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Growth of Selmer Groups of CM Abelian
Varieties

Meng Fai Lim and V. Kumar Murty

Abstract. Let p be an odd prime. We study the variation of the p-rank of the Selmer groups of
Abelian varieties with complex multiplication in certain towers of number fields.

1 Introduction

Let A be an Abelian variety defined over a number field F. The Mordell-Weil group,
that is, the group of rational points A(F), has been an object of much study in arith-
metic. One of the main approaches towards studying it is via the Selmer groups. More
precisely, one looks at the p-primary component of the Selmer groups (for a choice
of a prime number p).

Let p be an odd prime. In this paper, we are interested in the variation of the p-rank
of the Selmer groups of Abelian varieties with complex multiplication in certain fam-
ilies of number fields. We first establish a lower bound for this rank with respect to a
p-power degree isogeny (see Corollaries 4.3 and 4.4) under some mild assumptions
on the prime p. Our proof utilizes the techniques developed in [4,9] and a property
of Abelian varieties with complex multiplication as observed in [16].

Our lower bound is somewhat in the spirit of the papers of Mazur and Rubin [10,11],
where they obtain lower bounds for the Z,-corank of the Selmer group of an elliptic
curve over Galois number field extensions of degree twice a power of an odd prime
under the assumption (and some other assumptions on the reduction of the elliptic
curve) that the Z,-corank of the Selmer group is odd. Our result differs from theirs
in two aspects. First, we consider p-rank rather than Z,-corank. Second, our Abelian
varieties have complex multiplication. In the case of a CM-elliptic curve, the Z,-
corank of the Selmer group may not be odd, and so the results of [10,11] do not apply.
We also remark that since our result is an estimate on the p-rank, this contribution
can go either to the Mordell-Weil group or the Tate-Shafarevich group, though we
are not able to distinguish which one at present.

We will then apply our lower bound to study the growth of the p-rank in certain
classes of infinite p-extensions of number fields, namely the Zg—extension and the
infinite p-Hilbert class tower (see Proposition 5.1 and Theorem 6.2). Theorem 6.2
complements results proved in [8,11,14] (see Section 7). In the case of a Z, -extension,
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we obtain a lower bound of certain Iwasawa invariants attached to the Selmer groups
in terms of certain Iwasawa invariants attached to the Z ,-extension (see Theorem 5.6).

We now give a brief description of the layout of the paper. In Section 2 we review
the definitions and properties of Selmer groups. In Section 3 we record some lemmas
on cohomology groups that will be used in the remainder of the paper. In Section 4
we will prove our lower bounds, which will be applied to the study of the growth of
the p-rank of Selmer groups in Zz-extension in Section 5 and infinite p-Hilbert class
tower in Section 6.

2 Preliminaries

In this section, we will review the arithmetic objects that will be studied in this paper.
Let A and B be two abelian varieties defined over a number field F. Suppose we are
given an isogeny

4

A——B.

We write A[¢] = ker ¢. For any algebraic extension L of F, we will write A(L)[¢] =
A[¢] n A(L). The Selmer group of A over L with respect to ¢ is denoted and defined
by

Sely(A/L) =ker (H'(L,A[¢]) — I H'(Ly,A)),

where w runs through all the primes (including archimedean primes) of L.

If A = B, we can consider the isogeny ¢” for every n > 1, and we denote by A[¢*°]
the union of all the A[¢"] for n > 1. As before, we will write A(L)[¢>=] = A[¢>=] N
A(L). One can check easily that we have the following commutative diagram with
exact rows for m > n:

0 — Selgn (A/L) —— H'(L, A[¢"]) —— [T H'(Lw, A)

0 — Selyn(A/L) —— H'(L, A[¢"]) —— I1,, H'(Lw, A).

Taking the direct limit, we obtain the following exact sequence

0 — lim Selgs (A/L) — H'(L,A[¢™]) — [TH'(Lw, A).

We shall write
Sely=(A/L) = ll_I)n Selgn(A/L).

We end this section by giving two examples of isogenies that will be considered in
this paper. The first is the multiplication-by-p map, where p is a prime. In this case,
we have A[¢>] = A[p™].

We now describe the second example. Let K be a finite Galois extension of Q with
ring of integers O, and let F be a finite Galois extension of K. Suppose that A is an
Abelian variety defined over F with complex multiplication by Ok. Let p be a prime
in K lying above p. There exists some integer & > 0 (for example, one may take h to
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be the class number) such that p" = aOg. Then the multiplication-by-a map is an
isogeny of A with degree a power of p.

3 Some Cohomology Lemmas
In this section, we record some basic results on Galois cohomology that will be used

later. We begin by stating the following standard result (cf. [15, Corollary 1.6.13]).

Lemma 3.1 Let G be a pro-p group. Then every discrete, simple, p-primary G-mod-
ule A is isomorphic to Z[p (with trivial G-action). In particular, if A is a p-primary
G-module, then A = 0 if and only if A° = 0.

For an Abelian group N, we define its p-rank to be the F,-dimension of N[p]
which we denote by r,(N). If G is a pro-p group, we write h1(G) = r,(H' (G, Z/p)).
We now state and prove the following lemma, which gives an estimate of the p-rank
of the first cohomology group.

Lemma 3.2 Let G be a pro-p group, and let M be a discrete G-module that is cofinitely
generated over Z,. If hi(G) is finite, then r,(H'(G, M)) is finite, and we have the
following estimates for r,(H' (G, M)):

h(G)rp(M®) =1, ((M/M®)) <r,( H'(G, M))
< hl(G)( corankz, (M) + logp(|M/Mdiv|)) .
Moreover, if M is a trivial G-module, we have the equality
ro(H' (G, M)) = hy(G) rp(M).
Proof We shall first establish the upper bound. If M is finite, it then follows from a
standard dévissage argument and the first assertion of Lemma 3.1 that
rp(H'(G, M)) < h(G)log,(|M]).

For a general M, we denote by Mg;, the maximal p-divisible subgroup of M. Note
that My;y is a G-submodule of M. Then the short exact sequence

0 — Mgiy — M —> M/Mgiy — 0
induces the exact sequence
H'(G, Mgiy) — H'(G,M) — H'(G, M/Mas).

Therefore, we are reduced to showing that r, (H' (G, Maiv)) and r, (H' (G, M/Maiv))
are finite, and that the inequalities

rp(Hl(G,MdiV)) < hi(G) corankg, (M),
rp(H'(G, M[Maw)) < hi(G)log, (IM/Mas|)

hold. Since M is cofinitely generated over Z,, we have that M/Mg;, is finite. The
finiteness of r, (H' (G, M/Maiy) ) and the validity of the second inequality then follow
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from the above discussion. To show that the first inequality holds, we first note that
the short exact sequence

p
0 — Maiy[p] — Maiy — Mgy — 0

of discrete G-modules induces a surjection H'(G, Maiy[p]) - H'(G, Maiv)[p] and,
consequently, the inequality

rP(Hl(G,Mdiv)) S rP(Hl(G’MdiV[pD)'

By the above discussion, the latter is less than or equal to h1(G) log,,(|Maiv[p]|), and
the required inequality follows from the observation that

log,, (|Maiv[p]|) = corankz, (M).

We now prove the second assertion of the lemma. Let M be a trivial G-module.
Since cohomology commutes with finite direct sums, it suffices to prove the equalities

h(G) = rp(H'(G.Z[p")) = rp(H'(G.Qp/Zp)).
The natural injections
HY(G,Z[p)—— H'(G,Z[p")—— H'(G,Q,/Z,)
yield the inequalities
h(G) <rp(H'(G,.Z[p")) < 1p( H'(G.Qy/Z,p)),

and the last term is less than or equal to h;(G) by our estimate for the upper bound.
Finally, it remains to show the lower bound. The short exact sequence

0—>MG—>M—>M/MG—>O
induces the exact sequence
(M/M®)¢ — H'(G, M) — H'(G,M).

(In fact, the map on the left is injective, although we will not need this.) This gives the

inequality
rpo(H'(G,M)) >r,( H'(G,M®)) —r,((M/M%)%)
= (G)rp( M) = r,((M/M®)Y),
where the second equality follows from the second assertion of the lemma. ]

Corollary 3.3  Retain the notation and assumptions of the preceding lemma. If G is a
compact p-adic Lie group, then the quantity

sup{r,( H'(U,M)) : U an open subgroup of G}
is finite. If G is not a p-adic Lie group and M€ # 0, then the above quantity is infinite.
Proof By a theorem of Lubotzky and Mann [7], we have that G is a compact p-

adic Lie group if and only if sup{h;(U) : U an open subgroup of G} is finite. The
first assertion then follows from the estimate for the upper bound in the preceding
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lemma. To show the second assertion, note that for any open normal subgroup U of
G, we have the inequality

rp(H'(U,M)) 2 by (U)rp(MY) = rp((M/MY)Y) 2 iy (U)rp(MY) = rp( M),

Since M@ # 0, it follows from the equality (MY)%/V = MY and Lemma 3.1 that
MUY # 0. Therefore, the lower estimate goes to infinity by the theorem of Lubotzky
and Mann, giving us the required conclusion. ]

4 A Lower Bound for the p-rank of Selmer Group

In this section, we will prove a lower bound for the p-rank of the Selmer group. For a
given number field L, we will let (L) be the group of all roots of unity in L.

Proposition 4.1 Let A and B be two Abelian varieties defined over F. Let p be an odd
prime and suppose that there is an isogeny ¢: A — B such that A[¢] has p-power order.
Suppose that A satisfies at least one of the following conditions.

(i)  The Abelian variety A has good reduction everywhere over F.

(ii) The Abelian variety A has complex multiplication by K, and p does not divide
u(K)I-

Let L be an unramified Galois p-extension of F. Then we have the inequality

rp( Sels (A/F)) > rp( H'(Gal(L/F), A(L)[¢]))-

Proof Denote by £ the Galois group Gal(L/F). We first prove the inequality when
A satisfies (i). Consider the following commutative diagram with exact rows

0 — Sely(A/F) —— H'(F,A[¢]) ——— I1, H'(F,, A)

\SL/F JhL/F J{gL/F

0 —— Selg(A/L)* —— H(L, A[¢])* —— ( IT,, H'(Lw, 4)) ",

where the vertical maps s;/r , hy/p, and g;/r are the natural restrictions. Since L
is an unramified extension of F, and A has good reduction everywhere over F, it
follows from [4, Propositions 4.1, 4.3] (see also [9, Corollary 4.4]) that ker g7/ =
0. A diagram chasing argument will then show that ker /5 injects into Selg (A/F).
On the other hand, the inflation-restriction sequence gives the equality ker hy /p =
H'(Z,A(L)[¢]). Therefore, we have an injection

H'(Z, A(L)[¢]) > Sel4(A[F) ,

which gives us the required inequality.

Now suppose that A satisfies (ii). Then by [16, Theorem 7], there exists a finite
extension F’ of F such that A has good reduction everywhere over F’, and [F':F]
divides 2|u(K)|. Set L’ = F'L and £’ = Gal(L'/F’). By the above argument, we have
an injection

H'(Z,A(L)[9]) —— Sely(A/F),
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which is also a Gal(F’/F)-map. Taking Gal(F’/F)-invariants, we have
HY (2, A(L) [P sy el (AfF) ORI
Now consider the following commutative diagram with exact rows
0 —— Selg(A/F) ————— H'(F,A[¢]) ————— 1, H'(F., A)

LSF’/F JhFI/F JgF’/F

0—> Sel¢(A/F’)Gal(F’/F) N HI(F’,A[¢])Ga1(F,/F) N ( Hv HI(F;,A))Gal(F /F))

where the vertical maps are the natural restrictions. Since Gal(F’/F) has order co-
prime to p, we have ker hp//p = coker hp/p = ker gpryp = 0, and consequently it
follows from a diagram chasing argument that the map sz is an isomorphism. It re-

mains to show that H'(2/, A(L')[¢])S*F/F) = H'(S, A(L)[¢]). This follows from
the observation that the two spectral sequences

H'( Gal(F'/F),H/(Z',A(L")[¢])) = H™"( Gal(L'/F),A(L")[¢]),
H'(Z, H/(Gal(L'/L), A(L")[¢])) = H"/( Gal(L'/F), A(L")[¢])

collapse (since Gal(L’/L) = Gal(F’/F) has order coprime to p) and yield the isomor-
phisms

H'(2', A(L)[]) S = HY( Gal(L'[F), A(L')[¢]) = H'(Z, A(L)[¢]).
This finishes the proof. u

In the case where A = B, we have the following proposition, which is proved simi-
larly.

Proposition 4.2  Retaining the notation and assumptions of Proposition 4.1, we have
the inequality

rp( Selgn (A/F)) > r,(H'(Gal(L/F), A(L)[¢"]))

for1<n < oco.

Set L to be the p-Hilbert class field of F and set ¢ to be multiplication-by-p. Then,
combining the above results with Lemma 3.2, we obtain the following corollary.

Corollary 4.3  Suppose that A is an Abelian variety over F satisfying either of the two
conditions in Proposition 4.1. Then we have the inequality

rp(Selpn (A/F)) > rp(CI(F))rp(A(F)[p"]) = rp( (A(L)[p"]/ACE) [p"]) S HP)

for1<n < oo,

Proof It remains to show that h;(Gal(L/F)) = r,(CI(F)). Since CI(F) is a finite
Abelian group, the p-rank of CI(F) is also given by the IF,-dimension of CI(F)/p,
but the latter is isomorphic to H'(Gal(L/F),Z/p) by class field theory. [ |

One can also deduce the following variant of Corollary 4.3.
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Corollary 4.4  Let A be an Abelian variety defined over a number field F, with com-
plex multiplication by the ring of integers Og of K. We also assume that K ¢ F. Let p
be an odd prime, and let p be a prime of Ok lying above p. Suppose that at least one of
the following statements hold.

(i)  The Abelian variety A has good reduction everywhere over F.
(ii) p does not divide |u(K)|.
Let L be the p-Hilbert class field of F. Then we have

ro(( Selyr (A1F)) > 1 CUE)) o APYP")) ~ro (A" /A7) )

for1<n < oco.

Proof Forl < n < oo, we can find an Abelian variety B, and an isogeny ¢,: A —
B, such that ker ¢, = A(F)[p"] (¢f. [13, p. 72, Theorem 4]). The required conclu-
sion then follows from Proposition 4.1. For n = oo, let h be a positive integer such
that p" = aOk. Since A has complex multiplication by the ring of integers O, the
multiplication-by-a map is an isogeny of A with p-power degree. The required in-
equality now follows from Proposition 4.2. ]

Remark 4.5 Suppose that A = E is an elliptic curve with complex multiplication
by an imaginary quadratic field K. Since y(K) has order a power of 2 when K is not
Q(v/-3), and order 6 when K = Q(~/-3), Proposition 4.1(ii) and Corollary 4.4 hold
if p > 5. In the case that p = 3, statement (ii) also holds if one assumes further that K

is not Q(1/-3).

5 Growth of Selmer Groups in Z{-extension

Let A and B be two Abelian varieties defined over F. Let p be an odd prime and sup-
pose that there is an isogeny ¢: A — B such that A[¢] has p-power order. We assume
throughout the section that A satisfies either of the two conditions in Proposition 4.1.
We will be interested in the growth of the p-rank of the Selmer group Sely (A/F) (and
Selg- (A/F) in the case A = B). We let S(A/F) be either Sely(A/F) or Sely~(A/F)
for this section.

Let Fo, be a Galois extension of F with Galois group X = Zg. Denote M., to be the
maximal Abelian unramified pro-p extension of F., and write Xo, = Gal(Meco/Foo).
We also write £, = 2?" and F,, = FZn, Combining the estimates obtained in Section 3
with a theorem of Monsky [12], we prove the following proposition.

Proposition 5.1  Suppose that A is an Abelian variety over F satisfying either of the two
conditions in Proposition 4.1, and suppose that A(F)[$] # 0. Let Fo, bea ZZ -extension
of F with the property that Xo [ pX oo is infinite. Then the following statements hold.
(i)  The p-rank of S(A/F,) goes to infinity as n goes to infinity.

(ii) The group S(A/Fs) has infinite p-rank.

Proof (i) By a theorem of Monsky [12], the assumption of X.,/pXe being infinite
implies that r, (CI(F,)) goes to infinity as n goes to infinity. If A satisfies either of the
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two conditions in Proposition 4.1, then A also satisfies the same condition over F,,.
The conclusion then follows from an application of Corollary 4.3.

(ii) As in the argument of Proposition 4.1, the kernel of the map
S(A/Fy) — S(A[Fe)™

is contained in either H'(Z,, A(Fo)[¢]) or H(Z,, A(F )[¢*°]). By Corollary 3.3,
the latter groups have bounded p-rank as # goes to infinity. The assertion then follows
from this and assertion (i). [ |

For the remainder of the section, we shall focus our attention on the case d = 1,
and we write A = Z,[I], where I' = Z,. Fix a topological generator y for I'. Then
this ring is topologically isomorphic to Z,[T], where the isomorphism is induced
by y = 1+ T (cf [15, Chap. V, Proposition 5.3.5]). By abuse of notation, we shall
also denote the ring Z,[T] by A. We now recall the following structure theorem for
finitely generated A-modules (cf. [15, Chap. V, 5.3.8]).

Theorem 5.2  Let M be a finitely generated A-module. Then there is a A-homomor-
phism
r s m; ! nj
M— Ao D A/p e ( 591A/fjf)
i= j=
with finite kernel and cokernel, where each f; is an irreducible distinguished polynomial.

The numbers r, m;, nj and f; are uniquely determined by M.

The Iwasawa y-invariant (resp., the Iwasawa A-invariant) of M is given by 3;_; m;
(resp., Z§~=1 n; deg f;). We are also interested in s(M) which is the number of sum-
mands in (@i_; A/p™). Clearly, we have s(M) = 0 if and only if u(M) = 0. Also,
we see that if M is a finitely generated A-module with the above decomposition, then
M/pM is a finitely generated A-module with y(M/pM) = r(M) + s(M). The fol-
lowing lemma is a straightforward calculation.

Lemma 5.3  Let M be a finitely generated A-module. Let w, = (1+ T)?" — 1. Then
for big enough n, we have

rp(M/(p,wa)M) = (r(M) +s(M)) p" +O(1) = u(M/p)p" + O(1).
Proof It suffices to compute the terms in the summands in Theorem 5.2:
rp(A/(powa)A) =rp(Z/p[T)/T?") = p",
ro( (A" (o)) = rp(Z/p[TYT?) = p",
rp (A1 (prwa)) = 1o (Z/p[TY(T?", £)) = njdeg £;

for big enough n. ]

The following lemma is well known, but for the convenience of the reader we in-
clude a proof.

Lemma 5.4  Let A be an Abelian variety over F, and let Fo, be a Z,-extension of F.
Then Homz, (S(A/Fe ), Q,/Z,) is a finitely generated A-module.
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Proof Write W = Homgz, (S(A/Fe ), Q,/Z,). By the topological Nakayama lemma
(cf. [15, Chap. V, Proposition 5.3.10]), it suffices to show that Wr is a finitely generated
Z,-module. This is equivalent to showing that S(A/F.)" is a cofinitely generated
Zy-module. Let S be a finite set of primes of F consisting of primes above p, primes
at which A has bad reduction primes and the archimedean primes. Let Fg be the max-
imal extension of F unramified outside S. Then for any algebraic extension L of F that
is contained in Fs, we write Gs(L) = Gal(Fs/L). By the standard theory of Selmer
groups, S(A/F. ) is contained in either H'(Gs(Fw ), A[¢]) or H'(Gs(Fa ), A[¢>]).
Therefore, we are reduced to showing that

H'(Gs(Fo), A[¢])" and  H'(Gs(Fe), A[¢>])"

are cofinitely generated Z,-modules. Since I has cohomological dimension 1, we have
surjections

H'(Gs (F), A[g]) » H'(Gs(F.), A[9))
H'(Gs (F), A[$™]) - H'(Gs(Fs), Al9™])
Therefore, we are reduced to showing that H'(Gs(F), A[¢]) and H'(Gs(F), A[¢™])

are cofinitely generated Z,-modules, which is a consequence of the next lemma. M

Lemma 5.5 Let M be a discrete Gs(F)-module that is a cofinitely generated
Zy-module. Then H' (Gs(F), M) is cofinitely generated over Z, for each i.

Proof By considering the cohomology sequence of the short exact sequence
0— Mdiv — M — M/Mdiv — 0,

we are reduced to showing the lemma for the case when M is finite and M is p-
divisible. If M is finite, then H'(Gs(F), M) is finite by [15, Chap. VIII, Theo-
rem 8.3.20], thus proving the lemma in this case. Now suppose that M is p-divisible.
The short exact sequence

0—> M[p] — M 25 M—0
of discrete Gs(F)-modules induces a surjection
H'(Gs(F), M[p]) » H'(Gs(F), M)[p].

Since M[p] is finite, it follows from the above discussion and the surjection that
H'(Gs(F), M)[p] is finite. By the dual version of Nakayama Lemma, this implies
that H'(Gs(F), M) is cofinitely generated over Z. [ |

Retaining the notation in the above proof, we then have that S(A/Fe )[p] is iso-
morphic to the Pontryagin dual of W/pW. Assuming the hypothesis of Proposi-
tion 5.1, it will then follow from Lemmas 5.3 and 5.4 and Proposition 5.1(ii) (for the
d =1case) that r(W) + s(W) > 0. In fact, we will show the following sharper result.
Recall that X, is the Galois group of the maximal unramified pro- p extension of Fo,
over Fo,.
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Theorem 5.6  Suppose that A is an Abelian variety over F satisfying either of the
two conditions in Proposition 4.1. Let Fo, be a Z,-extension of F. Then we have the
inequality

r(W) +s(W) > 1p( A(Foo)[¢]) 5(Xoo)
of Iwasawa invariants. In particular, if A(F)[¢] # 0 and u(Xs) > 0, then r(W) +
s(W)>0.

Proof As seen in the proof of Proposition 5.1, the kernel of the map
S(A/Fy) —> S(A[Fo)"
has bounded p-rank. Combining with Lemma 5.3, we obtain the estimate
( r(W) +s(W))p" > r,p( Selp=(A/F,)) + O(1).
By Corollary 4.3, the term on the right is greater or equal to

ro(A(Fn)[¢]) rp( CI(F,)) +O(1).
By [15, Chap. XI, Lemma 11.1.5], there exists 1, (depending on F.,) such that for n >

ng, there is a surjection
CI(F)/p - Xoo/( P~

with kernel bounded independent of n. Calculations similar to those in Lemma 5.3
yield

Whn
Wiy

rp( Cl(Fn)) =s(Xo)p" + O(1)
for big enough 7, noting that (X« ) = 0 (c¢f. [15, Chap. XI, Proposition 11.1.4]). There-
fore, we obtain the following estimate

(r(W) +s(W)) p" 2 rp( A(Fa)[¢]) s(Xeo) p" + O(1)

for big enough ». This implies the inequality as asserted in the theorem. ]

Remark 5.7 If Fo is the cyclotomic Z,-extension of F, then y(X..) (and hence
s(X)) is conjectured to be zero. Therefore, Theorem 5.6 is conjecturally vacuous in
this case.

We end the section discussing how one can obtain examples of Theorem 5.6, if
one allows a change of the base field F. Again, let p be an odd prime. If Fo, is
a Zp-extension of F, we will write y(Fo/F) (resp. s(Fo/F)) for the u-invariant
(resp. s-invariant) of the group X, attached to the Z,-extension F,/F as defined
in this section. Now choose a number field L such that it has a Z,-extension Lo,
with y(Loo/L) > 0 (such a choice exists by [6, Theorem 1]). Now suppose that A is an
Abelian variety defined over a number field F and satisfies either of the two conditions
in Proposition 4.1. We then choose a number field M big enough such that it contains
the fields F and L, and that A[¢] is rational over M. Set Mo, = ML This is clearly
a Zp-extension of M, and it is an easy exercise to check that (Moo /M) > y(Leo/L).
By our choice of L., /L, we then have y(Mo,/M) > 0, and hence s(M.,/M) > 0.
Note that if A satisfies either of the two conditions in Proposition 4.1, then A also sat-
isfies the same condition over M. Therefore, we can now apply Theorem 5.6 to obtain
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r(W)+s(W) > 0, where W here is the Pontryagin dual of S(A/M,, ). We record our
discussion formally.

Proposition 5.8  Suppose that A is an Abelian variety over F satisfying either of the
two conditions in Proposition 4.1. Then there exists a finite extension M of F and a Z,-
extension Mo of M such that r(W) + s(W) > 0, where W is the Pontryagin dual of
S(A/M).

6 Growth of Selmer Groups in Hilbert Class Field Tower

Retain the assumptions and notation introduced in the first paragraph of Section 5.
We introduce an interesting class of (infinite) unramified extensions of F. Let S be
a (possibly empty) finite set of primes in F. We denote the S-ideal class group of F
by Cls(F). For the remainder of the section, Fo, will denote the maximal unramified
p-extension of F in which all primes in S split completely. Write ¥ = X = Gal(Fo/F),
and let {Z, } be the derived series of . For each n, the fixed field F,,;; corresponding
to X,41 is the p-Hilbert S-class field of F,,.

Let Se. be the collection of infinite primes of F, and define & to be 0 if yj, < F and
1 otherwise. Let r;(F) and r,(F) denote the number of real and complex places of F
respectively. It is known that if the following inequality

rp(Cls(F)) > 2+2\/r1(F) +12(F)+ 38 +|S N Sool

holds, then X is infinite (see [3] and [15, Chap. X, Theorem 10.10.5]). Stark posed the
question on whether r, (Cls(F,)) tends to infinity in an infinite p-class field tower as
n tends to infinity. By class field theory, we have r,(Cls(F,)) = hi(2,). It then fol-
lows from the theorem of Lubotzsky and Mann [7] that Stark’s question is equivalent
to whether the group X is p-adic analytic. By the following conjecture of Fontaine-
Mazur [2], one does not expect X to be an analytic group if it is infinite.

Conjecture (Fontaine—-Mazur) For any number field F, the group X has no infinite
p-adic analytic quotient.

Without assuming the Fontaine-Mazur Conjecture, we have the following uncon-
ditional (weaker) result, proved by various authors.

Theorem 6.1 Let F be a number field. If the inequality
rp(Cls(F)) 22+ 2\/ri(F) + r2(F) + 8 +[S \ Seo

holds, then the group X is not p-adic analytic.

Proof When § is the empty set, this theorem has been proved independently by
Boston [1] and Hajir [5]. For a general nonempty S, this was proved in [8, Lemma 2.3].
|

Collecting all the information we have, we obtain the following result, which an-
swers an analogue of Stark’s question, namely the growth of the p-rank of the Selmer
groups.
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Theorem 6.2  Let p be a prime such that the inequality
rp(Cls(F)) 22+ 2\/ri(F) + r2(F) + 8 +[S\ Soo

holds. Suppose that A is an Abelian variety over F satisfying either of the two conditions
in Proposition 4.1. Let Fo, be the maximal unramified p-extension of F in which all
primes of a given set S split completely, and let F,, be defined as above. Then for big
enough n, we have the inequality

ro(S(A/F,)) > rp( Cls(Fp)) rp( A(Feo)[8])-
In particular, if A(F)[¢] # 0, then the p-rank of S(A/F,) is unbounded as n tends to
infinity.

Proof It follows from [8, Theorem 2.5] that A(F., )[p>] is finite. Since ¢ is assumed
to have degree a power of p, we have that A[¢*°] is also contained in A[p>]. There-
fore, for big enough n, the group £, acts trivially on A(Fs )[¢*°]. Therefore, the re-
quired inequality follows from Lemma 3.2 and Propositions 4.1 and 4.2. The second
assertion then follows from Lemma 3.3 and Theorem 6.1. ]

We end the section discussing how one can obtain examples of Theorem 6.2, if one
allows a change of the base field F. Now let A be an abelian variety that satisfies either
of the two conditions in Proposition 4.1. Replacing F if necessary, we may assume
that A(F)[¢] # 0. Now choose a finite p-extension M of F such that

rp(Cls(M)) > 2+2\/r1(M) +12(M)+6+|SN Soos

where we abuse notation denoting the set of primes of M above S (which is origi-
nally a finite set of primes of F) by S. Such a choice of M satisfying the inequality
is possible by [15, Chap. X, Proposition 10.10.3] (see also the proof of [15, Chap. X,
Corollary 10.10.6]). Combining our discussion with Theorem 6.2, we have the follow-
ing result.

Proposition 6.3  Suppose that A is an Abelian variety over F satisfying either of the
two conditions in Proposition 4.1. Then there exists a finite extension M of F such that
the conditions (and hence the conclusions) of Theorem 6.2 hold.

7 Concluding Remarks

We make some remarks about Theorem 6.2 and its relation to works of [8,11,14].

o If the Abelian variety A satisfies Proposition 4.1(i), then this theorem is a special
case of [8, Theorem A].

* This result, in some sense, is a generalization of a variant of [14, Theorem 4]. Note
that in their paper, Murty and Ouyang proved the theorem for p-rank of the Selmer
group of an elliptic curve with complex multiplication in an infinite p-class field
tower, which is a finer version than our result in the case of an elliptic curve.

* In their paper, Mazur and Rubin [11, Theorem 2.19] have an analogue of Theo-
rem 6.2. Namely, if A is an elliptic curve over Q with Selmer group of an odd
Z,-corank, and F is an imaginary quadratic field F of discriminant prime to p with
an infinite p-Hilbert class field, then the Z,-corank of its p-power Selmer group
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grows to infinity over the infinite p-Hilbert class field. Note that in their result,
they are considering Z,-corank, and they do not require the assumption that the
infinite p-Hilbert class field is not p-adic analytic.
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