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Multifunctions of Souslin type

S.J. Leese

Let S and X be any two sets; then a mapping: I' which assigns
to each point ¢ in S a set T(t) of points in X is called
a multifunction from S into X . A selector for T 1is a
function f from S into X such that f(t) € T(¢) for each

t . We introduce here a class of multifunctions which is both
well-supplied with measurable selectors and yet is comprehensive
enough to include those kinds of multifunction which have been
most coﬁmonly studied before. Hence in order to show that a
multifunction with non-empty values, which may arise naturally in
an implicit function problem, has a measurable selector, it is

sufficient to show that it is of Souslin type.

1. Introduction

A problem which has often arisen in control theory (for example, [5],
{10]) and mathematical economics (for example, [1], [4]) is the following.
given a measurable space S and a topological space X , what is a
sufficient condition for a subset 4 of S X X to have a measursable
selector (that is, a measurable function f : § + X such that
(¢, f(t)) €A for all t €5 )7

We introduce here the class of multifunctions of Souslin type and show
(Theorem 7) that if the set 4 is the graph of such a multifunction and if
the projection of A on S 1is all of S , then there is a measurable

selector. This class of multifunctions is shown to include those which are

Received 31 July 1974. This work was done while the author was
registered for the degree of PhD at the University of Keele and enjoying
the research facilities of the University of Western Australia. The author
is grateful to the Science Research Council for financial support, and also
to Professor A.P. Robertson for his helpful suggestions and encouragement.

395

https://doi.org/10.1017/50004972700044038 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700044038

396 S.J. Leese

studied in [3], (7], [12], and [14], and so the various selection theorems
and implicit function theorems of those papers (and also of [1] and [11])
follow from our Theorem 7. The class of multifunctions of Souslin type is
stable with respect to the usual operations of analysis; 1its name was
given because of the parallels between this theory and the classical theory
of Souslin sets ([21, [§1).

2. Definitions and notation

In wvhat follows S will be a measurable space; that is, a set on
which is defined a o-algebra M of subsets which we shall call
measurable. X will denote a topological space and B}( the o-algebra

generated by the closed sets of X ; the sets in BX are called the Borel

sets of X . A multifunction T from S into X (which we shall
abbreviate to T : S+ X ) is a mapping from S into the space of subsets

of x . The graph of I 1is the set
6(r) = {((t, z) € s xXx :x €T(£)} .

To avoid confusion with point-valued functions, we shall denote multi-
functions by upper-case Greek letters and mappings by lower-case Greek or
Roman letters. The multifunction T will be said to be measurable ([3],
[7], [12]1) if for every closed set F in X the set

P (F) ={te€s :T(t) nF# @}

is measurable. This is equivalent to the condition that for every open set

G in X the set
+
Fr(c) ={t es:T(t)cqg})
is measurable. We shall make use of the Souslin operation, which is fully

discussed in [6] and [§]: Tet (Ao 0] be a countable collection of
10,

sets in a given space, indexed by the set of all finite sequences

o of positive integers. Then the set

12 002 O,

o«

lle s

A=U
on=1 919

the union being taken over the collection of all infinite sequences ¢ of
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positive integers, is said to be obtained from the collection [Ao p ]
1°++0,

by the Souslin operation. If the sets [Ac o ] belong to a given class
1700,

N of sets, then 4 will be said to belong to the class Souslin-N . We
shall use the notation of [713], pp. Lu4-L9, and write

o«
A=U N 4 .
o n=1 Gln
where O|n denotes the finite sequence Ol, eaey On .

The measurable space S will be said to admit the Souslin operation
if every subset formed in this way from measurable sets is measurable.
Every measurable space derived from an outer measure admits the Souslin
operation; this is proved in [13], pp. bkhk-L9. Moreover, it follows from
the remarks on p. 95 of [8] that if S 1is a locally compact Hausdorff
space with a Radon measure U , then the class of U-measurable sets admits

the Souslin operation.

3. Multifunctions of Souslin type

If a topological space P is separsble and can be metrised so that it

becomes a complete metric space, then P is said to be a Polish space.

DEFINITION. Let S be a measurable space, and X & topological
space. Then a multifunction I' : S+ X is said to be of Souslin type if
there exists a Polish space P , a measursble multifunction § : S+ P
with closed values, and a continuous mapping ¢ : P - X such that, for all
t, T(2) = ¢(a(¢)

A multifunction of Souslin type is necessarily measurable.

EXAMPLES., (i) If T : S+ X is a measurable closed-valued multi-

function, and X is & Polish space, then I is of Souslin type.

(ii) If T : 8§+ X is a compact-valued measursble multifunction, X
being a separable metrisable space, and 7 : X »> % is the embedding of X
into its completion X with respect to some suitable metric, then the
multifunction ¢ + £(T(¢)) is of Souslin type.

(iii) If S5 admits the Souslin operation and X is a regular
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continuous image of a Polish space P , then any measurable closed-valued
multifunction T : § + X is of Souslin type. This follows from the fact

that if X = ¢(P) , ¢ being a continuous mapping, then the correspondence

t > tp-l (I‘(t)) is also a measurable multifunction, as is proved in Lemma 1
of [12].

(iv) Let (S, M) be a measurable space which admits the Souslin
operation, and X +the continuous image of a Polish space; then if

' : §S» X is such that its graph belongs to the o-algebra M ® BX

generated by the sets 4 X B , where A 1is measurable and B 1is Borel
measurable, then T 1is of Souslin type. This will be proved below (Lemma
3).

(v) The special class of multifunctions discussed in [7] is shown
there, incidentally, to satisfy the conditions of our definition; thus

they too are of Souslin type.

In what follows, R will denote the class of all sets A X B where
A is a measurable set in S and B 1is a closed set in X . We shall

need the following lemma, which is a generalization of result (3.4) of [41].
LEMMA 1. Let X, be a topological space and K* the class of sets
which are closed and compact in X . Let Y be a Souslin-K* subspace of

X, - Then if S 1is a measurable space which admits the Souslin operationm,

and m, is the canonical projection from S x Y into S, nl(A) ig

measurable for every Souslin-R get A in S x Y,

Proof. Let

o

A=Uun {4 xB ),

o nel g|n "o|n

where each Aoln is measurable and each Ecln is closed relative to Y .
Now for each oln , Bcln = Coln nY , say, where Co]n is closed in X .
1 and as the iteration of the

Souslin operation produces no new sets ([6], §19), A is Souslin-R in

Hence each Bcln is Souslin-K* in X

S x X . Thus, with new notation, we may write
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(-]

‘e g ngl 1)

where each D is measurable, and each E0|n is a closed compact set in

oln

Xl . For each finite sequence 0|n ,» we define

EX =E_ n...nkE s
aln a9y 0y+--0,

£, = : 4 = P :
and we put DOIn ¢ if Eoln g, Dc|n DO|n otherwise. Then

oo
A=U N (DX xg*
¢ nel (oln Uln)
o« [+
cu (7)< (5 m,)
ag =1 oln =1 oln
Thus
o0 o«
Tr(A)=U1an D%, x N E* ]
1 o o oln ney Oln
x
=U n D¥ ,
o n=1 o|n
o
since if N E* is empty, E* =@ for some n , by compactness, in
- ol oln

which case D;ln =@ , by our definition. This completes the proof of the
lemma,
COROLLARY 1. et X, S, and Y be as in Lemma 1. Then if

Z = ¢(Y) , where ¢ 1i8 a continuous mapping, and A is a Souslin-R set

in Sx2, ‘ll’l(A) i8 measurable.
Proof. Let

«©
A=Un (4 B
o n=1 (olnx UI”) i

where each Aoln is measurable and each Boln is closed. We define
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> -1
A, =Un [A xp~ (B )] .
1 = Loln oln

in SxY.
It is easily shown that ﬂ'l(A) = (Al) ,» whence the corollary /follows
immediately.

COROLLARY 2. If S admite the Souslin operation, P i8 a Polish
space and T : S + P has Souslin-R graph, then T 18 measurable.

Proof. If F 1is & closed set in P ,
T (F) = nl(G(I‘)n(SXF)) .
This is the projection of a Souslin-R set, and it follows from Lemma 1
that it is measurable, as by [2], p. 197, P is homeomorphic to &

countable intersection of open sets in the cube IN , the product of the
interval [0, 1] with itself countably many times.

This result is clearly still true if P is the continuous image of a

Polish space.
THEOREM 1. If (I‘n) i8 a sequence of multifimetions of Souslin

type from any measurable space S 1into the topological space X , then the
multifunction T : S + X defined by

I(t) = U T (t) for each t,
n
n=1
18 also of Souslin type.

Proof. Let the corresponding closed-valued multifunctions and

mappings be

Qn:S-»Pn, wn:Pn-rX, n=1,2, ... .

[+ ]
Let P be the Polish space z Pn (f2], p. 195) got by juxtaposing the
n=1

spaces Pn as disjoint closed subsets, and let ¢ be the continuous

mapping from P to X which coincides with ®; on Pi .
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- -
Define Q(t) = Z Qn(t) for each t in S ; then this is closed-
n=1

valued and measurable, and moreover, ¢{Q(¢)} = I'(t) for each ¢t .

THEOREM 2. If S <is a measurable space which admite the Souslin
operation, (Xz) a sequence of topological spaces, and (I‘i) a sequence
of multifunctions of Souslin type from S 1into X g respectively; then
the multifunction T : S > Xl x X2 X ... 18 also of Souslin type, where
for each t ,

I(¢) = T (2) x T (t) x ... .

Proof. Let the corresponding closed-valued multifunctions and

mappings be

Q. : S+P,. , (pi:Pi-)Xi, 1=1,2, «v. .

We then define
o
a(t) = T T o),
i=1

and P=P1XP2><... .

Then P is a Polish space ([2], p. 195). Let G = G % 02 X ... be
any basic open set in P (that is, Gi = Pi for all but finitely many

i . Each Gi is open].

Then it is easily seen that
®
a7 (e) = ngl oz (c;) .
which is a measurable set. Since any open set H in P is a countable

union of basic ones Hi (t=12,2, ...) ,

Q@ = U a@E),
n=1

which is measurable. Thus § is a measurable multifunction, by Theorem 3
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of [12]. We define a continuous mapping ¢ from P into niXi by

(P(pl’ p2’ "’) = (‘pl(pl)’ ‘pz(Pg)’ "') s (pi € Pi}
Then [(t) = ¢(R(¢)) for each t , and so T is of Souslin type.

LEMA 2. Let X, Y be topological spaces, and ¢ : X + Y a
continuous mapping. Then if S is a measurable space and T : S+ X a
multifunction of Souslin type, so is the multifunction t -+ w[l‘(t)] .

THEOREM 3. Let S be a measurable space which admits the Souslin

operation, E a topological vector space, and I‘l, T multifunctions of

2
Souslin type from S 1into E . Then the multifunction
T:¢t~ I‘l(t) + I‘2(t) is of Souslin type. Moreover, if o s any

measurable scalar-valued function on S5 , the multifunction t > a(t)I‘l(t)
is also of Souslin type.
Proof. From Theorem 2, the multifunction ¢ » I'l(t) x I'g(t) is of

Souslin type, from S into E x E . Now the mapping ¢ : E XE +> F
defined by ¢(x, y) = x + y is continuous. Hence T is of Souslin type,
by Lemma 2, since, for each ¢t , T(t) = (p(I'l(t)Xl‘z(t)) .

To prove the second part of the theorem, we observe that by Theorem 2,
the multifunction ¢ -+ {a(¢)} x Fl(t) is of Souslin type. Now the mapping

¢ : (A, x) * Ax is continuous, where A is in the field of scalars, and

we have, for each ¢ ,

a(¢)r, (¢) = cp({a(t)}xl‘l(t)) >

and hence the multifunction is of Souslin type, by Lemma 2.

Clearly o could here be any multifunction of Souslin type into the
field of scalars. Moreover, this theorem still holds if E is any
topological group and T(¢) = I‘l(t)-I‘z(t) for each t .

THEOREM 4., Let S be a measurable space which admits the Souslin
operation, E a topological vector space, and T : S » E a multifunction
of Souslin type. Then the multifimction T where, for each t, T(t) is
the convex hull of T(t) , is also of Souslin type.
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Proof. Let An be the simplex in R* defined by:

n
A€A ifandonlyif A, 20 forall © ,and [} A,=1.
n 1 1:=1‘L

We then define a sequence (Fn) of multifunctions by taking, for each n
and each ¢ ,

I'n(t) = {)\la:l + ...+ )‘nxn : X € An,' z, € T(t), for all 1,} .

Let E’l denote the product of F with itself, with »n factors. We

define a mapping 9, * An x F' + E by the formula:

(pn().; Ly sees :z:n) = Alxl + ...+ )\n:cn .

?, is continuous, since E 1is a topological vector space. By Theorem 2

the multifunction

An:t—>An><I‘(t)><...xr(t) .

where the factor ['(t) occurs =n times, is of Souslin type. Now for each

t, I‘n(t) = tpn(An(t)] , and so I'n is of Souslin type, by Lemma 2.

o
Therefore, since f'(t) = U I‘n(t) , for each t , T is of Souslin
n=1

type, by Theorem 1.
COROLLARY. If, with the notation of Theorem 4, E is metrisable,

then the multifunction T , where, for each t , T(t) is the closed
convex hull of T(t) , is also of Souslin type.

Proof. For every open set G in E ,
™) = T () ,
and this is a measurable set, since F is measurable and G is an Fcr .

-~

Hence T is measurable, by Theorem 3 of [I2?]; and so is of Souslin type,

by Example (iii).

These last two theorems extend the results on p. 107 of [3]. We now

obtain a characterization of multifunctions of Souslin type by means of the
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Souslin operation.

THEOREM 5. Let S be a measurable space, X a Hausdorff
topological space, and T : S + X a multifunction of Souslin type. Then
the graph of T ie Souslin-R .

Proof. Let P be a Polish space, and d a metric for P such that
(P, d) 1is a complete metric space. Let 2 : S * X be a closed-valued

measurable multifunction such that for each t ,
r(t) = o{Q(¢)) .
We define a family (Uoln) of closed sets of P (called a sifting)
as follows (this technique is also used in [12]): 1let (Ui) be a

countable covering of P by closed sets of diameter < 1/2 . Then for

each Ui , let the collection {Uij : J=1, 2, ...} be a covering of Ui
by closed sets of diametey = 1/4 . We carry on in this way, so that U&ln
has diameter = 1/2" .
It then remains to prove the following assertion:
®©
G(T) = g ngl (40|nx30|n) ,
where for each finite sequence oln of integers,

A = Q (U(Jlrl) , and Bo|n = (p(UoIn) .

aln

Now if (t, =) € G(I') , there exists a point y in P such that
(t, y) € G(Q) and =z = ¢(y) .

i}

There also exists a sequence ¢ of positive integers such that

0o

{y}=n v

n=l aln *

Therefore Q(t) meets Ub|n for each n , and x € w(Uo|n] for each
X
Therefore (t, x) € Aoln Bcln for all = .

Conversely, suppose that there exists a sequence ¢ such that

(t, =) ¢ Ac|n x Boln for all n .
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Then U0|n meets $§(t) for each n , in Y, S, and since (P, d)
is a complete space, yn +y , say, as n > o , Since Q(¢) is closed,
y € Q¢) .

Then « = ¢(y) ; for, if not, there exists a closed neighbourhood V

of ¢(y) such that x § V. Since ¢ is continuous, cp(Ucln) cV for

some n , whence C V , which contradicts our assumption that

Bo|n

x €8 for all n .
aln
Therefore (t, x) € G(poR) = G(T') , as required.

The converse also holds, under slightly different hypotheses.

THEOREM 6. Let S be a measurable space which admits the Souslin
operation, X a space which is the continuous image of a Polish space, and

I': S+ X a mltifunction with Souslin-R graph. Then T <is of Souslin
type.

Proof. Suppose that X = ¢(P) , where P is a Polish space, and that

un {4
o n=1

G(T)

olanoln) >

where each 4 is measurable and each BOIn is closed. Let N be the

aln

space of positive integers with the discrete topology and take the Polish
N

space N | the product of N with itself countably many times. Consider

N
now the multifunction § : § > P x N defined by

(-]
6@ =U 0 [ay x(By %) )]
o n=1 oln 0|n 0|n ’
_ =1
where for each 0oln , Bc’;|ﬂ"‘p (Boln) and
c ={1 ¢ N o, 1, =0
aln 1T 1 Tt Twf

The sets are clearly closed. ! is a measurable multifunction, by

Coln
the Corollary 2 to Lemma 1.

Moreover, it is closed-valued; suppose that Q(¢) # @ and that
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)=n Bi|, * {0} .

(x, k) ¢ n (B
n=1 n=1

clnxccln

o

There are two cases: if N A4 n = @ , then the neighbourhood

w1 Kl
X x {k} of (x, ) does not meet Q(t) . On the other hand, if
(-] Le-]
n A #@ , then =z f n B* , and since the latter is a closed set,
=1 k|n el |n

there exists a neighbourhood U of x which does not intersect it. Then

the neighbourhood U x {k} of  (x, k) does not meet Q(t) .

, Where T is the natural

Finally, let ¢ be the mapping ¢ o w 1

1

projection P x NN + P, Then for each t , TI(t) = w(ﬂ(t)) , and so T

is of Souslin type.

This laste step needs proof: if (¢, x) € G(I') , then for some O ,
X = .
(£, z) ¢ Aoln Bcln for all = . Supposg also that z = @(y) Then

y € B(’;In for all n , and (¢, y, 0) € G(Q) .

COROLLARY 1. If S5 48 a measurable space which admits the Souslin
operation, and X a Hausdorff space, then the class of multifunctions of
Souslin type from S into X 1i8 closed with respect to the Souslin

operation.
Proof. Let (I'oln) be a countable family of multifunctions of Souslin

type from S into X . Let the corresponding Polish spaces and continuous

mappings be Po and ¢ . Then without any loss of generality we may

|n oln

replace X by the space ¢(P) where P is the sum (or disjoint union) of

the spaces (P

Oln) ,and ¢ : P+ X is a continuous mapping which coincides

with ¢0|n on POIn . Let

00

r(¢g) =0 n I‘Oln(t) for each ¢ .
g n=l

Now each G(roln) is Souslin-R in S x ¢(P) , and hence, by §19 of [6],

G(T') 1is Souslin-R . Hence I is of Souslin type, by Theorem 6.

COROLLARY 2. If S ie a measurable space which admite the Souslin
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operation, and X a Hausdorff space, then the class of multifunctions of
Souslin type from S <into X is closed with respect to the formation of

countable intersections.

4, The existence of measurable selectors

We first prove a lemma which will enable us to deduce the measurable

selection theorem of [14].

LEMMA 3. Let (S, M) be a measurable space which admits the Souslin
operation, X a space which is the continuous image of a Polish space, and
I': S+ X a mltifunction such that G(T') belongs to the o-algebra
M BX . Then T <e of Souslin type.

Proof. We prove this first of all in the case where X is a Polish
space. It is sufficient to prove that each set in M® BX is Souslin-R .

Let A be the class of sets 4 in S X X such that both 4 and its
complement A' are Souslin-R . This class is a o-algebra, since by [61,
§19, any Souslin ;:lass is invariant under the formation of countable unions
and intersections. .A also contains the sets of R , for if M is

measurable and F is closed, the complement of M x F is
(MxF)' = (M'xX) v (SxF') ,
which is clearly Souslin-R .
The sets M x F generate the O-algebra M @® BX since the 0o-algebra

generated by the sets {M x F : F closed in X} for a fixed set M in S

contains all the sets M X B where B 1is a Borel set in X .

Hence G(I') is Souslin-R , and so T 1is of Souslin type, by Theorem

Suppose now that X = @(P) , wvhere P is a Polish space and ¢ a

contimuous mapping. Consider the mapping

Y:SxP+SxX

defined by ¥(t, p) = (£, o(p)) .
The inverse image of any "rectangle" A X B in S x X is the

rectangle A4 x (p-l(B) in § x P , and hence the inverse under ¢ of any
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set in M ® BX must belong to M B, .

-1

Thus, if G(T') € M® B the multifunetion ¢ ~ o I' is of Souslin

X b ]
type, and hence I' is of Souslin type, by Lemma 2.

We now turn to the problem of the existence of measurable selectors.
I T : S+ X is a multifunction with non-empty values, & selector for T
is & function Y : S+ X such that <Y(¢) € T(t) for every ¢t in S .
Also Y is measurable if Y-l(F) is measurable for every closed set F
in X .

Now let S be any measurable space and X a Polish space; if T is
a closed-valued multifunction from S into X , and its values are all
non-empty, then it follows from the main theorem of [9] and from the proof

of Théoreme 5.4 of [3] that there exists a countable collection

{Yn :n=1, 2, ...} of measurable selectors of T such that for each
t € S, the set {Yn(t) :n=1,2, ...} is dense in TI'(t) . Hence e
have:

THEQREM 7. If S <is a measurable space, X a topological space and
I : S+ X amltifunction of Souslin type with non-empty values, then
there exists a sequence (Yn) of measurable selectors of T such that for

each t the set {Yn(t) :n=1,2, ...} 18 demse in T(t) .
Proof. There exist a Polish space P , a continuous mapping

@ : P+ X, and a measurable closed-valued multifunction  : S -+ P such
that T(t) = ¢((¢)) for each ¢t .

Since T(t) #@ for all t, Q(t) # 9% for all t . Therefore

has a countable dense collection (mn) of measurable selectors. The
theorem follows on putting Yn =¢ o w, o, n= 1, 2, --. &

) In particular, from Lemma 3 and Theorem T, we deduce Théoréme 1 of
[14] in the following form:

COROLLARY. If S 48 a measurable space which admits the Souslin
operation, X the continuous image of a Polish gspace, and T : S+ X a
multifunction with non-empty valusze such that G(I') ¢ M® B, , then there
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exists a sequence (Yn) of measurable selectors of T such that for each

t the set {Yn(t) :n=1,2, ...} is demse in T(t) .

Finally we give an application of this theory. Implicit function
theorems and "1ifting theorems" (see, for example, [70]) have been found
useful for the abstract theory of control. We give two examples of a type
of implicit function theorem known in the literature as Filippov's Lemma,

from its initial appearance in [5].

THEOREM 8. Let (S, M) be a measurable space which admits the
Souslin operation, X a Hausdorff space, and Y a separable metri uable
space. Let f : SXX+Y and g : S+ Y be functions measurable with
respect to M@ BX and M respectively. Suppose that T : S+ X 1is a

multifunction of Souslin type such that, for each t , g(t) € f(t, I'(¢))
Then T has a measurable selector Y such that g(t) = f(t, v(¢)) for
each t .

THEOREM 9. Let S be a locally compact Hausdorff space on which ie
defined a Radon measure u . Let X, Y be Hausdorff quées,
f: 8xX~+Y acontinuous function, T : S+ X a multiffzmction of
Souslin type, and g : S+ ¥ a u-measurable function such that, for each
t, g(t) € f(t, T(¢)) . In addition, suppose that X 1is regular. Then
I' has a measurable selector Y such that for each t ,
res v(2) = g(2) .

(By u-measurable we mean that given any compact set X in S and

any positive real number € , there exists a compact set KE < K such tha

lul (K\k.) <€ anda g|Kk  is continuous.)

The proof in each case consists of showing that the multifunction
A:t+>{ue€ex: flt, u) = g(t)} is of Souslin type.

By various ways, such as identifying S and Y or by taking I to
be constant, we may deduce all the implicit function theorems to be found
in [11] (Lemma 5, p. 448), [13, [31, [7], [12). (In the cases where X
has to be embedded in its completion, we may restrict f to the graph of
I' ; so Theorems 8 and 9 still hold if T is a measursble compact-valued
multifunction and X is a separable metric space.)
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