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VECTOR FIELDS ON SOME CLASS OF

COMPLETE SYMMETRIC VARIETIES

YOSHIFUMI KATO

§ 1. Introduction

In the previous papers [6], [7], we show that the set of an algebraic

homogeneous space G/P fixed under the action of a maximal torus T can

be canonically identified with the coset W1 = W/W1 of Weyl group W. We

find a T invariant Zariski open set near each element w eW1 and intro-

duce a very nice local coordinate system such that we can express the

maximal torus action explicitly. As a result, we become able to apply

the study of J. B. Carrell and D. Lieberman [2], [3] to the space G/P and

investigate the numerical properties of its characteristic classes and cycles.

The main purpose of this paper is to show that some class of com-

plete symmetric varieties, see the definition in C. DeConcini and C. Procesi

[4], [5], have also a nice local coordinate system as above. The canonical

compactification of a complex semisimple Lie group of adjoint type belongs

to this class. Therefore our results may be related to some combinatorial

problems.

§2. Complete symmetric varieties

To fix the terminology which will be needed later, we recall some

results about complete symmetric varieties. See [4], [5].

Let G be a simply connected complex semisimple Lie group with an

automorphism σ of order two. Let H be the group consisting of all a

fixed elements. We denote by g and ϊ) the Lie algebras which correspond

to G and H respectively. Let H be the normalizer of if in G then it is

of finite index [ίί; H] = 2s for some integer s. For any subgroup Hf satis-

fying H c W C H, C. DeConcini and C. Procesi call the homogeneous

space G\Hf a symmetric variety and seek the canonical compactification

of G\H.
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Let T be a σ fixed maximal torus whose Lie algebra is t. The auto-

morphism σ acts canonically on i and decompose it as t = t0 0 ϊx where t0

(resp. tj) corresponds to the eigenvalues + 1 (resp. — 1). The Lie algebra

t0 is that of the torus To = Tσ while tt is that of the torus T, = {teT\tσ

— t'1}. The product mapping Toχ Tι-> T gives an isogeny. Hereafter

we assume that we choose the torus T for which dim Tx is maximal among

all possible σ stable tori. We put & to be the dimension of Tγ and call

it the rank of the symmetric variety G/H.

Let Φ C t* be the root system and

(2.1) 9 = tθΣ^

be the root space decomposition. Since σ(gβ) = Qaσ holds, Φ is σ invariant.

Moreover it is known that we can decompose Φ into positive roots and

negative ones as φ—Φ+{JΦ~ satisfying the following condition;

If a e Φ+ and a ̂  0 on tx then aa e Φ".

We assume this condition and put

( 2 2 )
Φo={aeΦ\aΞΞθ on t,},

Then we have

(2.3) ζ = t0 0 Σ qa θ L C(Xa + σ(Xa))

where Xa is a nonzero element of gα, α e Φ^ Since the subspace

(2.4) t θ Σ CXβ

is a complement of ϊj in g, the dimension m of the space GjH is equal to

dimti + JIΦJ = ^ + HΦJ. Let Γ c Φ + be the set of simple roots and put

(2.5) Γo = ΓΓΪΦQ = {βu - - -, βk\ 9

Here we order al9 , αr̂  so that at — a\ are mutually distinct for i < t

and for each ί > -C there is an index s < £ such that at — a\ — as — a".

We put cci = K î — al) f°r 1 < i < ^ and call them the restricted simple

roots.

C. DeConcini and C. Procesi show that the symmetric variety G/H

admits a canonical compactification X, called a complete symmetric variety,

by using the representation theory of G as follows. Let λ be a regular
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special weight and V2λ the space of irreducible representation of G with

the highest weight 2λ. Then V2λ contains a unique non zero element hf

fixed under H up to non zero factor. Let P2λ = P(V2λ) be the projective

space of lines in V2λ and h e P2λ be the class of h'. Since the G orbit Gh

of h is isomorphic to the space Gjίί, if we take its closure X = Gh in P2X,

we can obtain a G equivariant coπxpactification of GjH. And we can

show that X is independent of the choice of λ and has nice properties.

The following is fundamental.

1) X is smooth.

2) X — Gh is a union of i smooth hypersurfaces Sif 1 < i < £, which

cross transversely.

3) The G orbits of X correspond to the subsets of indices 1, 2, , £

so that the orbit closures are the intersections Siχ Π Π Sik.

4) The unique closed orbit Y ~ G/P is Sj Π Π S£ where P is the

parabolic subgroup of G which keeps the class [v2λ] representing

the highest weight vector υ2λ invariant.

The inclusion i: Y = G/P Q X induces the homomorphism i*: Pic (X) ->

Pic(Y) and then i* is injective. Therefore if the induced line bundle of

L e Pic (X) corresponds to the weight λ, we can denote L by Lλ. The hyper-

surfaces Si9 1 < ί < £, are given by the equation yt = 0, where yt is the

i-th coordinate function on V in the next section, and the line bundles

0(5;) are isomorphic to L2s..

The closure of the Tγ orbit Tjri is isomorphic to £ dimensional affine

space Cz. The isomorphism is given by the mappings;

Tx > Tji • C£

(2.6) cυ Φ Φ

t — • th —>(t~2s\ . . . , r 2 β θ .

And Txh can be identified with the open set (C*)£ in C*. We decompose

V2λ = Cυ2λ φ V2λ ί n a ϊ 7 stable way and put A = v2λ ® Vu, V = A (Ί X. The

set V contains h and so Tji ~ Ce. The origin of Ce corresponds to the

highest weight vector υ2λ. Let U be the unipotent subgroup corresponding

to Φϊ. Then the mapping

UxZh-UxC —> V
(2.7) Φ Φ

(u, x) > u - x

gives an isomorphism. In the next section, we will show that the Zariski
open set V in X has excellent properties.
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§3, Vector fields on X

We choose ί elements Au , A& of tx such that at(A]) = — iδij9 1 < i,

j < £ and identify the T1 orbit Txh and (C*)* by the following mappings;

(3.1)
t,

where

(3.2)

z —
φ

= exp (Σί=i

y

^

dtAt) > exp

. = expαΐ?

TJi >
Φ

' ( Σ M M < ) A — >

1 < i < £ .

Φ

Since £f2ff'=exp(—2 2 ^ 1 ^ / ^ ^ ) = expα^, this identification is the same

with that of (2.6). The functions {yi)\=1 can be extended as the canonical

coordinate of the affine space C\

We can decompose an element J e t uniquely a.sJ=J0 + Jl9 Joeto,

J, e tl9 and then Jo = $(J + Jσ), J, = i(J - Jσ).

LEMMA 1. We have

(3.3) j ; = -2Σat(J)Ai

i = l

Proo/. We put

Then

On the other hand

&j(Ji) = Σ
i = l

hence we have

Let u be the Lie algebra of the group U. We choose a non zero ele-
ment X7 e Qr for ΐ eΦΐ and take {Xr}r€ί>- as a basis of u. We write as Z =

ΣreΦf ^ ^ € u k ^ N(T) be the normalizer of T in G. For any element
w of N(T), we can consider the following diagram;
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Cm G/H G/H
U U U

(3.4) uχ(C*y Ψ- • [7 Tth — • wU Tji
CD Φ φ

(Z, (}fi)Li) > expZ exp(ΣUa,A%) h > w expZ exp(ΣU arAx)-h

where

(3.5) y ^ e x p α , , 1 <, i < £ .

Since u is nilpotent, the mapping Z —> exp Z e C7 is one-to-one and onto.

From (2.7), the mapping φ is not only isomorphic but also it can be ex-

tended to the isomorphism φ as follows

φ: Cm > V c X
(3.6) U U U

φ: u x (C*y —> U.Tάa Gjίί .

Since the left multiplication of w is obviously one-to-one, the pair (wV,

φ'^ow'1) gives a local coordinate on the Zariski open set wV. Since the

origin of Cm corresponds to the class [v2λ] e P2λ of the highest weight vector

υ2λy we can consider that w represents the class [v2wλ] e P2? of the extremal

weight vector υ2wλ. Since w e N(T) Π P keeps the set V invariant, it is

sufficient to run w over the representatives of W1 = N(T)/N(T) Π P in

N(T). For brevity we use the same letter w for the coset of Wι which

w represents.

THEOREM 2. Let X be the complete symmetric variety that is the canoni-

cal compactίficatίon of a symmetric variety GjH. Let wV, we W\ be the

Zariski open set defined as above. Then wV is invariant under the left

action of the maximal torus T. Indeed if we use the local coordinate (wV,

ψ'^ow'1) and act an element expc/eΓ, J e t , the coordinate changes from

to

Remark. If X is covered completely with wV, we W\ we show that

X admits a very nice local coordinate system as an algebraic homogeneous

space G/P. See [6], [7]. We give a necessary and sufficient condition in

the next proposition.

Proof. We take expJeT, Jet. Then we have
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exp J' w exp Z exp ( Σ α* Â  )^
\ί=i /

= W'W1 exp Jw expZ- w'1 exp(—J)w- w'1 expJw- exp ί Σ

= w exp w;"1(J) expZ exp( — w~\J)) - exip w'XJ) - exp ί Σ ci

= M; exp (Ad (exp w-\J))Z) exp ( - 2 ^ ^(wrV))) ^ exp

Here we put

yt = exp αέ, 1 < i < £ ,

and use the decomposition

where

exp (~2ΣGAW-XJ))) eTl9 t'eTQ

Since

= Σ
rβΦf

we have

Exp (ad (w-\J)))Z = Σ exp((u^Xe/))«rXr e u .
re f

This completes the proof.

We define a vector field Vj on X by the following rule

(3.7) (Vjf)(p) = liml(/(exp(eJ)p) - f(p))
ε->0 £

where Jet, p e X and / is a function near p. Then from the above theo-

rem, if we use the local coordinate (wV, φ'^w'1), Vj can be written

explicitly on wV as follows

(3.8) Vj ^ t
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Therefore if we choose J such that

( 3 β 9 ) (I) (wr)(J)*o, reΦ;,

(waτ){J) ^ 0 , l ^ i ^ β 9

Vj vanishes at the point w e w V in the first order.

PROPOSITION 3. The complete symmetric variety X is covered with the

Zariski open sets wV, w e W1 i.e., X = (JwewiwV, if and only if all the

T fixed points of X are contained in the minimal G orbit Y ~ GjP C> X.

Proof. Since there is the unique T fixed point w in the set w V and

w belongs to Y, if X = U^e^i^V holds, all the T fixed points are con-

tained in Y We can show the contrary by following the same discussion

used in [6]. If all the T fixed points of X are contained in the minimal

G orbit Y~ G/P, they are identified with the set W\ And if Xr = X-

UW€TFI wV is not empty, since X' is a T invariant closed variety, it must
have a T fixed point. See [6] or [9]. But this point can not belong to
W1. This is a contradiction.

Example 4. Let Gf be a simply connected complex semisimple Lie
group and put G = G' X G'. The automorphism σ in G of order two is

given by the exchange

(3.10) σ(x, y) = (y, x) x,yeσ,

and then

(3.11) H={(x,x)\xeG'} .

The space G/H can be identified with the group G" = G'\C(Gr) where C{Gf)

is the center of Gf. In other words, G" is a complex semisimple Lie group

of adjoint type. In this case X is covered with the Zariski open sets wV,

w e W\ The set W1 is the direct product W1 = W X W of the Weyl group

W7of G'. See [4].

Hereafter we assume the following;

(3.12) (Ass.) X=jJwwV.

But it is an interesting problem to seek a T invariant Zariski open set

near each T fixed point concretely when (Ass.) fails. The existence of

such an open set comes from the theory of torus embeddings, that is,

Sumihiro's theorem.
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We assign one more condition to the choice of J

(Π) (wϊ)(J), TeΦΐ, and (wat)(J)9 l<i<£, are all real .

THEOREM 5. // X satisfies (Ass.) then the dimension hp>q of Hq(X, Ωp)

are determined as follows;

hp>p = ί2) h™ = iweW1 p values among (wϊ)(J), T e Φf, |

— (wάi)(J), 1 < ί < £, are positive J

Proof. Since I is a compact kahler manifold with a holomorphic

vector field whose zero set are isolated but not empty, 1) follows. See [3].

Since the eigenvalues of the Lie derivative LVj at w e W1 are {2(wϊ)(J)9

T e Φϊ, —MμmϊfcJ), l<ί < £}, if we use the result of [8], which is used in

[6], we obtain 2).

§4. Relations to the paper [3]

Let M be a n dimensional compact kahler manifold with a holomorphic

vector field V whose zero set Z = Zero (V) is isolated but not empty. Then

J. B. Carrell and D. Lieberman show in [3] that there exists a filtration

in H°(Z, Θz) where the sheaf 0z is Θxli(V)Qι such that

(4.1) 1) H%Z, Θz) = F_n ZD F.n+1 ^ . . O ^ D F o D l O } ,

(4.2) 2) Ft FjCiFt+j9

(4.3) 3) F_JF_k+ι~H\M,Ω«),

(4.4) 4) grH%Z, Θz) = 0 FJF.k+1 ~ H*(M, C).

If the zero set Z is simple then we can write Z = {ζly , ζm} and consider

that H\Z, Θz) is the vector space Cd 0 φ Cζm of complex valued func-

tions on Z.

Let E be a vector bundle on M of rank r. The bundle i£ is, by defini-

tion, V equivariant if it admits a C-linear homomorphism V: E-^E satis-

fying

(4.5) V(f.s) = (Vf) 8+f Vs

where s is a local section of E and / is a function. If we restrict V to

Vz — V\z on Z, Vz defines a homomorphism Vz e Hom(2?z, Ez) where Ez

— E®(9Z. And the representative of c?-th Chern classes, 0 < d < n , of

E in F_d are given by the formula

https://doi.org/10.1017/S0027763000000593 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000000593


COMPLETE SYMMETRIC VARIETIES 93

(4-6) (-iYσd(Vz)eH%Z,Θz).

Here σd is the usual d-th elementary function defined by

(4.7) det I tl + AI = £ od{A)tr'a , A e Horn (Ez, Ez) .

We apply these results to the complete symmetric variety X satisfying

(Ass.).

THEOREM 6. Let T(X) be the tangent bundle of X then it is Vj equί-

variant. The representative of d-th Chern classes, 0 < d < m, of T(X) in

F_d is the following

Wι = Z = Zero(^) >C
(4.8) Φ Φ

w >(-Ddσd((-(wr)(J))7eΦr, (2{waz)(J))U) .

Proof. For a local vector field v e T(X), we define

Vjv - [VJ9 v]

then Vj satisfies (4.5). Hence it is Vj equivariant. If we use the local

coordinate (wV, φ~ι o w1), we W\ we have

V,-§- = \ Σ (wξχj)ztJL - 2 t (wa,)(J)y* f]
dZγ L ί e Φ f dZζ .7=1 oy3 oZγλ

and

= ί Σ (wξ)(J)Z* - 2 Σ (wa3)(J)yJ~ , ~\
UGΦΓ dzξ j=ι djj dy^

Using matrix notation, we complete the proof.

Remark. From this theorem, the representative of Poincare dual of

one point in F_m is given by

W1 >C
(4.9) cu Φ

w >LΛ> σm((-(wr)(J))reΦΓ , (2(wai)(J))U .
*\W\

THEOREM 7. The line bundles associated with local sections of O(Si),

1 < ί < #, o,re Vj equivariant. The representatives of the first Chern classes

of them in F_1 are given by
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W1 • C , 1 < ί < £ .
(4.10) Φ Φ

^ > 2w# ί(J)

Proof. To make the meanings clear, we denote by yf the components

y«, 1 < i < ^, of the local coordinate (H; V, ^r1 o w1), w e Φf. On the Zariski

open set V — eV, y\ — 0 is a local equation of St. Since Sέ is G stable

and hence W1 stable, yf = 0 gives a local equation of Sέ on wV. For yf,

we define

and then

(Vjyΐ)(p) = lim -{y?(exp (εJ)p) - yr(p)} , pewV,
e-0 e

= lim l {exp ( -
e-0 £

Therefore Vjyf is also a local section of St on wV. From this property,

we can extend it naturally to the C-linear homomorphism Vj\ O(St)-^

OζSi) satisfying (4.5). The first Chern class of it is represented by w ->

( — l)1a1( — 2wai)(J) = 2wcCi{J). We complete the proof.
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