLLARY 1. Let the generalized hypergeometric function (2) defined
by (1.5) satisfy the condition

4 g
j=1 j=1
2.15 Fay,...,a,;by,....b;z)— <
( ) pq(l P> 7l ¢ 2) q q
b, b
j=1 / /'=|/

for z € U, where (2.4) holds true.
Then 5(2) is univalent in the unit disk %.

Proof. Corollary 1 follows immediately from Theorem 1 when we set
B =0.

COROLLARY 2. Let the generalized hypergeometric function oF5(2) defined
by (1.5) satisfy the condition
sz;f(al,...,ap; bl,...,bq; z) <1
pE;(al,...,ap; by, ..., by z) 2
for z € U, where (2.4) holds true.

Then o(2) is univalent in the unit disk %.

(2.16)

Proof. Taking B8 = 1 in Theorem 1, we readily have Corollary 2.

3. Starlike generalized hypergeometric functions of order «. We begin
by applying Lemma 1 to prove

LEMMA 3. Let the function f(z) defined by (1.1) satisfy the condition
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B B

(3.1 < (1 — a)HB(l — %a + 012)

ZAE N A
/) /@)

for some fixed a and B (B = 0; 0 = a = 1/2), and for all z € U
Then f(z) is in the class ¥ *(a).

Proof. 1t suffices to show that
Re(z/"(2)/f(2)) > a
under the condition (3.1). Define a function w(z) by
G 1 - (1= 20we)
/() I+ w(z)

forO0 = a = 1/2 and z € % Then it is clear that w(0) = 0. Differentiating
both sides of (3.2) logarithmically, we obtain

(3.2)

(3.3) g2 21— aw@f, w'(2) L
f’(z) 1 + W(Z) {1 — (1 — 2a)w(z)}w(z)
whence
aa 2@ @)
f@) f(z)

_ ‘2(1 — a)w(z)

I+ wi) * (Z:((zz)))(l - —1 2a)w(z))’ﬁ’

It should be observed that

(3.5) Re(zf(z)) Saowz) <1 (e
/(@)
and, in particular, that the inequality involving « holds true at z = 0, since
w(0) = 0. If
Re(zf(z)) =aforz=2 €U
/@)
and
Re(zf (Z)) > a for |z] < |zl
f(@)

then we have
w@) | <Iwz)| =1 for|z| < |zl

and, in view of the definition (3.2) above, w(z;) # —1.
Now, applying Lemma 1 to w(z) at z = z; € % and putting
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zw(zy) = mw(zy) (mreal and m = 1),
we have
2@ VS e | { ma }B
@6 (2L ) TRLE) 2 g - gl T
TS ‘ I L ST

= — a)'*zﬂ(l 3.4 az)B
2
from (3.4). The restriction 0 = « = 1/2 is dictated by the definition (1.2)
and by the fact that the condition 1 — 2« = 0 is required in our transition
from (3.4) to (3.6).
The inequality in (3.6) contradicts the condition (3.1). Thus we can
conclude that

Re(zf"(z2)/f(z)) > a forz € %,
that is, that f(z) € ¥*(a), and the proof of Lemma 3 is completed.

By applying Lemma 3, we next prove the following theorems involving
starlike generalized hypergeometric functions of order «a.

THEOREM 2. Let the generalized hypergeometric function () defined
by (1.5) satisfy the condition
37 zqu(al,...,ap,bl,...,bq,z) -« e
qu(a,, Ceea by, ..., bq; z)
for0 = a = 1/2.
Then the function z pF,(2) is in the class S *(a).

Proof. Define the function G(z) by

3.8) G(z) = z Fyay, ... a, by, ..., b, z) forz € %
Then the condition (3.7) becomes
Go 2@ _ 414 cew),

G(z)

where the comment about removable singularities applies just as in (1.2).
By taking 8 = 0 in Lemma 3, we thus conclude from (3.9) that

G(z) € (o),
which proves Theorem 2.

Remark 2. Evidently, since ¥*(a) € ¥* C & the function G(z) is
univalent in % under the hypotheses of Theorem 2.

COROLLARY 3. Let the generalized hypergeometric function ,F,(z) defined
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by (1.5) satisfy the condition (3.7).
Then

(3.10)

= | Fay, ... a,

(—ITZI)ZTI_—“) by, ... by 2) |

1
(1= [y

IA

for0 =a=1/2and:z € %
The result (3.10) is sharp for the generalized hypergeometric function
,F,(2) for which

(ay), ---(a,),
by, - - (bq),,

Proof. 1t is well known from the work of Robertson [9, p. 385] that

(3.11) -2 —2a), (n=.

l2]
(312) mm = Iszl(al,...,ap; bl""’bq; Z)l
< A
(1= 1z
for

z /)Fq(al, PN by, ..., bq; z) € L*(a),

which implies (3.10). Furthermore, again following Robertson [9, p. 385],
the sharpness condition (3.11) is readily obtained.

THEOREM 3. Let the generalized hypergeometric function o) defined
by (1.5) satisfy the condition

Y . .
z Flay,....a,0 b, ....b, z)

pE;(al, ceea ) by, ..., bq; z)

(3.13)

_ 3
< — a) ’(1 —5a+a2) (z € U)
for 0 = a = 1/2 and

I)
314y Ila #o0.
j=1

Then ,F (z) is starlike of order a with respect to 1.

Proof. The function H(z) defined by (2.5) is in the class &/ and
satisfies
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ZH"(z)
H'(z)

"/ . .
zqu(a], e Ay by, ... ,bq, z)

(3.15) :
pF;i(a]a L) ,ap; b], e ,bq; Z)

_ 3
< (1 — a) l(l ——a+a2)
2
for z € . Consequently, we can see (upon setting 8 = 1 in Lemma 3)
that
H(z) € %),

that is, that H(z) is starlike of order a with respect to the origin for
0=a=1/2
Now Theorem 3 follows from the definition (2.5).

Remark 3. Clearly, since #*(a) € &#* C % the function H(z) defined
by (2.16) is univalent in % under the hypotheses of Theorem 3.

Merkes and Scott [6] established a theorem on starlike hypergeometric
functions. By using their technique mutatis mutandis, we can easily
prove

THEOREM 4. Let 0 < b = 2 and b = a < c. Also let the hypergeometric
Sunction ,F\(a, b; c; z) be defined by (1.5) withp = 2 and q = 1.
Then the function z yF\(a, b; ¢; z) is in the class *(1 — (1/2)b).

Remark 4. Since *(1 — (1/2)b) € ¥* € % 0 < b = 2, the function
A(z) defined by

ANz) = z ,F|(a, b; ¢; z)
is univalent in % under the hypotheses of Theorem 4.
4. Convex generalized hypergeometric functions of order a. Corre-
sponding to Theorem 2 and Theorem 4, we have the following results

(Theorem 5 and Theorem 6) on convex generalized hypergeometric
functions of order a.

THEOREM 5. Let the generalized hypergeometric function ,F,(z) defined
by (1.5) satisfy the condition (3.7) for 0 = a = 1/2.

Then the function
Zp+]Fq+|(a], [P ,ap, 1; bl’ PPN ’b([’ 2; Z)
is in the class X ().

Proof. First observe that zf’(z) € ¥ *(a) is equivalent to f(z) € H(«),
and that
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z, Fay ... a5 b .. b 2) € P Ha)

under the condition (3.7), in view of Theorem 2. Therefore, we have

/()p q(alﬂ"-~ap; b],~~-, t/’ t)dl S f(a)

Further, by a simple computation using (1.5), we obtain

A.1) f;)p Flay....a, by ... by t)dt
=z, F,na, . oan by oo by, 25 2),
which completes the proof of Theorem 5.
Remark 5. Since ¥(a) € " C ¥ the function
z b an o sa, 1 by, by 25 2)
is univalent in % under the hypotheses of Theorem 5.

THEOREM 6. Let 0 < b = 2 and b = a < c. Also let the hypergeometric
Sunction sF(a, b; c; z) be defined by (1.5) withp = 2 and g = 1.
Then the function

z 3Fy(a, b, 15 ¢, 25 z2)
is in the class #(1 — (1/2)b) for z € «.
Proof. The proof of Theorem 6 is much akin to that of Theorem 5.

Indeed, instead of Theorem 2, it uses the assertion of Theorem 4.

5. Applications of fractional calculus. Let the functions /;(z) be defined
by

oo
G S = 2 a2
n=0 -

forj = 1, 2. Denote by f; * f5(z) the Hadamard product or convolution of
two functions fi(z) and f,(z), that is,

(52)  fi* folz) = Z a1, 2"

Also let the function ¢(a, c¢) be defined by
a)n H
63 ea =S Dt (e
n=0 (C)”

where (as usual) ¢ # 0, —1, —2, ... . The function ¢(a, ¢) is an
incomplete beta function with
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Ma, c; z) = z ,F(1, a; ¢; z).

Corresponding to the function ¢(a, ¢), define a linear operator on &/ by
(1, p. 738, Equation (2.2) ]

(54 LAa o)f = dla.c)* f

for f(z) € o/ Then Ha, ¢) maps ./ onto itself. Moreover, if a # 0, —1,
—2, ..., then #, a) is an inverse of H(a, ¢). Note also that [1, p. 739]

(5.5 H(@) = LA, L),
and that
(56) Zq+qu(al,...,aq+]; bl"“’bq; Z)
Q (@), - (ag), P
n=0 (bl)” PN (bt])ﬂ n!
= Lay b)) ... Aa, b)Aa,, . D, 1 2).

By using the linear operator #(a, c), Carlson and Shaffer [1] have
represented a result of Suffridge [17] as follows:

LEMMA 4. If a = B = land a < 1, then
(5.7) L2 - 28,2 — 200F*a) C F*B) C F*a).

Remark 6. 1t should be noted that ¥*(a) ¢ & when a < 0 in Lemma 4.
Our definitions for ¥ *(a) and X (a), involving the inequalities (1.2) and
(1.3), require that 0 = a < 1.

A function f(z) defined by (1.1) and belonging to the class .« is said to
be prestarlike of order « (a = 1) if and only if

f € F*a) (a<1)

* z
(1 — -
(5.8) { ?)
Re([@) >1 (z € U a=1).
2

4

We denote by 2(a) the class consisting of all functions in & which are
prestarlike of order a. The class 2(a), introduced by Ruscheweyh [11], may
be represented by

(5.9)  2) = AL 2 — 20F*@) (a < 1)

and

(5.10) 2(1) = {f €/ Re(f(z)/z) > % ;e %}
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by using the linear operator #(a, c).

Many essentially equivalent definitions of fractional calculus (that is,
fractional derivatives and fractional integrals) have been given in the
literature (cf., e.g., [10] and [16] ). We find it to be convenient to recall here
the following definitions which were used recently by Owa [7] (and by
Srivastava and Owa [15]).

Definition 1. The fractional integral of order \ is defined, for a function
J(z). by
_ 1 : ’
1 e - - f L0
FA) 7%z =%
where A > 0, f(z) is an analytic function in a simply-connected region of
the z-plane containing the origin, and the multiplicity of (z — {)A‘I is
removed by requiring log(z — {) to be real when z — { > 0.

x4

Definition 2. The fractional derivative of order \ is defined, for a function

f(z), by

1L d (7 f®
T(1 — Ndz 70 — &)

(5.12) DM(z) = ~d,
where 0 = A < 1, f(z) is an analytic function in a simply-connected
region of the z-plane containing the origin, and the multiplicity of
(z — §)*)‘ is removed as in Definition 1 above.

Definition 3. Under the hypotheses of Definition 2, the fractional
derivative of order n + X is defined by

n

13 D) = L),

z

where 0 = A < 1l,and n € & U {0}.

By using these definitions of fractional calculus we introduce the linear
operator Q" defined by

(5.14) Q% =TQ2 — NADM(z), N #2.3.4,...
for functions (1.1) belonging to the class 2/ Then we observe that

(ee]

(5.15) QY =12 — A)ZAD?( a,1+|z"+])
0

n=

§ I'(n + 22 — A) n

= a4

n=0 I'(n +2 —X)

— 22,2 — N,
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where a; = 1 and, as already pointed out, A # 2,3, 4, ....
We now prove

THEOREM 7. If the function f(z) defined by (1.1) is in the class #(1/2),
then QY € #*(1/2) for 0 = X\ < 1, that is,

(5.16) W(%) c y*(%) O=x<1).

Proof. With the aid of (5.5) and (5.15), we have

(5.17) mxf(%) = A2,2 — VAL, 2)%(%)

1
=71,2 — A).V*(E).
Since #*(1/2) € #*((1/2)A) for 0 = (1/2)A < 1/2,

1 1
(5.18) mxf(i) c A2 — A)y*(ix).
Further, putting « = (1/2)A and 8 = 1/2 in Lemma 4, we get
1 1 1
(5.19) A1, 2 — )\)Y*(—}\) c y’*(—) c y*(—A),
2 2 2
which implies (5.16).

CoROLLARY 4. Let the generalized hypergeometric function ,F,(z) defined
by (1.5) satisfy the condition

z Fay,...,a,;b,...,b,; z) 1
(5.20) |24 2 _ 7 <2z e
pF;I(al,...,ap;bl,...,bq;z) 2
Then
1
Mz, Fay.....a, by, ... b2 2)} € y*(a),

where 0 = A < 1.

The proof follows from Theorem 5 and Theorem 7. Furthermore, from
Theorem 6 and Theorem 7, we have

CoOROLLARY 5. Let 1 = a < ¢. Then
1
Qx{z sh(a. 1, 1;¢,2;2) ) € y*(T),

where 0 = A < 1.
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THEOREM 8. Let 0 = A < 2. Then
1 1
(5.21) QW(—A) = Q(—A).
2 2
Proof. By using (5.5) and (5.15), and then (5.9), we can see that

(5.22) SZW(%A) = 42,2 — NAL, 2)5/*(?)

= Al 2 — A)y’*(%x)

()
2
provided, by virtue of the definition (1.3), that 0 = (1/2)A < 1.

In view of Theorem 5 and Theorem 6, Theorem 8 yields the following
corollaries.

COROLLARY 6. Let the generalized hypergeometric function ,F,(z) def ined
by (1.5) satisfy the condition

z Fl(ay,...,a,; b,..., b, z) 1
(5.23) |l L : <1-—-\A (z€2
I,Fq(al, SN bi,..., bq, z) 2
for0 =X = 1.
Then
\ 1
(5.24) Q {szFqH(al,...,ap, by ....b,2:2)} € Q(EA).

COROLLARY 7. Let 0 = A < 2and2 — N = a < c. Then
1
(5.25) Q)\{z a2 =N 1¢2;z)}) € Q(i)\).

Finally, we prove the following characterization theorem for the
generalized hypergeometric function qu(Z) by using the linear operator
Aa, c).

THEOREM 9. Let the generalized hypergeometric function ,F(z) defined
by (1.5) satisfy the condition (3.13) for0 = a = 1/2, and let the constraint
(3.14) hold true.

Then

Zp+|1‘—;l+|(al + 1,...,ap + ], 1; bl + 1,...,[)‘[ + 1, 2; Z)
is in the class ¥ *(a).

Proof. As proved in Theorem 3, we note that the function H(z) defined
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by (2.5) is in the class ¥*(a) € ¥* C ¥ Hence

(5.26) fo Jridez € H(a),

by means of the definition of the class #(«). In fact,

: H(t
(5.27) 2O 4
0 4
q
Iy
=— fo t L Efay. . a by b ) — 1dr
Ha/
=t
=AMz , 4 Fypiap + 10000a, + 11
by +1,....b, + .21 2)].
so that
(5.28) AL 2z 4 Fyyilay + L., a, + 1. I

b, + 1,..‘,bq + 1,2, 2)] € Ha).

Applying the linear operator #(2, 1) in (5.28), and using the relationship
(5.5), we complete the proof of Theorem 9.

6. Further applications of the linear operator Q. We now recall the
following lemma due to Ruscheweyh and Sheil-Small [12].

LEMMA 5. Let h(z) and g(z) be analytic in the unit disk % and satisfy

h(0) = g(0) =0, KO #0, g'(0) # 0.

Suppose that, for each 6 (lo| = 1) and p (lp| = 1), we have

1 + poz
1

6.1)  h(z) * ( )g(z) 0 (zex— {0}).

Z

Then, for each function F(z) analytic in the unit disk U and satisfying the

inequality
(6.2) Re{F(z)} >0 (z € %),
h = k(z)}
6.3 Re{————=
(6.3) e{h*g(z) >0 (z €,

where k(z) = F(z)g(z).

By using Lemma 5, we prove
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THEOREM 10. Let the function f(z) defined by (1.1) be in the class & * and
let, for each o (lo] = Dandp (lp| = 1),

(1 + poz

(6.4) L£2,2 — \) f( )) #0, Vze o — {0)

Then Q}‘f(z) is also in the class ¥ *.
Proof. In view of (5.15), we have

A ’ Y
(6.5) RC{M} _ Re[ﬂ_(zf_@}

Y (2) QY ()
_ Re{§ﬂ2~2 "%X%fTZ))}
LA2,2 — Nf(2)
< (2)11 n+l %
(”%) ——(2 N, ) (zf” (Z))
< (2)11 n+l %
();O -—(2 Yy ) f(z)
Putting
_ o (2)n n+1
= 2 n
Fo) = Zf’(Z)’
f(2)
and g(z) = f(z) in Lemma 5, we conclude from (6.5) that
2@ ) )']
(6.6) Re{ Q)‘f(z) >0 (z €,

which evidently implies that Q>‘f(z) € %* and we thus complete the proof
of Theorem 10.

Next we recall the following result due to Twomey [18].

LEMMA 6. Let the function f(z) be in the class & *. Then
(1 + D’/

|z[log

|2

1
(1~ e toe[ {2

Jfor z € U Equality in (6.7) holds true for the Koebe function

2/'(2)
/@)

=1+

(6.7)
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oz
(1 — 2"

Applying Lemma 6 to Theorem 10, we immediately have

6.8)  f(z) =

CoroLLARY 8. Under the hypotheses of Theorem 10,

2100
Izllog((l + lzl) IQf(Z)l)

A _sr
69 L) s(zif;((z)))' =1+ 'Zl| e
Z
: (1~ I >log(1 )
_—

Jfor z € U Equality in (6.9) holds true for the function f(z) given by
z

6.10 :.,?2—)\,2(4).

610) f(z) = A P

Now we recall the following lemma due to Singh [14].

LEMMA 7. Let the function f(z) be in the class #*. Then

zf'(z)} 1 — |z
6.11) R = |
(6.11) e{f(z) FRal
and
(1 = lzD)Af@) |
2z|log| —--F—"——
(6.12) Re{zf'(z)} _ 1+l § Og( l2| )
' & T 1= a1+ 1]
(1~ I:Piog( =1
forz € %

Equality in (6.11) is attained for a function of the form

Z
(1 _ ZeiY)28(1 _ ze~iy)2(178)

(6.13) f(z2) =

0 =68 =1;7yrea),

and equality in (6.12) is attained for a function of the form

6.14) f(z) = O=8=1),

yA
(1 — 2)2(1 + )29

where 8 satisfies

L+l (A + 12 f@)]
(6.15) 28 log(1 — lzl) = log(——————lzl )

From Lemma 7 and Theorem 10 we readily have

COROLLARY 9. Under the hypotheses of Theorem 10,
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m(sz(z))} 1= 2P
(6.16) Re{ Mo ) 1277 () |
and
(1 — 2D)2Y @) |
2|z[1
- Re[szk(zf'(z))] _1tkl, o Og( el )
' Q) )T 1 - | 1+ |z
~ IePyog -]
— |zl

for z € U. Equality in (6.16) is attained for the function

z
1 — Zei'Y)ZS(l _ Ze"l"Y)z(l —08) }’
and equality in (6.17) is attained for the function

(6.18) f(z) = L2 — A, 2)[(

. z
(6.19) f(z) = L2 — A\, 2)[(l a0 2)2(1;8)},

where vy is real, 0 = 8§ = 1, and 8 satisfies (6.15).
For functions belonging to the class ¥, we prove

THEOREM 11. Let the function f(z) defined by (1.1) be in the class ¥ and
let, for each o (lo| = 1) andp (lp| =

(6.20) L2, NL2, 2 — )\)(1 * ”"Zf(z)) £0. Vzex— {0).

Then Q f(z) is also in the class K.
Proof. With the aid of Theorem 10, we observe that
f(2) e = zf'(z) € &¥*
= QNzf"(2)) € #*
= 2(f(2)y € 7*
s e ex
which evidently proves Theorem 11.

Finally, in order to prove some interesting generalizations of Theorem
10 and Theorem 11 (contained in Theorem 12 and Theorem 13 below), we
recall the following lemma due to Lewis [4].

LEMMA 8. Given p, with —oco < p < oo, let
- 1

(6.21) f(z) = EO T

n+1

https://doi.org/10.4153/CJM-1987-054-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-054-3

HYPERGEOMETRIC FUNCTIONS 1075

forz € U
Then f,(z) is in the class X whenever p = 0.

THEOREM 12. Let the function f(z) defined by (1.1) be in the class o and
satisfy, for each o (o] = 1)and p (|p| =

(1 + poz

(6.22) £A2,2 - N (f f(Z)))

Sor p = 0 the function f,(z) being given by (6.21).
Then @ (fu * f(2)) is in the class S*.
Proof. We note that

2N, *f(z)))’} e {ﬂz, 2 = N(/f zf,';(z))}
A fey T Tl 2 = M)

( 23 (—)"A) a"“znﬂ) * (i)

= Re ,al:l

b 2
FCS

and, by Lemma 8, f,(z) € X" C &* for p = 0. Setting

(6.23) Re[

oo
2
h(z) = E ( )n a,,+l2"+l, al = 1

n=0 (2 — A),
Fy = 2E9),
Ju2)
and g(z) = f,(z) in Lemma 5, we find that
Q)\ * ’
(6.24) Re{Z( A(f’,‘ /@) } >0 (z € ),
QS * ()

that is, that Qx(f” * f(z)) € ¥*.

CoroLLARY 10. If f(z) is in the class &* and satisfies the condition
(6.22) for p. = 0, then Qx(f# * f(2)) is also in the class S*, f,(z) being given
by (6.21).

Remark 7. Taking f(z) € &* and p = 0 in Theorem 12, we have
Theorem 10. :

Ruscheweyh and Sheil-Small [12] (see also [2, p. 248, Theorem 8.6'])
proved the following lemma.

LeMMA 9. If f(z) € * and g(z) € K then [ + g(z) € S *.
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We shall make use of Lemma 8 and Lemma 9 in order to prove

THEOREM 13. Let the function f(z) defined by (1.1) be in the class A" and
satisfy, for each o (lo| = ) andp (lp| =

(6.25) A2, VA2, 2—}\) (f *f(z))) #0 (ze€x— {0})

forp = O the function f,(z) being given by (6.21).
Then Q@ (S, *f(2)) is also in the class A.

Proof. Note that
f) € X = zf'(z) € ¥*
Thus it follows from Lemma 8 and Lemma 9 that
[+ @f'@) € &+
for u = 0. Applying Corollary 10, we observe that
f(z2) e ¥ = zf'(z) € &*
= /[, % (f'() € F*
= N/, * (zf"(2))) € #*
= 2N/, x f(2))) € &*
=N/ +f(2) e X
which obviously completes the proof of Theorem 13.

Remark 8. Taking p = 0 in Theorem 13, we have Theorem 11.

REFERENCES

1. B. C. Carlson and D. B. Shaffer, Starlike and prestarlike hypergeometric functions, SIAM
J. Math. Anal. 15 (1984), 737-745.

2. P. L. Duren, Univalent functions, Grundelheren der Mathematischen Wissenschaften 259
(Springer-Verlag, New York, Berlin, Heidelberg and Tokyo, 1983).

3. L. S. Jack, Functions starlike and convex of order a, J. London Math. Soc. (2) 3 (1971),
469-474.

4. J. L. Lewis, Convexity of a certain series, J. London Math. Soc. (2) 27 (1983), 435-446.

5. T. H. MacGregor, The radius of convexity for starlike functions of order 1/2, Proc. Amer.
Math. Soc. 14 (1963), 71-76.

6. E. P. Merkes and W. T. Scott, Starlike hypergeometric functions, Proc. Amer. Math. Soc.
12 (1961), 885-888.

7. S. Owa, On the distortion theorems. 1, Kyungpook Math. J. 18 (1978), 53-59.

8. B. Pinchuk, On starlike and convex functions of order a, Duke Math. J. 35 (1968).
721-734.

9. M. S. Robertson, On the theory of univalent functions, Ann. of Math. 37 (1936),
374-408.

https://doi.org/10.4153/CJM-1987-054-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-054-3

10.

11.

12.

13.
14.

15.

16.

17.

18.

HYPERGEOMETRIC FUNCTIONS 1077

B. Ross, A brief history and exposition of the fundamental theory of fractional calculus, in
Fractional calculus and its applications (Springer-Verlag, Berlin, Heidelberg and New
York, 1975), 1-36.

S. Ruscheweyh, Linear operators between classes of prestarlike functions, Comment. Math.
Helv. 52 (1977), 497-509.

S. Ruscheweyh and T. Sheil-Small, Hadamard products of schlicht functions and the
Polya-Schoenberg conjecture, Comment. Math. Helv. 48 (1973), 119-135.

A. Schild, On starlike functions of order a, Amer. J. Math. 87 (1965), 65-70.

V. Singh, Bounds on the curvature of level lines under certain classes of univalent and locally
univalent mappings, Indian J. Pure Appl. Math. 10 (1979), 129-144.

H. M. Srivastava and S. Owa, An application of the fractional derivative, Math. Japon. 29
(1984), 383-389.

H. M. Srivastava, S. Owa and K. Nishimoto, Some fractional differintegral equations, J.
Math. Anal. Appl. 106 (1985), 360-366.

T. J. Suffridge, Starlike functions as limits of polynomials, in Advances in complex function
theory (Springer-Verlag, Berlin, Heidelberg and New York, 1976), 164-203.

J. B. Twomey, On starlike functions, Proc. Amer. Math. Soc. 24 (1970), 95-97.

Kinki University,

Osaka, Japan;

University of Victoria,
Victoria, British Columbia

https://doi.org/10.4153/CJM-1987-054-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-054-3

