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VECTOR FIELDS ON SOME CLASS OF
COMPLETE SYMMETRIC VARIETIES

YOSHIFUMI KATO

§1. Introduction

In the previous papers [6], [7], we show that the set of an algebraic
homogeneous space G/P fixed under the action of a maximal torus T’ can
be canonically identified with the coset W' = W/W, of Weyl group W. We
find a T invariant Zariski open set near each element we W' and intro-
duce a very nice local coordinate system such that we can express the
maximal torus action explicitly. As a result, we become able to apply
the study of J. B. Carrell and D. Lieberman [2], [3] to the space G/P and
investigate the numerical properties of its characteristic classes and cycles.

The main purpose of this paper is to show that some class of com-
plete symmetric varieties, see the definition in C. DeConcini and C. Procesi
[4], [5], have also a nice local coordinate system as above. The canonical
compactification of a complex semisimple Lie group of adjoint type belongs
to this class. Therefore our results may be related to some combinatorial
problems.

§2. Complete symmetric varieties

To fix the terminology which will be needed later, we recall some
results about complete symmetric varieties. See [4], [5].

Let G be a simply connected complex semisimple Lie group with an
automorphism ¢ of order two. Let H be the group consisting of all ¢
fixed elements. We denote by g and § the Lie algebras which correspond
to G and H respectively. Let H be the normalizer of H in G then it is
of finite index [H; H] = 2° for some integer s. For any subgroup H’ satis-
fying H C H' c H, C. DeConcini and C. Procesi call the homogeneous
space G/H’ a symmetric variety and seek the canonical compactification
of G/H.
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Let T be a ¢ fixed maximal torus whose Lie algebra is {. The auto-
morphism ¢ acts canonically on t and decompose it as t =t,®t, where ¢,
(resp. t,) corresponds to the eigenvalues + 1 (resp. —1). The Lie algebra
1, is that of the torus T, = T while {, is that of the torus T, = {te T|¢
=¢"'}. The product mapping T), X T} — T gives an isogeny. Hereafter
we assume that we choose the torus T for which dim 7; is maximal among
all possible ¢ stable tori. We put ¢ to be the dimension of T, and call
it the rank of the symmetric variety G/H.

Let @ C t* be the root system and

2.1 g=1tD > g
ac @

be the root space decomposition. Since ad(g,) = g.. holds, @ is ¢ invariant.
Moreover it is known that we can decompose @ into positive roots and
negative ones as @=0* U@ satisfying the following condition;

If xc® and a0 on t, then ac @~
We assume this condition and put

(2.2) Oy={xec@la=0ont},
O, =0—-0,.
Then we have
@3 §=1@ 3 6.® 3 CX, + o(X)
where X, is a nonzero element of g,, « € @,. Since the subspace
2.4 L® 2, CX,

is a complement of § in g, the dimension m of the space G/H is equal to
dimt, + 3(0,| = ¢ + $|9,|. Let I'C®* be the set of simple roots and put

(2.5) FO:FH@O:{ﬁl""7ﬁk}y
'=Ine ={a, --,a;.

Here we order «,, ---,@; so that «, — « are mutually distinct for i < ¢
and for each i > £ there is an index s < ¢ such that o, — &/ = a, — o
We put @; = ¥(a; — af) for 1 < i < £ and call them the restricted simple
roots.

C. DeConcini and C. Procesi show that the symmetric variety G/H
admits a canonical compactification X, called a complete symmetric variety,
by using the representation theory of G as follows. Let 2 be a regular
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special weight and V,, the space of irreducible representation of G with
the highest weight 24. Then V,, contains a unique non zero element A’
fixed under H up to non zero factor. Let P,, = P(V,) be the projective
space of lines in V,, and % € P,, be the class of #’. Since the G orbit GA
of A is isomorphic to the space G/H, if we take its closure X = Gh in P,
we can obtain a G equivariant compactification of G/H. And we can
show that X is independent of the choice of 1 and has nice properties.
The following is fundamental.

1) X is smooth.

2) X — Gh is a union of £ smooth hypersurfaces S,, 1 < i < ¢, which
cross transversely.

3) The G orbits of X correspond to the subsets of indices 1,2, -- -, ¢
so that the orbit closures are the intersections S,,N---NS,.

4) The unique closed orbit Y~ G/P is S,N---NS, where P is the
parabolic subgroup of G which keeps the class [v,] representing
the highest weight vector v,, invariant.

The inclusion i: Y= G/P G X induces the homomorphism i*: Pic(X) —
Pic(Y) and then i* is injective. Therefore if the induced line bundle of
L e Pic(X) corresponds to the weight 2, we can denote L by L,. The hyper-
surfaces S;, 1 < i < ¢, are given by the equation y, = 0, where y, is the
i-th coordinate function on V in the next section, and the line bundles
O(S,) are isomorphic to L,,,.

The closure of the T, orbit 7.4 is isomorphic to ¢ dimensional affine

space C'. The isomorphism is given by the mappings;

T,—> Th > C*
(2.6) w W w
t—> th —> (t7, ..., 7)),

And T,k can be identified with the open set (C*)* in C. We decompose
Vi = Cv,®V,, in a T stable way and put 4 =0, ®V,, V=ANX. The
set V contains A and so flTJ.z: C’. The origin of C‘ corresponds to the
highest weight vector v,. Let U be the unipotent subgroup corresponding
to @;. Then the mapping

UxXTh=UXCt—>V

2.7 w w
u,x) —> u-x

gives an isomorphism. In the next section, we will show that the Zariski
open set V in X has excellent properties.
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§3. Vector fields on X

We choose ¢ elements A,, - -+, A, of t, such that @(4)) = — %0, ,, 1 <1,
j < ¢ and identify the T, orbit T2 and (C*)* by the following mappings;

T, > T\h > (C¥)! C C*
3.1) w w 3 w
t, = exp (Zf=1 a,A;) —> exp (Zf=1 a;A)h —> (¥,)i,
where
3.2) y, = expa,, 1<i< /.

Since t;*=exp(—2> ¢, a,a(A,) = expa,, this identification is the same
with that of (2.6). The functions (y,)!_, can be extended as the canonical
coordinate of the affine space C‘.

We can decompose an element J et uniquely as J = J, + J,, J,et,
J,et;, and then J, = 3(J + J°), J, = &(J — J°).

Lemma 1. We have
(3.3) J, = —2 Y a4, .

Proof. We put

Then

() = Ha; — a)(J — J°)
= 3(a; — a))(J) = a,J) .
On the other hand

4
aj(Jl) = ; aiC_Vj(A«;) = _%aj ,
hence we have

Let u be the Lie algebra of the group U. We choose a non zero ele-
ment X; e g, for 7 € §7 and take {X;};c,- as a basis of u. We write as Z =

Dreor Z:X;eu. Let N(T) be the normalizer of T in G. For any element
w of N(T), we can consider the following diagram;
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cm G/H G/H
u , u . " U
(B4  ux(CY —2 5 U.Th > wU. T/
() (] (]
(Z, (y)ie) —> exp Z-exp (3 a,A)-h —> w-exp Z-exp (3T _, a,A)-h
where
(3.5) y, = expa, , 1<i<?.

Since u is nilpotent, the mapping Z — expZe U is one-to-one and onto.

From (2.7), the mapping ¢ is not only isomorphic but also it can be ex-
tended to the isomorphism ¢ as follows

p:Cr— >V < X
(3.6) U u _ U
o: uX (C¥—>U-Th < G/H.

Since the left multiplication of w is obviously one-to-one, the pair (wV,
@ 'ow™") gives a local coordinate on the Zariski open set wV. Since the
origin of C™ corresponds to the class [v,,] € P,, of the highest weight vector
Uy, we can consider that w represents the class [v,,;] € P,, of the extremal
weight vector v,,;. Since we N(T)N P keeps the set V invariant, it is
sufficient to run w over the representatives of W' = N(T)/N(T)N P in
N(T). For brevity we use the same letter w for the coset of W' which
w represents.

THEOREM 2. Let X be the complete symmetric variety that is the canoni-
cal compactification of a symmetric variety G/H. Let wV, we W', be the
Zariski open set defined as above. Then wV is invariant under the left
action of the maximal torus T. Indeed if we use the local coordinate (wV,

o 'ow™) and act an element expJe T, Jet, the coordinate changes from
{@reors (¥)izi}

to

{(exp (wr)(J)z)re o> (exp (—=2(wa )(J))y )i} -

Remark. If X is covered completely with wV, we W', we show that
X admits a very nice local coordinate system as an algebraic homogeneous
space G/P. See [6], [7]. We give a necessary and sufficient condition in
the next proposition.

Proof. We take expJe T, Jet. Then we have
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expJ-wexpZ-exp (2 aiA¢>i~z
=w-w'lexpJw-expZ - w'lexp(—J)w-w'expJw- exp (é aiAi)fz
=w-expw (J)-exp Z-exp(—w(J))-expw(J)- exp (l‘é aiAi)ﬁ
= w-exp (Ad (expw'()Z)- exp (—2 Yja(w () ¢ exp (3 a, A, )
= w-exp (Exp (ad w'())Z) exp (3] (—2wa)) +a)A. k.

Here we put

Y: = €xpa;, 1<i<e,

and use the decomposition

exp (w-1(J)) = exp (—2 ﬁl ai(w"‘(J))> v

where
exp (—-2 }ljm(w“‘(J))) eT,, teT,.
i=1
Since
ad(w(JINZ = [wi(J), X zX)]
76@1_
= > (wnNJ)zX, ,
TEPT

we have

Exp (ad (w(J))Z = exp (wnN))zX, eu.

r€E0T
This completes the proof.
We define a vector field V, on X by the following rule

(37 (V2 )p) = lim —(f(exp )p) — f(p)

where Jet, pe X and f is a function near p. Then from the above theo-
rem, if we use the local coordinate (wV, ¢-'ow™"), V, can be written
explicitly on wV as follows

(38) Vo= 3 @na L =23 wa)y -

€0 2y Vi
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Therefore if we choose J such that

(3.9) @ wn ) %0, Ted;,
(wa)J) 0, 1<i<¢,

V, vanishes at the point we wV in the first order.

ProrosiTION 3. The complete symmetric variety X is covered with the
Zariski open sets wV, we W' ie, X = UpewwV, if and only if all the
T fixed points of X are contained in the minimal G orbit Y ~ G/P G X.

Proof. Since there is the unique T fixed point w in the set wV and
w belongs to Y, if X = UJyew: wV holds, all the T fixed points are con-
tained in Y. We can show the contrary by following the same discussion
used in [6]. If all the 7T fixed points of X are contained in the minimal
G orbit Y~ G/P, they are identified with the set W'. And if X’ = X —
Wwew: wV is not empty, since X’ is a T invariant closed variety, it must
have a T fixed point. See [6] or [9]. But this point can not belong to
W!. This is a contradiction.

Example 4. Let G’ be a simply connected complex semisimple Lie
group and put G = G’ X G’. The automorphism ¢ in G of order two is
given by the exchange

(3.10) ox,y) =(y,x) x,yeCG,
and then
(38.11) H={(x,x)|xeG}.

The space G/H can be identified with the group G” = G’/C(G’) where C(G’)
is the center of G’. In other words, G” is a complex semisimple Lie group
of adjoint type. In this case X is covered with the Zariski open sets wV,
we W' The set W' is the direct product W* = W’ x W’ of the Weyl group
Wof G'. See [4].

Hereafter we assume the following;
(3.12) (Ass.) X= wV.

weW1

But it is an interesting problem to seek a T invariant Zariski open set
near each 7T fixed point concretely when (Ass.) fails. The existence of
such an open set comes from the theory of torus embeddings, that is,
Sumihiro’s theorem.
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We assign one more condition to the choice of J
M (Wn(), red;, and (wa,)J), 1 <i< ¥4, are all real .

TueoreM 5. If X satisfies (Ass.) then the dimension h”? of H(X, 27)
are determined as follows;
1) h»* =0 for p xq,
2) thP o w e W1 p Ualues among ‘(wy)(J)’ T € @1?!' } .
—(wa)J), 1 <i< ¢, are positive

Proof. Since X is a compact kahler manifold with a holomorphic
vector field whose zero set are isolated but not empty, 1) follows. See [3].
Since the eigenvalues of the Lie derivative L,, at we W' are {2wr)(J),
redr, —4(wa)J), 1 <i< L), if we use the result of [8], which is used in

[6], we obtain 2).

§4. Relations to the paper [3]

Let M be a n dimensional compact kihler manifold with a holomorphic
vector field V whose zero set Z = Zero (V) is isolated but not empty. Then
J. B. Carrell and D. Lieberman show in [3] that there exists a filtration
in HYZ, 0,) where the sheaf 0, is 0,/i(V)2' such that
(4.1) 1) HZ,0,)=F.,D>F_,,,D---2>F. ,DF D{0},

4.2) 2) F,.F,CF,,,
(4.3)  3) F_,JF_ ..~ H'M, 2),

(44 4 erH(Z0;) =@ FJF ..~ H M C).

If the zero set Z is simple then we can write Z = {¢, - - -, {,} and consider
that HYZ, 0,) is the vector space C{, @ --- @ C¢,, of complex valued func-
tions on Z.

Let E be a vector bundle on M of rank r. The bundle E is, by defini-
tion, V equivariant if it admits a C-linear homomorphism V: E — E satis-
fying
(4.5) V(f-s) = (Vf)-s+f Vs
where s is a local section of E and f is a function. If we restrict V to
V, = Vlz on Z, V, defines a homomorphism VZ ¢ Hom(E,, E,;) where E,

= E®0,. And the representative of d-th Chern classes, 0 < d <n, of
E in F_, are given by the formula
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(4.6) (=D%u(V,) e HYZ, 0,) .

Here o, is the usual d-th elementary function defined by
@7 det|t] + A| =3 o(A) ¢, AecHom(E, E,).

a=0

We apply these results to the complete symmetric variety X satisfying
(Ass.).

THEOREM 6. Let T(X) be the tangent bundle of X then it is V, equi-
variant. The representative of d-th Chern classes, 0 < d <m, of T(X) in
F_, is the following

W' = Z = Zero(V,)—> C
4.8) w w
W ———> (=D, ((— N )rcor, Qwa)J))i-,) .

Proof. For a local vector field ve T(X), we define
Voo =I[V,

then V, satisfies (4.5). Hence it is V, equivariant. If we use the local
coordinate (wV, ¢'ow™), we W', we have

7.2 —| 5 woezl - 23wy, 7]
0z, I h 0z, =1 dy, 0z
0z,
and
~ ¢
v,0 — |z oz —23 wa)o, 2 |
Y. Th 0z, =1 dy, dy,
—owa) ), 1<i<¢.
0y,

Using matrix notation, we complete the proof.

Remark. From this theorem, the representative of Poincaré dual of

one point in F_, is given by
we—— s C

4.9 w e Y
w— W#‘T/VIT O'm((—"(wr)(J))re@; , Qwa)J))i-)

THEOREM 7. The line bundles associated with local sections of O(S)),
1<i< 4, are V, equivariant. The representatives of the first Chern classes
of them in F_, are given by
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w— C, 1<i<é.
(4.10) W w

Proof. To make the meanings clear, we denote by y¥ the components
¥, 1 <1< 4, of the local coordinate (wV, ¢~'ow™), we @;. On the Zariski
open set V=1¢eV, ¢ =0 is a local equation of S,. Since S; is G stable
and hence W' stable, y¥ = 0 gives a local equation of S, on wV. For ¥,
we define

(Vy0)(p) = lim ~{yt(exp I)p) — ¥¥(P)},  PewV,
and then

— Tim L {exp (—2wa,)e)y¥(p) — ¥*(p)}

e=0 g
= (—2wa,)(J)y¥(p) -
Therefore V,y* is also a local section of S, on wV. From this property,
we can extend it naturally to the C-linear homomorphism V,: O(S,) —

O(S,) satisfying (4.5). The first Chern class of it is represented by w —
(—=D'o,(—2wa,)(J) = 2wm,(J). We complete the proof.
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