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CONVERGENCE OF ISOTROPIC SCATTERING
TRANSPORT PROCESS TO
BROWNIAN MOTION

SHINZO WATANABE® AND TOITSU WATANABE**

Introduction

Let us consider transporting particle in the n-dimensional Euclidian
space R". It is assumed that a particle originating at a point x€ R" moves
in a straight line with constant speed ¢ and continues to move until it
suffers a collision. The probability that the particle has a collision between
t and ¢+ 4 is k4 + o(4), where k is constant. When a particle has a col-
lision, say at y in R", it moves afresh from y with an isotropic choice of
direction independent of past history.

It has been proved that, when ¢ and £ grows up indefinitely under
the relation k/c® = 2/n + o(1), the distribution of a particle converges weakly
to that of Brownian motion for the one-dimensional case by N. Ikeda and
H. Nomoto [2] (cf. M.A. Pinsky [4]), and for the two-dimensional case by
To. Watanabe [6] (cf. A.S. Monin [3]).

The purpose of this paper is to show that the same result is also valid
for the multi-dimensional case.

In section 1, we shall define the n-dimensional transport process with
speed ¢. In section 2, we investigate the resolvent and its Fourier trans-
form. In section 3, using the result of section 2, we shall show that the
distribution of transport process with speed ¢ converges to that of the
Brownian motion as ¢ —co under the assumption: k/c?=2/n + o(1) (Theorem
1). In section 4, we shall show that the transport process with speed ¢
converges weakly to the Brownian motion, considering them as the measures
on the space & of continuous functions.
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§1. Definition of transport process.

Let S*! be the (n — 1)-dimensional unit sphere in the n-dimensional
Euclidian space R" and let ¢ be the uniform probability measure on (S*1,
B(S*1). We shall denote by S the product space of R* and S»~!, and
B(S) the topological Borel field.

Let @ =[0(¢), + o, PB,, #S™>'] be a right continuous strong Markov
process of pure-jump type on S*! defined by the following conditions:

(1) POt) =0, t < |t <7)=1;
(ii) Pc>1t) = ekt
(iii) P0(x)T) = o(I'), TEB(S™);

where ¢ = inf {t:6(t) #+ 6(0)} and k is a positive constant. The formula

(1.1) Alt) = S:ﬁ(s) ds

defines R"-valued continuous additive functional of ©. For each point
(x,0) €S, we define the following:

(1.2) x@0(t) = (x + cA(Z), 0(2);
(1.3) P@.0) (g0 () B) = Py(x™? (£)€B), BEB(S).
Then it is easy to see that X =[X@0(f), + oo, P@0, (x,0)S] is a

system of Markov family of random functions. Hence there corresponds the
strong Markov process X = [X(¢) = (x(t), 6(8)), + o, P.0 (#,0)€S] (cf. [1]).

Dermnition 1.1. We call the Markov process X the n-dimensional isotropic
scattering transport process with speed ¢, or simply, the transport process with speed

C.

§2. Fourier transform of resolvent operator.

Let us first introduce some spaces of functions defined on S and R".

Cy(S) be the space of continuous functions on S such that Ihlm flz,0 =0
with sup-norm || - ||.
LYS) be the space of integrable functions on S with norm | f|j.;: =

{17 01 do doo).

L¥(S) be the Hilbert space of square-integrable functions on S.
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Co(R™) be the space of continuous functions on R™ such that lim F(x)=0

|2} o0

with sup-norm || - ||.

LY(R™ be the space of integrable functions on R" with norm || F|| .=
SRuIF(x)ldx.

L*(R™) be the Hilbert space of square-integrable functions on R™.

Let us denote by T, t =0, the semigroup corresponding to the trans-
port process X, i.e.,

(2.1) T:f(%,0) = Ez.0 L (2(2))],

where E,, is the expectation with respect to P, .-measure and by R,
2>0, the resolvent of T.. Then we have

Lemma 2.1. (1) T.f, f€C,(S) or LYS) or L¥S), is a solution of the fol-
lowing integral equation:

t
(2.2)  ult.@.0) = f (@ -+ cOf,0)e~** + k Soe"“ ds SS u(t — s, © + cs, 9)da(9).

n-1

Moreover, |Tof| <\ fIl or |Tofllpa=11fllzr or || Teflle << || fllze.
Let A with domain D(A) be the infinitesimal gemerator of T, ¢ =0, in LXS)
and let T%, A* be the adjoint of A and T, respectively.

(ii) D(A) = {f€L(S): <6, gard fyeL*(S)} and

(2.3) A fl(@,0) = <0, grad f> —k flx,0) + kS (@, 9) da(9),

s

where <0, grad f> = 310,55 fl,0,, 0= 0y, -+, 0)
(i) D(A*) = D(A) and

(2.4 A*f(x,0) = — <0, grad f>—Fk f(z,0) + kS Sflx,9) do(9).

Sn—l
(iv) If we put f*(z,0) = flz, —0), then T%f(x,0) = T,f*(x, — 0).

Proof. Tt follows from the strong Markov property of X that 7.f is a
solution of (2.2) and the boundedness of 7.f follows by solving the equation
(2.2) with the method of succesive approximation. (ii) follows from (i), and
(iii) follows from (ii) by integration by parts.

According to the general theory on semigroup, T7.f, f € D(A), is a
unique solution of
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d

[ Lw=Au=co, grad uy —ku+k{ _u(®) do9)

ot

S'n-l

u(t)—>f as t—0.

Putting u*(¢,2,0) = T,f*(x, —0), we get

{ ~a@t~ u* = —c<f, grad u*> — ku* + Icgu*(é}) da(9)

u*@)—~>f as t—0.

On the other hand, T%f, f€D(A*, is a unique solution of

J D v=av=—=c, grad vy — kv + kgu(s) da(9)
Loty > 7 as t—a.
Hence T%f(z,0) = T,f*(w, —6). Thus we complete the proof.

Remark. If f(z,6) is a function independent of ¢, then T¥f(z,6) =
Tif(z, —0).
Let P be the mapping defined by

FeLY{(R™ — (PF) (z,0) = F(x)e LXS),

and let us denote the integration of f over S*~! with respect to ¢ by f,
ie.,

F@) = .. S0 dofo).

We now define the Fourier transform as a function of x by the fol-
lowing:

(2.5) 76,0 = | exp [~ 2ri<e, 0} S(0,0) dw, fELXS),
where &, 2) =&, + -« + &2, for £ = (&, - ,§,)ER".

REMARK. T f&) = F ).
Putting

0(§,0,t) = E,0) [exp {— 2ni<&, 2(£)}],

we have, because of the space-homogeneity of X,

E 4.0 [exp {— 27i <&, x(£)>}] = exp {— 2zi <&, 2>} ¢(§, 0, ).
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Further we have

LEmMA 2.2. Let Fe L\(R™)N LAXR™) be a function such that &% Fe L'(R",d¢&).
Then

where 06,0, = [[erpe,0,0dt and @2 = | __06.6,1)dol0).

Proof.
The right hand side of (2.7)

Il

exp {— 2ni <&, 2>} F(x) dzda(0) S:e-nEw,,,) Lexp {— 2ni <&, x(£)>}] d¢

S

e‘“dts (PF) (2, 0) Eqy.0)[exp {— 27 <&, 2(t)>}1 dx da(6)

S}

it dtg THPF) (x,0) exp {— 2xi <&, x>} da do(9)

o

= | exp (— 2ri <&, 2} do dol0) | e T(PP) (2,0) a1
= the left hand side,

since T#(PF)(z,0) = T,(PF) (z,0) by the remark of Lemma 2,1. Thus the
proof is complete.

Lemma 2.3. (1) ¢(&,0,t) is the solution of the following integral equation:
t
(2.9 DE.0.0) = o660, 1) + | 0o6.0,5) 36, —3) ds,

where @y(&,0,1) = e7*t exp {— 2ri <&, cOt)}.

@) &, t) is the solution of
(2.9) 06,1) = g6, 1) + b [ 2ule, 96,1 — ) ds.
(i) D&, 2) = (L — kb€, 1)7D,(, 2),

where @&, 2) = SN e @&, t) d

Proof. Availing K,., formula, we have

0(&,0,1)= B exp [—2rice, S:cﬁ(s) ds)it <« +E, exp|—2rice, S:ce<s>ds>] =
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= ekt exp {—2ridE, 000} + ke as{ | B exp|—2rice, cos+{ ow)awy) Jaat9)

=0u(&.0, )+ b e exp (—2rice,co)}p(e, 1~s) ds
=the right hand side of (2.8), which implies (i).

(ii) is clear from the convolution rule on Laplace transform, and so
we can complete the proof.

§3 Convergence in distribution.

Hereafter we assume:
Elc® = 2/n 4 0(1) when ¢—co,

Since there is no essential difference in the following discussions, we shall
assume always “k/c* = 2/n‘‘ for the sake of simplicity. Then we have

. o= _ 1
Lemma 3.1. lim 0,2 = PEN I R
Proof.
(3.1) Boe, % = | etes | exp (= 2rice, co2} dol0) dt

e

= >1a%| 2cné|2m(Q + k)~ @mrD
0

m=

e 2+k) j2s6le 4+ Do (5 5g) " zneien]

here ¢ = m . __ 1 ) 3 and
W ar =1 a n’ @ n(n + 3)

T
(— l)"‘g cos®™w sin"™ " 2wdw
0

aw = 2 (m=3),

S sin®2wdw

0

-2
gole ) =I'(3 )e+( “'2’“’“) T Jna el 25¢10),
n—4

Boe, D=1 () (22 BT T P
n—2

- Atk
X P__é< (AR [ 208 | 2}177 )
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since
(3.2) [emrat |, expi—ic,001 dolo)
0 S
—Bn sin”"!w da)]_l Sme"“ dt S" exp {i|9|t cosw}sin® 2wd
Lo 0 0 Py N wae
8 1N -1 -1t ( t 2m Pl
=|:§osm 2mdw] SO ZSO I—(—ZSTO)S‘—L sin®*“2wdw) di
—mi;oaﬁ.?%ﬁ T
Hence
D = @0(59 A)
(3.3) 0,2 1~ kb (£, D)
— k2 . n2k?
[z+ S 120810 — A g 12e61

k o on&l2m -
+ Ea [FESED |2 |

[1— o 12e81 4 @ o 4 Ea‘”)———IZ gem |
2+ k)2 42+ k) =T ™ (24 R et
— __—1____, which completes the proof.

2+ ([2x€]%/2)

Let B =[B(¢), + o, P:, x=R"] be the n-dimensional Brownian motion,
and T¥%, t=0; R}, 2>0, be the semigroup and resolvent of B, respectively.

Then we have

Lemma 3.2. Let FEL'(R™)N LXR™) such that & FeL\(R",d&). Then
Il R,P F— REF|| >0 as ¢— o,
Proof. By Lemma 3.1 and the Lebesgue’s convergence theorem, we get,
noting [8(¢, Al <>
|R,P F(z) — RIF ()]

= 'S exp {27i<x,E>} [ .F (R,PF) (§) — & (RIF) (&)] dEi

<| FF@ 96D ~ g

—0, which implies the lemma.
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LemmA 3.3. Let F be as in Lemma 3.2. Then
|R,PF—PRPF|—0 as c¢—>co,
Proof. It follows from the strong Markov property of X that
F(R,PF)(£,0) = Skﬂ exp {— 2ri<E, »)}da | [etdt [e™(PF) (& + c0t,0)]
+{_ exp {—2rics, x)}de:e‘“dtl:kS:e"“dsSS"_l Toey (PF) (¢ + c05,9) do(9) .
The first term of right hand side
= FF@ S:e‘“ e exp {2ni<E, oY} dt

B 1
—-ﬁF(S) l+k——2ﬂl<€900> )

The second term
= S:e““dtS:ke"’“ dsssexp {—27i<E, 23} Tous(PF) (& + c05,9) do do(9)
= S:e““dtS:ke"’“ds [exp 2ridé, cOs>} F F(§) ¢(&,t — s)]

= FFOBE S:e‘“ke"“ exp {2nicE, c0t>} dt

k

=F FOOC) g —omic oo

Hence we have from Lemma 2.2

|R.P F(x,6) — P R,P F(x,0)|
=l (R,P F) (§,0) — ﬁd(I_CXP F)@&l LYae)
= |.FF& & N[+ k — 2ri<, c0) (1 + k)] — F F(&) B ) ll 1*aey

=0 as c¢—oo,

completing the proof.

TueorREM 1. Let FEC(R™). Then
|TsP F— P T3F|| >0 as c¢— oo,

Proof. Since any FeC,(R™) can be approximated by the function as in
Lemma 3.2 it follows from Lemma 3.2 and 3.3 that
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WR,P F— P R}F| —0.

Hence, by the Trotter’s theorem, we can conclude the theorem.

COROLLARY. P, (2(t)€E)—~ PEXB()€ E) as c—+o for every E€B(R")
such that oE has the Lebesgue measure 0.
§4. Weak convergence.

Let & be the Fréchet-space of all continuous functions; &[0, c0)—
w(t)eR", with compact uniform topology and B(%) be the topological
Borel field on %. Since x(¢#) are continuous in #, they induce the
probability measure on (,B(C)). We denote them by the same symbols
P..;, and PZ, respectively. We assume, as in §3, k/c2 = 2/n®™¥,

DerintTion 4.1. If, for any continuous function ¥ on &,

lim

lim {__#(w) aP.ow) = |

glﬁ(w) dP(w) ((z,0)€S),
then we call that X = [#(¢), P.0] converges weakly to B = [B(t), PEl.

TueoreM 2. The transport process X with speed ¢ converges weakly to
Brownian motion B as ¢— o,

LEMMA 4.1. E J|z(t) — 2(0)|1]1< K(n)t?
Proof. We have only to show that
Eflxt)] 1< Kn)|t — sl?,

because X is homogeneous with respect to x€R". The coefficient of (—2zié)*
in

Ve Bli—2rice, a0y at

is equal to that of (— 2zié)* in

Be,2) = S:e“”Eo[exp {—27i<E, w(t)>)] dt.
which is given by

3 1 1 o ot
mFoiaFn < wxy T 1) pU P AL Ve ey o

* Every following discussion remains valid if k/c?=2/n-+o0(l) (c>0).
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(cf. (3.3)). Hence we have

(4.1) o7 B, a1
_ 3n 1 e 1 — S)e ke
=1 in+2 30 kﬁgo sds+ 4 (Spz+tlar kzg (F = s)estds
4 ah - e
. VS | ¢ ks _ 1
since |, e7tt oy dt (¢ = o es'ds = e
Therefore
T o xz()l] (l—l,"',n)
3 2 ; i
=T Eflz(t)x;() (i #7)
= the right hand side of (4.1)
= K,(n)t?,
because

t s
2 ~ks o3 2f 1.2 ks
k Soe sds<t <Ia Soe sds)
2 . -8 — 2
=t <Soe sds) = ()t
and similarly
»
k3g (t — s)e™™ s3ds < I'(3)t2,
0
B (¢ — e sras<ru e
0
Thus we get
Ellz®)]1= X Eflx(t)z;(2)]%]
1L, j<n
< 4!n2K,(n)t? = K(n)t?,
completing the proof.

LEMMA 4.2, E 4 [l2(t) — 2(s)]]1<< K(n)|t — s|%
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Proof. It follows from the spatial homogeneity in x€R" of X and the

equivalence of [rx(t), Py,] and [2(¢), Py,s), Where 7 be a rotation around
the origin, that

E(w,ﬁ)[lx(t) —a(s)|*] = E(o.&)[IxU) — x(s)]1]
= Eun[1772(t) — 77'2(s) |1 = E.re L1 2(2) — 2(5)[]
= Eqroy [2(t) — 2(s)]"],

ie., Eg.olla(t)—x(s)|*] is independent of 9S~~'. Hence E, ,[|x(t)—=z(s)]*],
E [|z(¢) — x(s)|*], which concludes the proof by Lemma 4.1.

Proof of Theorem 2 is the direct consequence of the Prohorov’s theorem
by Theorem 1 and Lemma 4.2.
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