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Abstract. The paper deals with local existence, blow-up and global existence
for the solutions of a wave equation with an internal nonlinear source and a non-
linear boundary damping. The typical problem studied is

Uy — Au = |ulP "*u in [0, 00) x Q,
u=20 On[0,00)XF(),
% = —ot(x)|u,|m_2u, on [0, 00) x Iy,

u(0, x) = up(x), u (0, x) = u;(x) on L,

where Q Cc R" (n > 1) is a regular and bounded domain, 9Q = 'y U Ty, A,_1(Tg) > 0,
2<p=<2mn-1)/(n—2)(whenn=>3),m>1,a € L®T), a > 0, and the initial data
are in the energy space. The results proved extend the potential well theory, which is
well known when the nonlinear damping acts in the interior of €2, to this problem.

2000 Mathematics Subject Classification. 35L70 (35L05, 35D05).

1. Introduction. We study the problem

uy — Au = f(x, u) in [0, 00) x R,
u=20 on [0, c0) x Iy, ()
— —O(x, up) on [0, 00) x Iy,

u(0, x) = up(x), u,(0,x)=u;(x) on L,

where u = u(¢, x), t > 0, x € Q, A denotes the Laplacian operator, with respect to
the variable x,  is a regular and bounded domain of R" (n > 1), 0Q =T U T,
yNTy =0, and A,_1(Ty) > 0 (A,—; denoting the (n — 1)-dimensional Lebesgue
measure on 9S2). The initial data are in the energy space, that is uy € H'(Q) and
u; € L*(R), with the compatibility condition uy = 0 on I'. Moreover Q represents a
nonlinear boundary damping, i.e. Q(x, v)v > 0, and f'is an internal nonlinear source,
re. fix, uu > 0.

Work done in the framework of the M.U.R.S.T. project ““Metodi variazionali ed equazioni differenziali
nonlineari”.
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There is a wide literature on problem (1), when f{x, u)u < 0 (and Q(x, v)v > 0).
In this case, under various assumptions on Q and f, global existence and decay
estimates were proved for arbitrarily large initial data. See for example [5], [6], [7],
[8], [16], [17], [18], [20] and [38].

Much less is known when f'is a source term. The only paper in this setting, in
the author’s knowledge, is [19], where global existence and exponential decay for
small initial data is proved for nonlinearly perturbed wave equations.

In the particular case I'j = @ (the same arguments work also when Q = 0), when
fx,u) = [ulP~2u, p > 2, it is well known that the source term causes blow-up of
solutions in finite time for sufficiently large initial data. See for example [2], [12], [13],
[14], [15], [21], [22], [29], [34]. We also refer to the related papers [23] and [24], dealing
with boundary source terms.

In [29] some sharper results, known as a “potential well theory”, were proved
when 2 < p < 2%, where as usual 2* is the Sobolev critical exponent 2n/(n — 2) when
n >3, 2" =00 when n =1, 2. To illustrate this theory briefly let us introduce some
notations: || - ||, = || - [l (), the functional

1 1
T =31Vl =l w < HY(®), @)
the energy function
1
£ =5 (D115 + J(w(2)), 3)
associated to a solution u of (1), and the (positive) number

d= inf  supJ(u). 4)
ueH)(Q),u0 %<0

Moreover the value d is shown to be the Mountain Pass level associated to the
underlying Dirichlet problem —Au = |ul’~u in Q, u = 0 on 3<2.

In [29] it is proved that, if E(0) < d, the solution is global when VJ(uy)uy > 0,
while! it blows-up in finite time when VJ(uo)uy < 0 (note the case VJ(up)ug = 0 is

impossible since E(0) < d). One can easily see (the simple proof can be founded in
[36]) that

Ew(0)) <d, VJuuo <0 <<= ([[Vuoll,, E(0) € 4,
Ew(0)) <d, VJuuo <0 <= (IIVuoll,, E0) € B,

where A4 and B are defined (see Figure 1) by
A={AE)e[0,00)x R:gh)=E<d 1<},

B={ME}e[0,0)xR:gA)<E<d, I>A},

where g(A) =1A*— B{A?/p,1 >0, By is the optimal constant of the Sobolev
embedding, A; is the absolute maximum point of g, and finally d = g(1{) > 0.

'here VJ denotes the gradient vector associated to the Fréchet differential of J on HJ)(S), that is
V(oo = Va5 — lluo |}
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E(0)

d b=

Figure 1. The sets 4 and B in the plane (A, E(0)), where A = ||V ||5.

Blow-up for large initial data was proved in [11] and [25] when the dissipation
arises from an internal nonlinear damping term, that is for solutions of the problem

Uy — Au || 2uy = |ulP"u in [0,00) x ,
u=20 on [0, 00) x 0%, (%)
(0, x) = u,(x), u,(0,x)=u;(x) on L,

when 2 < p <14 2*/2 and m < p (in the case p < min{m, 1 4+ 2*/2} global existence
for arbitrary large initial data is proved in [11]). The extension to (5) of the potential
well theory illustrated above was established in [30] when m = 2, and in [35] when
m< 1.

These results known for the case I'j = ) motivate us to study (1) when, roughly,
Sl u) > [ulPu, p > 2 or flx, u) >~ |ulP"2u— |ul“"%u, 1 < ¢ < p, p> 2, where the sec-
ond nonlinear term plays the role of a nonlinear perturbation acting against blow-
up. The case f(x, u) = |ul’u, p > 2 and Q(x, v) = a(x)v, a € L=(I'}), was studied in
[36], where the global nonexistence part of the potential well theory was established.
The classical concavity argument used there, however, is no longer applicable when
the damping Q is nonlinear. Indeed, also local existence of the solutions of (1) must
be proved when Q is nonlinear, since classical nonlinear semigroup theory cannot be
applied directly in this situation (see [28]).

The assumptions on Q allow, for instance, to consider homogenous damping
terms of the type O(x, v) = a(x)|v|"2v,m > 1, € L®(I'), « > 0. The motivation to
consider «(x) = 1, and in particular infr, @ =0, comes from the case f=0 (or
f(x, wu < 0), studied in [5], [6], [7], [8], [16], [17], [18], [20] and [38]. Moreover, in
these papers, a damping term of the form Q(x, v) = (x — Xo)v(x)g(v), where x¢ is a
fixed point of R", v is the outward normal vector field on dQ2 and the partition
Q2 =Ty U Ty is given by

IMy={xedQ:(x—xo)v(x) <0}, I ={xed:(x—xpv(x)> 0}
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was considered; and exponential (when g is linear near 0), or algebraic (when g is
superlinear near 0) decay was also proved as t — co. When 2 is a simply connected
region infr, (x — xo)v(x) = 0. This shows the interest, in studying blow-up phenom-
enam for damping terms of this type, since they produce boundary stabilization in
absence of source.

Our study also includes the case Q(x, v) = a(x)(|v|" v+ v), @ € L®(T"}), m > 1,
which describes a more realistic dissipation rate, linear for small v and superlinear
for large v (see for example [9]). Roughly, to include both cases, we shall consider
O(x,v) ~ a)(V* v+ V™ 2), 1 < u <m.

To illustrate in a simple way our results we consider the case f(x, u) = |u|’"*u
and u =2, i.e.

Uy — Au = |u|1’72u in [()’ OO) X Q,
u=20 on [0, 00) x Ty, ©)
% = —a()(Ju|"*us + Buy) on [0,00) x I'y,

u(0, x) = up(x), u(0,x) =u;(x) on L,

where m > 1, 8 > 0, « is a measurable nonnegative function on I';. Again to a solu-
tion u of (6) we associate the energy function given by (3). We denote by L"(I'y, @)
the L™ space on I'; associated to the measure ju, defined by pq(A) = [, a(x)dx for
any measurable subset 4 of I'}, and L™(I";, 1) denotes the standard L” space asso-
ciated to A,,_, that is L™(I"}) = L"(T"y, 1). The analogous convention will be adopted
on (0, 7) x I'y, for T > 0. Moreover

Hi (Q) = {ue H(Q): ulp, =0}

(where u|r, is intended in trace sense), equipped with the norm [|Vu||,, which is
equivalent, by the Poincaré¢ inequality (see [37]), to the standard one since
An-1(To) > 0.

Our first result concerns local existence for solutions of (6).

THEOREM 1. Suppose that 2 < p <1+ 2*/2, and that uy € HIFO(Q), uy € LX(Q).
Then there is T > 0 and a unique weak solution u of (6) in (0, T) x Q, such that

u e C((0, T} Hy,(2)) N C'([0, TT; L*()), (7)
u € L"((0, T) x 'y, @), ®)
u, € L0, 7) x 'y, a), if B>0, 9)

and u satisfies the energy identity

(1) — E(s) = — f fr o] + Blu?) (10)

for0<s<t
REMARK 1. The regularity given by (8) and (eventually) (9) is not a consequence

of the trace theorem, but is a further regularity property of u insured by the presence
of the damping term.
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The global existence theorem for initial data ug, u; such that the corresponding
couple (|| Vugll,, E£(0)) is in the region A.

THEOREM 2. If the assumptions of Theorem 1 hold and (||Vuy|l,, E(0)) € A then u
can be extended to [0, 00), and (||Vu(?)||,, E(t)) € A for all t > 0.

REMARK 2. Theorem 1 characterizes in a variational way the neighborhood of
stability of the null solution in which global existence holds, as shown in [19].

Our final result concerning (6) extends to the case I'; # @ the blow-up theorem
of [29].

THEOREM 3. Assume that the hypotheses of Theorem 1 hold, that « € L*°(T'"}) and
(IVugll,», E(0)) € B. Suppose moreover that
2n+ Dp—4(n—1)
nlp—2)+4

(11)

m < my(p) =

Then there is Tyax < 0 such that u blows-up in the L norm of Qast— T,,..

REMARK 3. Assumption A,_;(Ig) > 0, together with the Poincaré inequality,
yields that |Vu(9)||l, — oo as t = T,,,., and of course the Hélder inequality implies
also the blow-up in the L*° norm of .

Assumption (11) strongly reduces the applicability of Theorem 3, see Figure 2,
which illustrate the set of the couples (p, m) satisfying the assumptions of Theorem
3. As my(p) > 2 for p > 2, the result is rather sharp in the sublinear case 1 < m < 2,
while (11) and p <1 + 2*/2 force that m <4 when n =1, m < 3 when n =2 and
m < 2+42/(3n —4) when n > 3. This is due to the difficulty in comparing the effect
of high order dissipation, which is related to the L™ norm on I'j, with the effect of
the source, related to the L” norm on Q.

m

2 (n-1)/(n-2)

m (p)
2+2/(3n-4)

2

m=p

P
2 2 (n-1/(n-2)

Figure 2. The shaded region is the set of the (p, m) couples for which the assumptions of Theorem 3 hold,
when n > 3. The picture is made in the case n = 3.
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In this paper we shall consider nonlinearities f and Q more general than those in
(6), as we indicated above. In particular also the problem

Uy — Au = ulP"u — |u|9"u in [0, 00) x Q,
u=20 on [0, o) x Iy,
% = —oz(x)(|u,|“_2u, + |u[|’"_2u,) on [0, c0) x I'y,

u(0, x) = up(x), u (0, x) = u1(x), in Q

where 1 < u <m, 1 < ¢ < p, can be treated. When 1 < ¢ < 2 the use of a different
argument in the proof of local existence is required. The precise assumptions are
given later, since they become more shrinking passing from local existence to blow-
up through global existence results. The organization of the paper is simple: section
2 is concerned with local existence, while section 3 deals with global existence and
blow-up results.

2. Local existence. We prove a local existence result for the solutions of (1) which
includes Theorem 1 as a particular case. Our assumptions on Q are the following

(Q1) Q is a Carathéodory real function in I'} x R, and there are a measurable
nonnegative function @ on I'y and an exponent m > 1 such that, if m > 2,

(Q(x,v) = O(x, (v — w) = a(x) |y — w|™

forallx eI'y, v,w € R, while, if 1 <m < 2,

(0. ¥) = Qe W) = ) = @)y = "

forall x e 'y, v,w € R, where 1/m+ 1/m’ = 1;
(Q2) there are 1 < u < m and ¢; > 0 such that

10(x, W] < cra @) (v~ + ™)
forall x eIy, veR.
It is clear that
Qo(x, v) = a(x) (V" 2y + v ), l<p=m, (12)

satisfies the assumptions we made on Q. Indeed,

(Qo(x, ) = Qo(x, W) — w) = a()(IV" 2y = " 2v)(v — w).
Hence, when m > 2, (Q1) immediately follows from the elementary inequality

(v 2v — |w|"2w)(v — w) > Const.|v — w|™, v,weR, (13)

where the constant depends only on m. When 1 < m < 2 the condition (Q1) holds
since m’ > 2, again with an application of (13) to [v|"~2v and |w|">w.
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We also remark for a future use some consequences of (Q1)—(Q2). First of all it
follows that

O(x, vy = a(x)|v|" (14)

for all x e I'y, v € R, and, moreover, that Q(x, -) is increasing for all x € I'}, and
0(-,0) = 0 by the continuity of Q in the second variable. Then, if we set

D(x, u) :/ O(x, s)ds, (15)
0
we obtain
Dd(x, u) > %Ivl’” for all xeTI',veR. (16)

Our assumption concerning £ is the following
(F1) f(x,0) = 0 and there are p > 2 and ¢; > 0 such that
A, ) = fox w)l < ealur — ual(1+ oy P72 4 Jua2)
forall x € Q, uy, ur € R.
It is easy to see that
fo(x, u) = alul?™u + blul’u, 2<q<p, a,beR, (17)
satisfies (F1).

We shall also consider later the nonlinearity fy when 1 < ¢ < 2. In this case (F1) is
not satisfied and the proof of local existence requires the use of a different argument.

THEOREM 4. Suppose that (Q1)—(Q2) and (F1) hold, that 2 < p <14 2*/2, and
uy € H, (Q), uy € L*(Q). Then there is T > 0 and a unique weak solution of (1) in
(0, T) x Q such that (7)—(8) hold, with the energy identity

£~ £0) = t [ ot.um (1)
for 0 <s <t, where
B0 = 5 b1 + 5 1901 = [ Fou, (19)
and
Flx, u) = /O fv.s)ds for xe Quck. (20)

REMARK 4. By a weak solution of (1) we mean a function u (with the required
regularity) such that
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/Q ug|, = /0 t [Q upr — VS + [, u)g — /0 t [t Q1)

for all ¢ € C([0, TT; H}O(Q)) N CY([0, T1; L*(R)) N L"((0, T) x Ty, «) and ¢ € (0, T).
An important tool in the proof is the study of the simpler problem

Uy — Au = g(t, x) in [0,7) x ,
u="0 on [0,7) x Iy,
W= —Q(x, 1)) on [0, ) x T, @2

u(0, x) = up(x), u,(0,x) =ui(x) on £,
where T'> 0 and g is a fixed forcing term on (0, 7) x €.

LEMMA 1. Suppose that (Q1)~(Q2) hold, that ge WH(0, T: L3(RQ)), uo,
uy € HY (),

0
Auy € LX(Q), % = —Q(.u) onTy, (23)

and uy € L"™(T'y, «). Then (22) has a unique global solution in (0, T) x Q such that
ue Wh(0, T: Hy, (Q) N W»™(0, T: L (), (24)
u, € L0, T) x Ty, ). (25)
REMARK 5. In (23) the Laplacian of u is taken in distributional sense, and %L\?‘Fl

is not in general well defined by trace theorem, but again in distributional sense, that
is (23), means that

—[ Auog():/Vro(p—i— O(x, uy)gp
Q Q r,

for all ¢ € HILO(Q) N L™(T'}, a) (with a slight abuse of notation). See also [38].
Moreover, by a solution of (22) we mean a function u satisfying (24)—(25) and such
that

f U + / VuVe + | OC, u)g = f gp (26)
Q Q Iy Q
for all g € HY, ()N L™(Ty, ).

Proof. We apply nonlinear semigroup theory. Let H = H}O(Q) x LX),
endowed with the scalar product

([} [, fesamewo

and 4 : D(A) C H— H the operator given by
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u —v
ou

D(A) = {[ﬂ €[H (T : Aue L*(Q), ve L"), ), == —0(,v) onT} }

with

Then (22) can be written as

[Z},ZA[H + [g} [H e D(4),

and the existence of u satisfying (22) and (24) can be proved applying [3,
Theorem 2.2, p. 131], provided that 4 is a maximal monotone operator in H. The
monotonicity of 4 immediately follows by (Q1) as

u u u u
Pl afm ] [2]),- fee-oemmn-m

To prove that 4 is maximal we shall equivalently prove, by the nonlinear ver-
sion of Minty’s Theorem (see [3, pp. 73—74]), that the equation

L0

has a solution ["i| € D(A) for every h = |:h i| € H, i.e. that for every h; € HII-O(Q)
2

and hy € L*(Q) there are u,v € H{, (Q) such that Au e L*(Q) and v € L"™(T'}, o),
which solve

—Vv4u=h in Q,
—Au+v= h in €, 27
M= —0(,v) onTy.

This is equivalent to find v € X = HILO(Q) N L™T1, a) such that
[ oo+ [ otmp= [ o Imve (8)
Q r Q

for all ¢ € X. Indeed, if [$i| solves (27), then (28) holds, and, vice—versa, if (28)

holds then, taking ¢ € C2°(R2), one first obtains that —A(v+h)+ v=hy, so
u = v+ h; has Laplacian in L*(2) and then (27) follows in a standard way.

The functional

1 1
10) =319 + 51018+ [ @Cn) = [ (v = Vi v)
Iy Q
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(we recall that ® was defined on (15)) is of class C'(X, R) by (Q2) and coercive by
(16). By the direct method of the Calculus of Variations (see for example [33]), there
is a critical point of 7, namely a solution of (28).

We proved the existence of u satisfying (22) and (24), so to complete the proof
we have only to verify (25), which is not a direct consequence of (24) or of the
property that u,(t) € L"(T"y, @) for all ¢ € [0, T]. By (24) and the trace theorem one
obtains in particular that u, € L?>(0, T; L>*(T'1)); hence , by the Riesz Theorem, u,
has a representative in L*((0, T) x T'y). Since Q is a Carathéodory function also Q(-, u;)
is measurable on (0, 7) x I';. By (24) we can derive from (26) the energy identity

d (1 1
a’z(2 ||Vu(t)||§+2||u,(t)||§> + fr | OC, u(Du(t) = /Q g(Ouy(1). (29)

Integrating (29) and using (14) and (24) we get v € L"((0, T) x I'1), concluding the
proof. O

We are now ready to give the

Proof of Theorem 4. We adapt the ideas of [11, Section 2], using Lemma 1
instead of [26, Theorem 3.1, Chapter 1]. The only changes arise in proving the analo-
gous of [11, Proposition 2.1], which can be formulated for (1) as follows. Given any

ue Xr=C(0, T; Hy,(R)) N C'(0, T1; L*()

there is a unique weak solution v € X7 (in the sense of Remark 4) of

— Av=f(x,u) in [0, T x €,
V:O On[O,T)XF(),
S =—0(x, ) on [0, T) x I'y,
v(0, x) = up(x), v:(0, x) = u1(x) on £,

(30)

such that v, € L™((0, T) x ', @) and the energy identity

o [ oem= [ [
holds for 0 <s < 1.

We start approximating the data uy and u, respectlvely in H. ,(€2) and L*(Q), with
more regular (enough to apply Lemma 1) data uf, u¥, k € N, Verlfylng the compat-
ibility condition (23),.

We simply approximate u; in L*(2) with u’l‘ € CX(Q), so that, to satisfy also
(23) we must find u§ € HJ, (Q) such that Auf € LX(Q), 5 3"0 =0on T and uf — ug in
Hl ,(€2). This is equlvalent to prove that the hnear subspace

1 2
vz +5 IIVVIIz

9
X= {veH}O(Q):AveLz(Q), a—‘V):o on rl}

is dense in HL , (), ie., thanks to the Hahn-Banach theorem, that for any given
u e Hy, (Q) such that
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(.M (=0 for all v e X, (31)
0

implies that ¥ = 0. This fact can be proved with the following simple argument:
given any such u, take v such that

(v, ¢>H1‘,0(Q) = (u, )12 forall ¢ € H}O(Q), (32)

which exists by Lax-Milgram theorem (see [4]). Then Av = u € L*(RQ) and % =0 (in
the sense of Remark 5), so v € X. Putting ¢ = « in (32) and using (31) we obtain that
u=0.
Next we approximate u in C([0, T]; H}, (2)) N C'([0, T]; L*()), endowed with
the standard norm [ull = max [lu,(?)ll, + [lu(D)] (), With uk e ([0, T] x Q), by
1 s .
standard convolution argunients (see [4]). We note that f(x, -) € Lip;,.(R) and

‘a—f(x, w)| < 2e(1 + |ulP~?). (33)
ou

by (F1). Consequently f(-, u*) € W"1(0, T; L*(Q)) by (F1)and (33). Then, applying
Lemma 1, for any k € N there is

v e W0, Ti Hy, () N W(0, T: LA(R)), Woe LM((0, T) x Ty, ),

solution of

VK — AV = fix, uF) in[0, T) x Q,

=0 on [0, T) x Iy,

2 — —Q(x, vk on [0, T) x I'y, (34)
V0, x) = ulg(x), v’t"(O, X) = u’l"(x) on 2.

Now we verify that v* is a Cauchy sequence in X7, reproducing verbatim the proof
of [11, Proposition 2.1] and using (F1) and (Q1).

To verify that (up to a subsequence) v* is a Cauchy sequence in L™(T'y, &), we
note that, using the same arguments of [11], one can deduce that

T . .
/O /F (0. ) = 0Cr ) =) > 0 as jok — o,

When m > 2, (Q1) immediately yields our claim. When 1 < m < 2 from (Q1) it fol-
lows that

H |v]t'|)1172v]t' _ |V¢C|’1172V¢C

) -0 as j,k — oo,
L™ (Iy,e)

so, using [4, Théoréme IV.9], there is y € L™ (I';, «) such that (up to a subsequence)
[WE|"=1 < x on 'y and v* is u,—a.e. convergent on I'y. Then, by the Lebesgue domi-
nated convergence theorem, vi" is convergent in L"(I"y, «).

Passing to the limit as £k — 0 in (34), and using (F1) and (Q2), we find a unique

solution of (30) exactly as in [11], concluding the proof. O

https://doi.org/10.1017/S0017089502030045 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502030045

386 ENZO VITILLARO

As mentioned above, assumption (F1) is not satisfied by f; given in (17) when
1 < g < 2 (unless a = 0). The rest of this section is devoted to this case. Indeed we
shall consider nonlinearities f satisfying the more general assumption

(F2) f(x,0) =0 and there are 1 < ¢ <2 < p and ¢, > 0 such that
| fix, ur) — i, w)] < eoflur — wal(1+ P72 + o ™2) + Jur — w7
forall x € Q, u;,ur € R.

This case requires a different technique in order to prove local existence of the
solution, that is the application of the Schauder fixed point theorem instead that the
contraction principle as in [11]. For this reason we cannot consider the case
p =1+ 2*/2 and we renounce to any claim of uniqueness. This is the content of

THEOREM 5. Suppose that (Q1)—(Q2) and (F2) hold, and 2 < p < 1 4+ 2*/2. Then
the statement of Theorem 4 (except for the uniqueness of the solution founded) holds.

Proof. We indicate the modifications of the proof of Theorem 4 which are nee-
ded. Certainly we cannot directly use Lemma 1, since (-, «*) does not belong in
general to W1(0, T; L*(R)), in order to prove that (34) has a solution for any k € N.
We shall use a further simple approximation process. Indeed by (F2)
f(-,uF) € L*((0, T) x ), and then we can choose x** € CX((0,T) x ), e > 0, such
that x*¢ — f(,u*) in L*(0,T)x Q) as ¢— 0t. By Lemma 1 there is
vee e wheo(0, T; HY (Q)) N W2>(0, T; LA(Q)) solution of (22) with g = x**. Then
w=1vke — k3 o 5> 0, is a solution of

Wy — Aw = xle — k9 in[0,T) x ,
w=20 on [0, T x I'y,
B = —0(x () + 0(x,11") on [0, T)x I,
w(0, x) = w;(0,x) =0 on £,

which verifies the energy identity

1 1 ! :
3O+ 51900 + [ [ (@1t~ Qs 0t )

t
:/ /(Xk,e o Xk‘a)W[.
0 JQ

Then, by (Q1), a standard use of the Gronwall lemma shows that (v/¢), is a Cauchy
sequence in C([0, T], H}O(Q)) N C'([0, T]; L*(R2)). Hence, using the same arguments
of the proof of Theorem 4, we prove that (v/,"‘g)s is a Cauchy sequence in
L"((0, T x Ty, @) and the limit v* (as ¢ — 0) solves (34). Moreover, starting from the
energy identities for v©¢ and for v/ — v** one obtains that v* and v — V* satisfy the
energy identity.

To show here that V¢ is a Cauchy sequence in X7 we have to modify the previous
arguments first given in [11], and use a more general a priori estimate. Indeed, we

(35)
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shall establish an estimate which is stronger than what is immediately needed here. By
(F2)

foi= ‘ /Q S Cotnr) = F o)t — v2)
< czfg[wl —w|(1+ [ P72 + (ol 72) + [y — wa] ™ ]|vi = o

for any w,uy € Hy (Q), vi,v, € L*(Q). Fix a number re (2p—2,2%), so that
p<l4+r/2<1+2%/2. As2(q—1) <2 < r, using Holder inequality

—2 —2 —
Iy = [l =l (1+ Tl + N5 ) + Nl = ol v = vall

where

LU

ro2 s
(here and in the sequel of the proof C = C(p, q, 2, T, uy, u;) will denote positive
constants, possibly different). Then, since s(p — 2) < r, using Sobolev embedding, we
obtain

o = Clur =l (14 1Van 157 + 1V 572) + oy = ol v = vallo: - (36)

Actually, to prove that v* is a Cauchy sequence in X7 it is enough to apply (36) in
the weaker form (since r < 2%)

Iy = C[IVur = Vaallo (14 19 157 4+ 1921577) + 1V = Val§™ [y = vl
(37

to u; =/, uy = uF, vy = v, v, = ¥ and argue as in [11]. Then we can conclude the
proof of the existence of a solution of (30) as in Theorem 4.

The third and main modification in the proof of Theorem 4 is that, once we
proved the analogous of [11, Proposition 2.1], we cannot follow verbatim [11, Proof
of Theorem 2.1]. Indeed, this was exactly the application of the contraction principle
which, as mentioned above, is no longer appropriate here.

We argue as follows. Define

Yr={ue Xr:u0)=uy, u(0)=u},

and ¥ : Yy — Y7 by W(u) = v where v solves (30). We can still easily prove that, for
R sufficiently large and T sufficiently small, ¥ maps the ball Bgx of Y7 in itself.
Indeed (37) yields that, for u € Bg and R > 1 (since g < 2 < p)

‘ [ 7.

so that we can argue as in [11] using the energy identity.

< C(Ivully + IVl 4 1Val ) Il < 3CR vl
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Next we apply to W the Schauder fixed point theorem (see [10, Corollary 3.6.2]).
We argue as follows: given any sequence u* in By, denoting w = u¥ — i/ for k,j e N,
w solves the problem

Wy — Aw = flx, ) — fix, u¥) in[0,7T) x Q,
w=0 , on [0, T x T,
b= —0(x,v) + O(x, ) on [0, T) x Iy,

w(0, x) = u{)(x) - ul(;(x), w,(0, x) = u’i(x) —uf(x) on Q.

Hence, by the energy identity and (Q1)
1 2 1 2 _ | 2 1 2
I = 3 IO + 3 19wl < 5 w15 +5 1V (013
!
“
0

By (36), which essentially depends on the assumption p < 1+ 2*/2, again with
R=>1

LuuM—ﬂth—ﬁy

1 . 1 ;
I < 5 Ny = 15 + 5 1V = Va3
+ C[BR (1) = d*D)Il, + 1/(1) — " DIIE TIIwi(D)l2
1 . 1 ;
< 5 ety = {115 + 5 1V = Va3
+ C(3R I = lleqo ey + 0 = 15 ) 1wl (38)
Now we claim that, up to a subsequence,
||u] — uk||c([O,T];L,~(Q)) — 0 asj, k — oo. (39)

Indeed {1/()}, is relatively compact in L"(S2) for all # € [0, T] by the Rellich-Kon-
drachov theorem. Moreover, for all s, ¢ € [0, T'], using the interpolation inequality,
the Sobolev embedding and the boundness of «* in Y7

" (s) — uF @)l < 1uF(s) — " @)I5 11" (s) — W (0)]1377 < Const.[lu*(s) — u* ()11

where (consider for simplicity the case n > 3)

so (uF), is equicontinuous in C([0, T]; L'(R2)). The claim then follows by Ascoli’s
theorem (see [31]). By using (38) and (39) and a standard argument we prove that v
converges in Bg, namely the compactness of W. At this point we complete the proof
as in [11]. OJ

3. Global existence and blow-up. This section is devoted to proving our main
global existence and blow-up theorems, which include Theorems 2 and 3 as particular
cases. For this purpose we use a further assumption on f; that is
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(F3) there is ¢3 > 0 such that

F(x,u) < bl |ul?
p
for all x € @ and u € R, where F is the primitive of f defined in (20).

It is clear that f; given in (17) satisfies (F1)~(F3) when l <g<p,p>2,a <0
and b € R.
We set
F(,
Ky = sup .[94(;4) (40)
LteHll,o(Q), u#0 ”quZ
We can suppose without loss of generality that K, > 0. If this is not the case it is
easy to see that F(x,u) <0 a.e. in (0, 7) x R, and in this case global existence for
arbitrary initial data is an immediate consequence of the local existence, the energy
identity and the standard continuation principle. By (F3) one can estimate
Ko < (¢3B1/p)"/?, where B, is the optimal constant of the Sobolev embedding
H}O(Q)<—>L"(Q).
We denote .
no=@/K)"P, B = (‘ - —>)‘%-
2 p
REMARK 6. When f{x, u) = |u|’2u (see [36]) the number E; above is equal to d
defined in (4) and also equal to the Mountain Pass level associated to the elliptic
problem

—Au=|ufu inQ,
u=20 on Iy,

3
&=0 on T,

that is E; is equal to the number in£ sup J(y(?)) (see (2) for the definition of J), where
VEA 1€[0,1]
A ={y e (0, 1]; Hp, () : ¥(0) =0, J((1)) < 0}.

We begin with a lemma, which illustrates the two situations in which we have
information about the time behavior of the solutions of (1).

LEMMA 2. Suppose that the assumptions of Theorem 4 (or of Theorem 5) hold,
together with (F3), and let u be a solution of (1). Assume moreover that E(0) < E;.

(i) If [Vuolly < 21 then [Vu(dlly < A for all t € [0, T1.
(1) If |Vugll, > Ay then there is ko > Ly such that ||Vu(t)||, = Ay and
lu(e)ll, = (pKo/e3)'"xa for all t € [0, T).

Proof. We shall omit for simplicity the explicit dependence on time. We first
note that, by (40),

1
E() = 5 1Vull3 — Koll Vully = g(lIVul), (41)
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where g(L) = A2/2 — KoA?, A > 0. Of course, g is increasing for 0 < A < A;, decreasing
for A > Ay, g(11) = Ey and g(A) - —oo as A — oo. Then, since E, := E(0) < E|, there
are My < A < Ay such that g(1,) = g(A}) = Ey. Denote A = ||Vugl|,. Also, by (18),

E@)<E, forall tel0,T] (42)

Consider now the case (i), that is o < A;. Then, as by (41) we have g(X¢) < Ep, it
follows that 19 < A}. We claim that ||Vu(?)|l, < A} for all ¢ € [0, T, so that (i) follows.
Suppose, by contradiction, that || Vu(t)ll, > A} for some 7y > 0. By the continuity
of ||Vu(-)|l, we can suppose that |Vu(t)l, <Ai;. Then, by (41), E(t) >
g (IVu(to)ll,) > g(1,) = Ep, in contradiction with (42).

To prove (ii)) we deduce as before that Ay > A; implies |Vu(?)|l, > A, for
t € [0, T]. Hence, by (19), (42) and (F3)

1 1 c3
3 IVulls + 3 lhalls = Eo + = llull (43)
and then
C3 1 1
Sl z 31Vl = Eo 2 535 = 802) = Kok,
by definition of g. Finally, [Jull, > (pKo/c3)" 1, which concludes the proof. O

Our global existence theorem is the following

THEOREM 6. Suppose that the assumptions of Theorem 4 (or of Theorem 5) hold,
together with (F3), and that

Vuolly < A1, E(0) < E).
Then the solution of (1) is global on [0, 00), and ||Vu(t)||, < Ay for all t > 0.

Proof. Tt is sufficient to combine the local existence of the solution with the
standard continuation principle (see [32]) and the estimate given in Lemma 2—(i). []

Now we turn to our blow-up result. We need two further assumptions on the
nonlinearities involved:

(Q3) there is ¢4 > 0 such that

O(x, vy = caa(x)(V* + ™), 1<p=m,

forall x eI';, v e R;
(F4) thereis gy > 0 such that for all ¢ € (0, ] there exists ¢cs = ¢5(¢) > 0 such that

JCe, wu — (p — e)Fx, u) = eslul”

forall x € Q, u € R.
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REMARK 7. Clearly Qg given in (12) satisfies (Q3) with ¢4 = 1, and f; given in
(17) satisfies (F4) when a <0 and b >0, with ¢y =p — ¢ > 0 and cs(g) = be/p.
Moreover (Q3) immediately follows from (14) when m = u, while is not a consequence
of (Q1)-(Q2) when u < m. Next (F4) implies the standard growth condition

f(x, wyu > pF(x, u) forall xe Q,ueR. (44)

Clearly (F1)—(F3) and (44) are not sufficient to prove a blow-up theorem, since the
case f'= 0 is included and did not produce blow-up.

THEOREM 7. Suppose that the assumptions of Theorem 4 ( Theorem 5) hold, with
(F3)—(F4) and (Q3), that « € L>*(I"y) and that (11) holds. Let u be the solution of (1)
given in Theorem 4 (Theorem 5). Then, if

Vuoll, > A1, E0) < Ey,

there is Tyax >0 such that |u(t)|l, — oo (and so also |u(?)|. — 0o and
IVu(t)|l, — oo) as t - T

max -

Proof. We appropriately modify the proof of [35, Theorem 2] (see also [11] and
[25]). It is enough to prove that no global solution in [0, c0) can exist. Indeed, the
local existence of solutions together with the standard continuation principle (see
[32]) yields the blow-up of ||u,(l)||§ + ||Vu(l)||§, which, by (43), gives the theorem.
Hence assume by contradiction that u be defined on the whole [0, c0).

Keeping the notations of Lemma 2, let E, € (Ey, E;) be fixed, and set
‘H(t) = E; — E(t). Being H increasing by (18), it follows that

H(t) = Ho :="H(0) = E, — E) > 0. (45)

We shall omit, for simplicity, explicit dependence on time on the notations. By
Lemma 2—(ii),

1 1
H(1) < By — 5 [ Vull3 +/ F(ou) < Ey — =23 +/ F(, u)
2 Q 2 Q
and then, by the definition of £} and (F4),
Hms/inmsﬁwm (46)
Q P
Now we claim that there are positive constants ¢4 and ¢; such that
d
By i= [z 20t} + ol + 1Vl + 21 = [ QCoupn @)
Q I
on [0, 00). Taking ¢ = u in (21) we obtain

bzmw&WWM+Lﬂmw—£Quwu

and then, using (F4), for 0 < & < min{eg, p — 2},
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Bz 2l + [ 1= (p = FC 0+ 50— e = DIVl (0= o)
T —eyH— | OC uu
|
> 2w 3 + eslullh + %(p —&—=2)|Vull; — (p — &) E2 + 2H — O uu.
By Lemma 2—(ii)
%(p — &= 2)|Vull3 — (p — ©)E> = ¢7]|Vull3 + s,

where

(=) =30~ - = ale) =30~ ~ 20— (0~ o)

Clearly ¢; > 0 and, as ¢ — 0™,

1 1
cs(e) > 5(p =20 = pEs > 5 (p = DA} — pEr =0,

so also cg(e) > 0 for ¢ sufficiently small. Fixing a sufficiently small ¢ and setting
¢ = ¢s(g) we conclude the proof of (47).

Now, in order to use the technique of [11] and [25], we estimate the last term in
(47). We denote

- lie, = - ey - Nirne = I ey a)s forany /> 1.

Using (Q2), the Holder inequality (with respect to ), and the fact that « € L>®(T'y),

I = O(, uu

= C1 (Il oIl + Nl Nl )
I

with C| = ¢ (||a||clx/)“ + 1). Applying the Holder inequality again, since u < m we obtain

& (T s 7 o) [ (48)

with Cy = Ca(p, m, c1, ||t oo, 2) > 0.

To estimate the L™(I";) norm of u we introduce the Sobolev space of fractional
order H*(2), where s > 0 is a free parameter, to be chosen later. We recall the
embedding (see [1, Theorem 5.8])

lull,r, < Cillull e

with C;3 = C3(1, s, Q) > 0, which holds for / > 1 and
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Then, using the Holder inequality on Iy,

el r, = Callull )

Cy = Cy(m, s, 2) > 0, for

0<s<l, szﬁ—n_l (49)
2 m
Next, by the interpolation (see [27, p. 49]) and Poincaré inequalities (see [37])
lull sy < Csllully™ [ Vall3,
Cs5 = Cs(s, 2) > 0. Then
e, < Collully™ [ Vally, (50)

for some Cg = Cq(m, 5, 2) > 0. By (48) and (50), using the Holder inequality and the
fact that p > 2,

~1 ~1 1- ;
o (T e L L A

with C7 = C7(u, m, p, s, c1, ||¢]l o, 2) > 0. By Young’s inequality, if
s< =, (51
m

then, for any § > 0,

Iy = Co(COY gl r, o + 81Vl + Sl ) 0057

w.l,a

+ CH(CONurllmr, o« T 8lIVull3 + 5||u||£)||u||11;sfp(1/mfs/2)

for some C(8) = C(3, u, m) > 0. By (45)-(46) we have |ull, > (Hop/c3)"?, hence

from 1 —s=p(}=3) < 1=s=p( -3

Iy = o[ CO) (Il o+ Nty ) + SNV + Sl a0/,

with Cg = Cs(u, m, p, s, c1, ¢3, |l o, 2, Ho) > 0. Next, if 1 —s—p(L—3) <0, that
is if

< ()/61) =

using (46) and setting @, = —[1 — s — p(L —$)]/p > 0, we obtain

m

Iy = G CO( Nl o+ N, o) + 81 Vl3 + Sl
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(with a possibly different value of Cg). Then, by (Q3) and (45), for 0 < a; < «j,
Iy = Gyl s CEYH + 811Vl -+ 8l [
< o[ COMH™ + 81Vul} + oljully

where Cy = Co(u, m, p, s, oy, ¢1, 3, €4, ||| o> 2, Ho) > 0. Choosing § < min{c7/2Cy,
¢6/2Co}, this estimate, combined with (47), gives

Ce 7 1 —a
bz 2llul; + 5 lully + 5 IVully +2H = CloHH™

where Ciy = Cy9C(8). From this point the proof can be completed as in [11] or [25],
provided we can show the existence of a value of the parameter s satisfying (49), (51)
and (52). When 1 <m <2 it is enough to verify that 5 — ”m;l < 1, which is clearly

true. When m > 2, since
E-0/6-) <3

it is enough to verify that m < p and

V(&) @

which is exactly (11). An easy calculation shows that my(p) < p for p > 2, concluding
the proof. O
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