SOME ARITHMETICAL FUNCTIONS IN FINITE FIELDS
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1. Introduction. In this paper, we investigate various * arithmetical ’ functions associated
with the factorisation of polynomials in GF[q, X,,..., X,], where k = 1 and GF[q] is the finite
field of order gq. We shall assume throughout that all polynomials discussed are non-zero and
have been normalised by selecting one polynomial from each equivalence class with respect to
multiplication by non-zero elements of GF[q]. The constant polynomial will be denoted by 1.
With this normalisation, GF[q, X, ..., X,] becomes a unique factorisation domain. When
k = 1, normalisation is achieved by considering only monic polynomials. By the degree of a
polynomial A(X,...,X,) will be understood the ordered set (m,,...,m,), where m, is the
degree of A(X,,...,XpinX; (i=1,...,k).

In [3], the author evaluated N(m,,...,m,), the total number of polynomials of degree
(m,,...,m) and, for k = 2, obtained estimates for n(m,,...,m,) the number of irreducible
(or prime) polynomials of the same degree. The value of n(m,,...,m,) when k =1 is well-
known. We proceed now to define functions M, Q,(r = 2), D and ® all of which have been
evaluated by Carlitz [1], using a zeta-function method, when k£ = 1. Our aim is to estimate
them for k = 2. Let a typical, non-constant polynomial 4 in GF[q, X,,...,X,] have prime
factorisation

A=P}.. P} (1.1

and define the functions p(4) (““ Mobius ” function), u,(4) (r 2 2) and d(4) on GFlq, X, ..., X;]

as follows:
{ LifA=1,
A =3 (-, ifa;=...=a,=1, (1.2)
0, otherwise;
L, ifg,<ri=1,...,00rif A=1,
ulA) = (1.3)
0, otherwise;

A 1,ifA=1,
)= (a;+1)...(e,+ 1), otherwise. (14)

In(1.2),(1.3)and (1.4),if A # 1, 4 is assumed to have the form (1.1). Now put M(m,,...,m) =
SuA), 0m,y,...,m) =Y u(A4)and D(m,,...,m) =Y d(4),where in each case the sum is over
all polynomials of degree (m,,...,m,). Thus Q,(m,,...,m,) is the number of “ r-free ” poly-
nomials of degree (m,,...,m,) and, since d(4) is just the number of divisors (including 1) of
A,D(my,...,m)IN(m,,...,m,) is the average number of divisors of polynomials of degree
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(my,...,m). Finally, let ¢(4) (““ Euler’s” function) denote the number of polynomials
relatively prime to and of the same degree as 4 and put ®(m,,...,m) =Y ¢(4), where the
sum is as before.

In our method, we employ formal power series in k indeterminates such as

Z(uy,...;w )= Y ... Y N(m,...,mu™.. u™ (L.5)
my=0 mc=0

Now for large values of my,...,m, N(m,,...,m) = O(q™*1---m+1)  Hence if we regard
(1.5) as a power series in k real variables u,, ...,y and if 4, ...u, # 0, we see that Z(u,,...,4,)
is convergent only if k=1 and |u1| < g~'. Accordingly, we develop briefly a theory of

purely formal power series. In [3] we proved the relation

myN(m,,....mJ)= Y ... Y s L(sy,...,5IN(m —s,,...,m—s), (1.6)
s1=0 sk=0
where, if 7(0,...,0) =0,
L(ml"-',mk)= . Z j*ln(ml/j"-wmk/j)' (17)

Relation (1.6) was first proved for & = 2 by Carlitz [2]. In the paper cited, he also gives a
proof of (1.6) for k = 2 involving a formal use of the series (1.5). (In (1.7) and elsewhere the
greatest common divisor (my,...,m) of m,...,m,, is to be distinguished from the degree
(m,,...,m,) by context.) Using our theory of power series, we derive various relations similar
to (1.6), including one for each of the functions M, Q,, D and @ involving the function and N
and one for each of M, Q, and D involving the function and L (i.e., ©). Using the relations
involving N, and our knowledge of N, we obtain the required estimates.

In [3] we noted that, for k =1,

n(m)~m~'N(m) as m— o, (1.8)
while, if k = 2,
a(m,,...,mJ)~(t—q""N(m,,...,m,) as m,— oo, (1.9)
where 7 is defined for all K = 1 by
n=(m+1)...(m.+1j(m, +1). (1.10)

Suppose that k > 2 and that m,_, - 0. Then n— 0 and so ¢" ™" = 0. In view of this and
(1.9), when k 22 we concentrate almost exclusively on the case when m,,...,m,_, are
considered fixed and m, — 0. In spite of the dissimilarity of (1.8) and (1.9) we can state the
results for Q,, M and @ simultaneously for all k. Thus we have, as m, — o0

M(ml,- ..,mk) ~ —(1—q1—")2N(m1,...,mk),

Qr(mb' . "mk) ~ (l-ql—m)N(mlﬁ' "'mk)’
O(m,,...,m)~(—q" "N (m,,...,m).
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On the other hand, it is inevitable from (1.8) and (1.9) that a separate statement is required
for the two cases k =1 and k > 1 in the estimate for D(m,,...,m,). We have, if k=1,
D(m) = (m+ 1)N(m), while if k = 2,

D(my,...,m)~2(1—q'"™"'N(m,,...,m;) as m,— 0.

For convenience, we shall subsequently abbreviate any function U(m,,...,m,) to U(m,)

b by b
where possible. Similarly ). will mean Y ... Y ,and the degree (m,,...,m,) of a poly-

nomial will be written (m,).

2. Formal power series. Let S, be the set of all formal power series (f.p.s.) in k indeter-
minates, #y,...,#, of the form

F(uy,...,u)= Zof(m,)uT'...u;"“, 2.1)
m;=
where f(m,) is a real valued function of the non-negative integer variables m,,...,m,. From
now on the f.p.s. (2.1) will be denoted by F(u;) =) f(m;)u™. The f.p.s. with f(0,...,0) = 1 and
J(m;) = 0 otherwise will be denoted by I and the zero f.p.s. by 0. Let G(u,) be the f.p.s.
Y.g(m)ul in S,. We say F = G if and only if f(m;) = g(m,) for all integer sets {m,,...,m,},and
F+ G is defined in the natural way. The product FG is defined to be the f.p.s. E, where

E(u;) = F(u))G(u;) = Y e(mu", 2.2
and e(m,) is the Cauchy product
(m) = 3 (sdalomi=s). @3

It is evident that, with the above operations, S, is a commutative ring with identity /. More-
over, S, is an integral domain and hence the cancellation law holds. To see this, suppose that
F and G are non-zero f.p.s. in S,. Then there exist sets {s,,...,s,} and {¢,,...,%]} such that

k k k k
f(s;') = g(t;) = 0 if Z S‘, < Z S,- and 2 t: < 2 t‘ but f(S,).g(t,) # 0. Let m‘ = sl+ti!
i=1

i=1 i=1 i=1 =

i=1,...,k. We have

e(m) = 3. £(rdgtm=r) =f(8)a(t) %0 (2.4

It follows from (2.2), (2.3) and (2.4) that FG # 0.

Let F' denote the formal derivative of Fe S, with respect to u,. Then trivially (F+G)' =
F’+G' and it is easy to verify by using (2.2) that (FG)’ = F'G+FG’. This product rule extends
in the usual way to the product of any number of f.p.s. In particular, if 7 = 1, we have (F') =
r(FF~)F’. Further it is obvious that if » 2 1 and E(u,) = F(u}), then E'= ru|~'F".
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For f.p.s. of a certain type we now extend the definition of product to that of an infinite
number of f.p.s. Let y be a real multiplicative function of GF[q, X,,..., X,], not identically
zero. Thus y(AB) = y(A)x(B) if (4, B) = 1 and x(1) = 1. For an irreducible P of degree (n,)
let Hp(u;) be the f.p.s.

Hp(u) = U+ x(Pyul + x(PP)uf™ +...= 3 x(P)(ui' ... u)" (2.5
a=0

and define the product H(u;) of the Hy(u,) for all irreducible P to be
H(u) = HHP(H.') = Zh(mi)“;"‘, (2.6)
P

where h(m;) =) x(4), the sum being over all polynomials of degree (m;). Now suppose that
%, and yx, are non-zero multiplicative functions of GF[q, X},..., X;] and that Jp(«;) and Kp(u,),
respectively, are the corresponding f.p.s. of type (2.5). By (2.2), Jp x Kp = Hp, where Hp(u;)
has form (2.5) with (1) =1 and

WP = 3 3Py = T C0) @7
D=P=

s=0

Extend  to be a (non-zero) multiplicative function of GF[g, X, ..., X;). Thus[](J, x Kp) has
4

the form (2.6). It is of fundamental importance that we can write

(I;[ jp) x (IP] Kp) = l;l(-]p X Kp). (2.8)
To prove (2.8), the coefficient of #* in the f.p.s. on the left side of (2.8) is, by (2.2) and (2.6),
E < Z Xx(c)>< Z Xz(D)‘)= Z Z x1(O)xa(D). (29

51=0 \deg C=(s;y) deg D=(m;~s;) deg A=(my) CD=4A

By (2.6) and (2.9) it is therefore sufficient to show that we can extend (2.7) to

WA= Y 1:(C)ra(D). (2.10)

CD=4

The truth of (2.10) is established by using induction on the number ¢ of distinct primes in 4.
The inductive step is, if 4 has form (1.1) with 1 > 1,

x(A) = (AP “Y(PF) = ( > XI(C,)XZ(D,)>( 20 X1 (P)x (Pt -’)) ,

C'D'= AP~ %
from which (2.10) follows. Thus (2.8) holds.

We remark finally that in what follows we shall use freely the properties of f.p.s. described
in this section without specific mention.
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3. Relations involving the functions. Let Z,(u;) be the f.p.s. of type (2.5) with y(4) =1
for all A. Accordingly, by (2.6) we have

Z(uy) = Hzr(uz) = ZN(mi)“;"', (3.1)
P
where, if deg P = (n)),
Zo(u) = L+ uft+utm+.... (3.2

Hence, by (3.1), if £(u,) is the f.p.s. u; 'Y m, L(m)u", where L(m,) is defined by (1.7), an
expression equivalent to (1.6) is
Z'(u;) = L(u)Z(u). (3.3)

We employ (3.3) in the sequel to derive relations involving L (i.e., 7).
We now prove two relations involving M(m,).

THEOREM 1. Ifk 2 | and m,,...,m, are non-negative integers not all zero, we have

5 MGIN(m—s) = 0 (34

5i=0

and

my MOm) = = 3. s, Lis)M(rm;—s). (35)

§i=0

Proof. Let #p(u;) be the f.p.s. (2.5) with x(4) = u(A4). Thus, if degP = (n,), then
M p(u)=1—u* and
M) =[] Mp(u) = Y M(m)ul™. (3.6)
) 4
Now it follows from (3.2) and (2.2) that
Mp(u)Zp(u) = 1.
Hence
M(u)Z(u;) = H(-/l pU)Zp(u)) = L. (3.7
P
Now differentiate (3.7) with respect to u,. Clearly since I’ = 0, we obtain, by (3.3),
M (W)Z(u)+ M ()L (u)Z(u;) =0,
.//'(u,—) = —g(ul)vl/(ul). (3.8)

Statements (3.4) and (3.5) are now immediate from (3.7) and (3.8) by using (2.2). The proof
is complete.

Statement (3.7) also leads to the following general inversion formula.
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THEOREM 2. Suppose that f(m;) and g(m,) are real functions of the non-negative integer
variables m,,...,m, (k 2 1) and that r is a positive integer. Then

mi

g(m;) = Z N(si/r)f(m;—s)

S(=0

rl(sy, .o, SK)

if and only if
fm)= Y M(s/r)g(m;—s).
r (;:——0 » Sk)
Proof. Let F(u;) and G(u,) be the f.p.s. corresponding to f(m;) and g(m,) respectively. We

then have
_ G(u)) = Z(up)F(u)<> Gu) A (i) = M(u)Z(u))F(uy),
ie.,

< F(u) = G(u) A, (3.9)

by (3.7). The result is immediate from (3.9). This completes the proof.
As an application of Theorem 2, we deduce from (1.6) an explicit formula for n(m,) in
terms of N(m;) and M(m,). If j|(my,...,m), put m; =jn,,i=1,...,k. We then have

mam)= Y u() Y s NSOMn—s), (3.10)

Jl(my, ..., my) 5i=0

where in (3.10), u(j) is the ordinary Mobius function.
We consider now the function Q,(m,).

THEOREM 3. Ifk 21, r2>2 and m,,... , m, are non-negative integers, we have

N(m) = Z N(si/r)Q.(m;~s) 3.11)

rl (sff?.o. 5 Sk)

and
0(m)= Y M(s/IN(m—s). (3.12)
$i=0

Moreover, we have e Sk)

mQm= ¥ s LdQm=s)= L sLsnQim-s) (13
$i=0 5=
L2 N TV Sk)

Proof. By Theorem 2, (3.12) follows from (3.11). To verify (3.11) and (3.13) let, for
fixed r 2 2, 2p(u;) be the f.p.s. (2.5) with x(4) = u,(4). Hence 2p(u;) = 1 +uf +...+uff 1"
(deg P = (n))) and

2(u;) = l;[-@p(us) = Yo Amuj". (3.14)
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However, o :
2pu)Zpu]) = (L +ul+. .. +u"" ") +ui+u™+...) = Zp(u). (3.15)
1t follows from (3.14) and (3.15) that
2,(u)Z(u7) = Z(u,). (3.16)
Differentiating (3.16) and using (3.3) and (3.16) yields
2,(u)Z(up) +rut” ' 2(u) LW Z(u]) = L(W)Z(u) = L ()2, (u)Z(u)). G.17)
[t follows from (3.17) that
2(u) = L) 2,(u;)~ruy” ' L(u)2,(u). (3.18)
(3.11) and (3.13) follow from (3.16) and (3.18) by equating coefficients of uf". In particular,
note that the coefficient of uj 'u™ in u}™ ' Lu)2,(u;) is

m

Z $1/rL(s;/r)Q@(m;—s)).
5i=0
rl(st ..., Sk)

The proof of the theorem is complete.

THEOREM 4. Ifk = | and m,,...,m, are non-negative integers, we have

my

D(m;) = Z N(s)N(m;—s)) (3.19)
and "=
mD(m)=2Y s, L(s)D(m;~s). (3.20)
5i=0

Proof. 1t is easy to prove (3.19) directly. Thus

Dm)y= Y ¥ 1=§( 5 1)( ) 1) 3.21)

deg A=(m¢) CD=A s1=0 \deg C=(s¢) deg D=(m;—s;)

and (3.19) is immediate from (3.21). Now let 2(u;) be the f.p.s. Y. D(m)u™. Then clearly
(3.19) is equivalent to the expression

Du) = ZXu,). (3.22)
Differentiating (3.22) and using (3.3) leads to
D'(u)) = 2Z(u). Z(u) L (u)) = 2D(u) L (u)), (3.23)

by (3.22). From (3.23) we at once obtain (3.20). This proves the theorem.
Finally in this section we shall derive some relations involving N, Q,, D and the function

Wim)= 3 2°®,

deg A=(m))

where w(A) is the number of distinct prime divisors of 4 and (1) = 0.
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THEOREM 5. Ifk =21 ndm,,...,m, are non-negative integers, we have

Wm)=Y N(s)Qa(mi—s) (3.24)
5=0
and
Dim)y= Y NG/DW(m—s). (3.25)
5:=0
2|(S| ..... k)

Proof. This time choose y(A) = 2°(4) in (2.5) and let the corresponding f.p.s. be W p(u,).
We have

W(u) =[] W) =Y W(mul,
P

where, if deg P = (n;),
Wo(u) = 1+2ul+2u"+. ...

On the other hand, if r = 2 in (3.14), we have
Zp(u)2p(u;) = (L+upi+. . )1 +uf') = W p(uy).

Hence
Z(u)25(u)) = W(u,). (3.26)

(3.24) follows from (3.26). Multiplying both sides of (3.26) by Z(u?) and using (3.16), we
obtain
W(u)Z(uf) = Z*(u;) = D(u) .27

and the assertion (3.25) follows from (3.27). The proof is complete.

We remark that further relations could be found from those of Theorem 5 by * inverting ”’
and by using Theorem 2.

We note finally that it is possible to derive some of the results of this section directly
using the technique of [3]. However, such proofs of (3.13) and (3.20), for example, are fairly
lengthy.

4. Estimation of the functions. We turn now to the question of computing the functions
we have defined.

For convenience, we shall often assume, without loss of generality, that if £ 2 2 then
my,...,m,_ are non-negative integers satisfying

m,_,= max m 1. 4.1
1Sigk-1

Hence if (4.1) holds and the integer R is defined by

0 (k=1),
R= - (4.2)
nmy_(m,_,+1) (k22),
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where n is given by (1.10), then, if k = 2,

R= max nm(m;+1)"". 4.3)

15isk-1

We state a lemma concerned with the value of N(m,). For proofs see [3].

Lemma 1. Ifk 2 1 and m,,...,m, are non-negative integers, we have

k
(q—l)N(m,) = Z (_ l)iz(i)qm. ...m‘(m,“+l)...(mk+l), (44)
i=0

where Y ¢ " denotes the sum over all different terms obtainable from the one shown by permutation
of the m’s. Moreover, if (4.1) holds and R is given by (4.2), we have

(g—DN(m) = (¢"— Dg"™+0(q"™), (4.5)

where the implied constant is independent of m,.

We shall use the following estimate of N(s;)N(m;—s,) several times. It is an immediate
consequence of Lemmas 3 and 4 and statements (3.7) and (3.14) of [3].

LeEMMA 2. Suppose that k = 2 and that my,...,m, are non-negative integers such that
(4.1) holds. If also s,,...,s, are integers satisfying

0s,sm; (i=1,...,k)
for which s,,...,s,_, are not all zero and s;# m, for all i(i=1,...,k — 1), then
N(s)N(m;—s;) = O(g"™), (4.6)

where the implied constant is independent of m.

In fact, we could state a stronger result than that of Lemma 2, which informs us under
what conditions we can replace O(¢®™) in (4.6) by O(q'®~"™), In general this would lead
to slight improvements in the error terms of results stated below. However, such improvements
are gained only at the cost of fairly considerable detail and we merely state the improved
result, where applicable. (Compare the proof of Theorem 2 in [3].)

We are now equipped to estimate the functions M(m,), Q,(m;) and D(m;). We begin
with M(m,). When k = 1, the result is in [1, §3].

THEOREM 6. If k 2 1 and my,...,m, are non-negative integers satisfying (4.1) (if k = 2),
then
M(m) = —(1=¢" ")’ N(m))+O(m, g"™), (4.7)
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where the implied constant is independent of m,. More precisely, if k = 1, we have

1, m=0,
Mm)=4—-g, m=1, (4.8)
0, m ; 2.

Proof. We employ (3.4). First, suppose that k = 1. (4.8) is trivially true if m =0 or 1.
If m = 2, we have, by (3.4),

m-1

0= Z M(s)q" ' —q Y M(s)q" ™" ~* = M(m),

s=0
since N(m) = ¢™. This pr,ov;:s 4.9 and hence (4.7) when k = 1.
Assume now k = 2. By Lemma 2, we see that many of the terms in (3.4) are O(q*™) for
large my, since it is obvious that | M(m;)| < N(m;). In fact, we have, if m, 2 1,

i M(my,...,m_,S)NQO,...,my—s)+ Y M(O,...,0,9)N(m,,...,m—s) = O(m q*™),
s=0 . s=0 (49)
where the implied constant is independent of m,. By (4.8), (4.9) becomes

Y M(my,...,m_,8)g™  +N(my,...,m)—qN(m,,...,m_,,m—1) = O(m, g"™). (4.10)

s=0
Now if m, 2 2 and we subtract from (4.10) the same expression with m, replaced by m,—1
and with a factor g, we obtain

M(m) = —N(m,,...,m)+2qN(m,,.. -smk-l:mk_l)—qu(mls- coy My, My —2)
+0(mqu""‘) .

= ~(1-2¢"""+¢** ")N(m,) + O(m, g"™), (4.11)

by (4.5). The result now follows from (4.11) and the proof is complete.
Using precise values of the N function given by (4.4) and (3.4), we can prove that, for

large m,
MQ@2,m) = —(1-g7?’ N2, m)+(q—1)(g* —1)*mg®" "> + 0(¢""). (4.12)

Hence, by (4.12), (4.7) cannot, in general, be improved. However, apart from (4.12) and the
corresponding expression for M(1, 1, m), we can replace the error term in (4.7) by O(g*™).
We now estimate Q,(m;). For k =1 see also [1, §6].

THEOREM 7. Let r(22) and my,...,m, be non-negative integers such that (4.1) holds if
k=2, Then

0(m) = (1~q" ~™)N(m))+0(m, q"™) (4.13)
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holds, where the implied constant is independent of m,. More precisely, if k = 1, the error term
in (4.13) is O for my = r. Otherwise. Q (m) = N(m).

Proof. Thistime we use (3.12). Suppose firstthatk = 1. Clearly wecanalso assumem 2 r.
By (3.12) and (4.8), we have '

Q,(m) = N(m)—gN(m~r)

and the theorem is proved for k = 1.
Assume now that k = 2. Now clearly, if r | (S15eesS)s

|M(St/")| < N(sifr) < N(sp).
Hence, by Lemma 2, if s,,..., 5., are not all zero and r|(s1, N AR
M(s/r)N(m;—s)) = O(g"™) (4.14)

for large m, , except possibly if s, =m,,i=1,...,k—1 and r|(m1,...,m,‘_1 ,5). But in this
latter case, by Lemma 1,
M(s,/r)N(m;—s))< N(s;/r)g ™ *
= O{q( (my/r)+1) .. ((mc—1fr)+ 1)(Sk/')+mk"5k}

= O(g(R/Pmit mi), (4.15)

since, by (4.1), my_, = r and r 22 and so (m,_,/r)+1 < m_,;. Again using the fact that
m,_, = 2 and hence R = 2, we deduce from (4.15) that (4.14) is valid in this case also. It is
now a consequence of (3.12) and (4.14) that, if m, = r,

my
Qr(ml) = ;O M(O, .. ’Ois/r)N(ml’ . 'amk—l’s)'l'o(mqum“)

rls

= N(m,,...,m)—qN(m,,...,m_, m,—r)+0(m, g*™), (4.16)

by (4.8). The assertion (4.13) now follows from (4.16) by Lemma 1 and hence the theorem is
proved.

We remark that in this instance the error term in (4.13) can be improved to O(g*™) in
every case.

As indicated in §1, we require two statements concerning the value of D(m,) corresponding
to the cases k = 1 and k 2 2. For another proof when k = 1, see [1, §4]. From the theorem,
we have, as expected, lim lim D(m;) =2, when k = 2.

My =100 Mx—>©

THEOREM 8. Ifk = 1, we have

D(m) = (m+1)q". N CAY)
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Ifk 22 and m,,...,m, are non-negative integers such that (4.1) holds, we have

D(my) = 2(1—q"' ")~ 'N(m)+O0(m, g"™), (4.18)
where the implied constant is independent of m,.

Proof. We employ (3.19). (4.17) is a trivial deduction from (3.19). Assume now that
k = 2. By (3.19) and Lemma 2, we have, for large m,,

D(mi) = 2 Z N(09'- . 109 mk_s)N(mb‘ [ ’mk—l’s)+o(mqu'"k)

s=0
= Ag= 17 (g = 4™ 3, 47O g™),
by Lemma 1. Thus, since n> 1,
D(m) = 2(g— 1)~ (g"—1)(1—g' ™M) (1 — gt TVF D)+ O(my, g7™)
=2(1—q"'"")"'N(m)+0(m, 4"™),
by Lemma 1 again, which proves (4.17). This completes the proof.

Once again, we can improve the error term in (4.18) to O(g®™), except for D(1, m),
D(2, m) and D(1, 1, m). Thus we have, for example,

D(2,m) =2(1-q"*)7'N(@2, m)+(q+1)’mq*"+0(g*"),

where the implied constant is independent of m.
We conclude this section with some remarks about Theorem 5. Suppose first that k = 1

and m = 2. Then (3.24) and (4.8) yield

m

W(m) = zo (=g~ )gq"*+2q" = [m(1—g" Y+ (L+q )IN(m).  (4.19)

s

(4.19) implies that the average value of 2° for polynomials of degree m(>2) is
m(l—g™HN+(0+q )~m(l~-q~") as m- co.

Hence we would expect the average value of w(A4), (i.e., the average number of distinct prime
divisors of A4) to be ~clogm(m — o) for some constant ¢. In fact, ¢ =1 and the author
intends including this result in a further paper. If now we assume that k& > 2, we can prove
in a similar fashion to the proof of Theorem 8 that as m, — o0

W(m) ~{2+2(1—q™")(g" ™" = 1) '}N(m)).

Thus the average value of 2° is 24+ (1—¢ ")(¢"~'—1)""! and so the average value of w(4)
will be just greater than 1. A precise estimate will be given in the later paper.
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5. The functions of Mabius and Euler. This section is mainly devoted to describing the
properties of ¢(A) defined in §1. We begin, however, with some remarks about the Mobius
function u(4). Exactly as in elementary number theory it can be shown that

1, if A=1,
Zu(D)={

0, otherwise,

D|A
holds and hence that, if g(4) and G(A4) are real valued functions in GF[q, X},..., X,], then
G(A)= Y gD)==g(A)= Y wC)G(D) ' (5.1)
DlA cD=4

is valid. This is the Mobius inversion formula.

It is natural to ask whether Euler’s function ¢(A4) has analogous properties to the Euler’s
function of elementary number theory. When k = 1, the answer is yes, and the situation has
been studied (see [1]). In this case it is easier to use an equivalent definition of ¢(4) as being
the number of polynomials (not necessarily monic or non-zero) whose degree is less than that
of 4, and which are prime to 4. In other words ¢(A4) is the number of elements in a reduced
system of residues (mod A). Thus, it is shown in [1] that ¢(A4) is multiplicative, i.e.,

$(AB) = $(A)p(B) when (A,B)= 1. (5.2)
Moreover, if deg A = m and | 4| = g™ = N(m), ¢(A) is given explicitly by
() =|4| [T a-|P|™, (5.3

PiA
where the product in (5.3) is over all prime divisors of 4. Fundamental to the derivation of
(5.3) is the fact that, when k =1,

|4B|=|4]||B]. (54)

In the general case, when k& = 1, it is most natural to extend the definition of [A[ by

putting | A | = N(m,), where deg 4 = (m,,...,m,). If k 2 2, then by Lemma 1, (5.4) is certainly

false with this definition of | 4|. Hence (5.3) is also false, in general. For example, in place
of (5.3), we can only say, if 4 has form (1.1), that

¢(4)=I1( Pe|—| P ). (5.5)

To prove (5.5), note that ¢ is multiplicative since (4B, C) =1 if and only if (4, C) =1 and
(B,C) =1, and (5.2) follows if (4, B)=1. It is also evident that ¢(P*) = |P*| —|P*"!|,
where P is irreducible and o = 1. This proves (5.5). Another important relation, proved in a
similar way to one proof of the corresponding result for positive integers is the following.

THEOREM 9. We have

Y. ¢(Dy=|A]|. (5.6)

Dl A
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Moreover,
$A)= Y wC)|D|. (57)
CD=A
Proof. By (5.1), it is sufficient to prove (5.6). Let D be any divisor of 4. Among the | 4|
polynomials whose degree is that of 4, consider those which are divisible by D. Let A, D be
any such polynomial. Then A, D has highest common factor D with 4 if and only if
(A, D, A) =D, ie., if and only if (4,, A/D) =1. By the definition of ¢, there are exactly
¢(A/D) ways of choosing A4,, since deg A, = deg(4/D). To summarise, we have shown that
for any divisor D of A, there are exactly ¢(4/D) polynomials whose degree is that of 4 and
which have highest common factor D with 4. Since each polynomial whose degree is deg A
has a unique highest common factor with A, it follows that
Y. ¢(A/D)=|A|. (5.8)
DlA
(5.6) follows at once from (5.8) and the theorem is proved.
We consider now the sum ®(m,) defined in §1.

THEOREM 10. If k = 1, we have, for non-negative integers m,,...,m,,

('D(ml)= % M(si){N(mi_sl)}z'

3(=0

Proof. We give a proof based on (5.7). We have

om)= 3 Y wO|Dp|=Y { y u(C)}{ Y |Di}. (5.9)
deg A=(m;) CD=A 5:=0 Udeg C=(s¢) deg D=(m;—s;)
The assertion of the theorem follows from (5.9) by the definitions of M(s;) and | D | The proof
is complete.
Alternatively, we could prove Theorem 10 as follows without assuming the Mobius
formula (5.1). We have, by (5.6),

Y XeDd= Y |4|=N(m) (5.10)
degA=(m;) D|A deg A=(my)
However,
Z Z ¢(D) = Z { Z 1}{ Z ¢(D)}= . N(s)®(m;—s)). (5.11)
degA=(m) D|A $i=0 Ldeg C=(s;) deg D=(mi—s)) si=0

Combining (5.10) and (5.11) leads to

N(m)='3 N(s)®(m—s) (5.12)
si=D

and hence to Theorem 10 by Theorem 2. Conversely, we could deduce (5.12) from Theorem
10.
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We require now a lemma which plays the same role as Lemma 2 in our previous
investigations.

LemMa 3. Suppose that k 2 2 and that m,, ..., m, are non-negative integers such that (4.1)
holds. If, in addition, s,,...,s, are integers satisfying 0 s; Em; (1 Sigk)ands,,..., 8-
are not all zero, then

N(s){N(m;— s)}? = 0(g**™),
where the implied constant is independent of m,.
Proof. By Lemma 2, ifs; #0orm;foralli(i=1,...,k—1), then, for large m,, we have
N(s){N(m;—s)}* = O(g"™IN(m;—s,) = O(g**™), (5.13)

by Lemma 1, again using the fact that the s, are not all zero (i =1,...,k—1). It remains to
establish (5.13) with s, =m, (1 £i £ k—1). In this case we have, by Lemma 1,

N(sH{N(m— )} = 0(ge* D20
= 0(g™)
= 0(¢*"™)

provided 2R = n, i.e., provided m,_; = 1, which we have assumed. Thus (5.13) holds and the
lemma is proved.

We can now prove our estimate of ®(m,) valid for k = 1. For another proof when k = 1,
see [1, §5].

THEOREM 11. If k = 1 and my,...,m, are non-negative integers satisfying (4.1) (if k 2 2),
then

O(m;) = (1—q' ~?)N*(m;)+0(q* ™). (5.14)
More precisely, when k = 1, the error term in (5.14) is zero if m, = 1.
Proof. When k = 1, substituting (4.8) in Theorem 10 yields, if m = 1,
®(m) = N*(m)—gN*(m—1) = (1—g~")g*".
This proves the theorem for k = 1. Assume now that k = 2. Since, trivially, | M(m;)| £ N(m)),
we have, from Theorem 10 and Lemma 3,

Mk
o(m) =Y M(O,...,0,s)N*(m,,...,my_y, m,—s)+0(m,q**™), (5.15)
5=0

where the implied constant is independent of m,. Substituting (4.8) in (5.15) we obtain, if
my g ls '
O(m;) = Nz('nla vees mk)'_qu(mn ooy Mg, — 1)+ 0(m, qmmk)
= (1—=q'~™)N*m,,..., m) +0(g"*®™),

by Lemma 1. This completes the proof of the theorem.
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In fact, it can be shown that, for large m,
Q(1,m) = (1—q~3)N*(1,m)+2(q* — Dg*™ 3 + O(mq*™),
so that, in general, (5.15) cannot be improved.
It is natural to define p(m;), the probability that two polynomials of degree (m,,...,m,)
be relatively prime, as the ratio of relatively prime pairs to the number of all pairs of poly-

nomials of degree (m,,...,m,). This leads to an alternative way of expressing the result of
Theorem 11.

COROLLARY 12. If'k = 1, we have
lim p(m)=1—q'"".
mg = o0
Proof. If m, = 1, the total number of (distinct) pairs of polynomials of degree (my, ..., m,)
is
H{N*(m)+N(@m)} ~ IN*(m) as m,— oo. (5.16)

On the other hand the corresponding number of relatively prime pairs is

D) Y 1=31 Y M)

deg M =(m;) deg N=(m;) deg M =(m;)
(M, N)=1
= $®(m;) ~ $(1—q" "N (m,) (5.17)
as m, — o0, by Theorem 11. The result follows from (5.10) and (5.17) and this completes
the proof.
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